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A NOTE ON D.G. NEAR-RING GROUPS

Yong Uk Cho

L Introduction

In this paper, we will examine some properties of D.G. near-ring 
groups and faithful representations of D.G. near-rings. A (left) near
ring R is an algebraic system (/?,+, •) with two binary operations + 
and ・ such that (/?, +) is a group (not necessarily abelian) with neutral 
element 0, •) is a semigroup and a(b + c) = ab + ac for all a, 6, c in
R. If R has a unity 1, then R is called unitary. A near-ring R with 
the extra axiom Oa — 0 for all a € /? is said to be zero symmetric. An 
element d in Ris called distributive if (a + b)d = ad+ bd for all a and 
b in R.

An ideal of K is a subset 1 of H such that (i) (I, +) is a normal 
subgroup of (K, +), (ii) a (I + b) — ab C I for all a, b £ R)(iii) 
(I + a)b ~ ab C I for all a, b G R. If I satisfies (i) and (ii) then it is 
called a left ideal of R. If I satisfies (i) and (iii) then it is called a right 
ideal of R.

On the other hand, a (two-sided) R-subgroup of B is a subset H of 
R such that (i) (H)+) is a subgroup of (J?, +), (ii) RH C H and (iii) 
HR C H. If H satisfies (i) and (ii) then it is called a left R-subgroup 
of R. If H satisfies (i) and (iii) then it is called a right R-subgroup of 
R

Let (G)+) be a group (not necessarily abelian). In the set

M(G) -.= {f\f-.G-^G}
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of all the self i^iaps of G, if we define the sum f+g of any two mappings 
in M(G) by the rule x(f + g) = xf + xg for all x € G and the 

product f-g by the rule x(f-g) = (xf)g for all x e G, then (M(G), +, •) 
becomes a near-ring. It is called the self map near-nng of the group 
G. Also, if we define the set

M0(G) :-{/eM(G) |0/ = 0),

then +,・)is a zero symmetric near-ring.
Let R and S be two near-rings. Then a mapping 0 from R to 

S is called a near-nng homomorphism if (i) (a + b)0 = ad + b们(ii) 
(ab)0 = aObO. We can replace homomorphism by momomorphism, epi
morphism, isomorphism, endomorphism and automorphism, if these 
terms have their usual meanings as for rings ([1]).

Let R be any near-ring and G an additive group. Then G is called 
an R-group if there exists a near-ring homomorphism

0 : (R, +? •) ―> (M(G), +, •)•

Such a homomorphism 0 is called a representation of R on G, we write 
that xr (right scalar multiplication in H) for x(rO) for all x e G and 
r E R. If R is unitary, then j?-group G is called unitary. Thus an 
2?-group is an additive group G satisfying (i) x(a + 6) = xa + xb^ (ii) 
x(ab) = (xa)b and (iii) xl ~ x (if R has a unity 1), for all a? € G 
and a, b E R. Evidently, every near-ring R can be given the structure 
of an jR-group (unitary if R is unitary) by right multiplication in R. 
Moreover, every group G has a natural M (G)-group structure, from 
the representation, of M{G) on G given by applying the / G M(G} to 
the x 6 G as a scalar multiplication xf.

A representation 0 of R on G is called faithful if KerO = {0}. In 
this case, we say that G is called a faithful R-group.

For an 7?-group G, a subgroup T of G such that TR C T is called 
an R-subgroup of G, and an R・ideal of G is a normal subgroup N oi G 
such 나lat (N + x)a — xa U N for all a; G G, a E R.

A near-ring R is called distnbutively generated (briefly, D.G.) by S 
if (7?, +) = gp V S > where S is a semigroup of distributive elements
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in R (this is motivated by the set of all distributive elements of R 
is multiplicatively closed and contain the unity of R if it exists), and 
g但 V S > is a group generated by S, we denote it by (R)S). On the 
other hand, the set of all distributive elements of M{G) are obviously 
the semigroup End(G) of all endomorphisns of the group G under com
position. Here we denote that E«G) is the D.G. near-ring generated by 
End(G), that is, E(G) is D.G. subnear-ring of (A4o(G),+, •) generated 
by End{G\ It is said to be that E(G) is 나le endomorphism near-nng 
of the group G. °

Let (R, S) and (T, U) be D.G. near-rings. Then a near-ring homo
morphism -

is called a D.G. near-ring homomorphism if SO C U. Note that a semi
group homomorphism 0 : S ——> U is a D.G. near-ring homomorphism 
if it is a group homomorphism from (R, +) to (T, +) (C. G. Lyons and 
J. D. P. Meldrum [2], [3]).

Let -R be a near-ring and let G be an .R-group. If there exists x in. 
G such that G = xR> that is, G = {xr | r e R}^ then G is called a 
monogenic R-group and the element x is called a generator of G (J. 
D. P. Meldrum [5], and G. Pilz [6]).

For the remainder concepts and results on near-rings, we refer to J. 
D. P. Meldrum [5], and G. Pilz [6[.

2. Some Properties of D.G. Near-Rings (B, S)・Group유

There is a module like concept as follows: Let (R)S、) be a D.G. 
near-ring. Then an additive group G is called a D. G. (/?, S) -group if 
there exists a D.G. near-ring homomorphism

9 : (R, S) (E(G\ End(G))

such that SO 으 End(G), If we write that xr igtead of z(r0) for all 
x E G and r E then a D.G. (R, S)-group is an additive group G 
satisfying the following conditions:

x(rs) = (xr)s
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and
x(r + s') — xr + xs,

for ail x E G and all r, s € j?,

(w + y)s = xs + ys,

for all x^y &G and all s £ S.
Such a homomorphism 0 is called a D.G. representation of (R, S). 

This D.G. representation is said to be faithful if KerO = {0}. In this 
case, we say that G is called a faithful D.G. (i?,S)-group.

Example 2.1 If R is a distributive near-nng wzth unity 1, then R 
is a ring (See [6, 1.107]). Furthermore^ if R zs a distributive near-ring 
with unity 1, then every (J?, J?) -group zs a unitary R-module.

Proof Let G be an (7?, J?)-group. Since G is unitary, #(2)= 
x(l + 1)=⑦ + z, for all x E G. Thus we have that

x + y + x + y = (x + ?/)(2) = x(2) + 矶2) = x + x + y + y, 

for all x^y E G. This implies that (G, +) is abelian. Since R = & the 
set of all distributive elements, (x +y)r = xr +yr^ for all x^y E G and 
all t e R. Hence G becomes a unitary /^-module. □

Lemma 2 2 ([4]) Let (R)S) be a D. G. near-ring. Then all R- 
subgroups and all R-homomorphtc images of a (Ry group are also 
(R* S、) -groups.

Let G be an 7?-group and K, K\ and be subsets of G. Define

(Ki : K2) := {a € R; K2a C KJ.

We abbreviate that for E G

他} : K2) =: (x : K»

Similarly for (Ki : x). (0 : K) is called the annihilator of K, 
denoted it by 4(K). We say that G is a faithful R-group or that R acts 
faithfully on G if A(G) = {0}, that is, (0 : G) = {0}.
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Also, we see that from the previous concept당 to elementwise, a 응ub・ 
group H otG such that xa e H for x E H^a e R)is an R-subgroup 
of G, and an R-ideal of G is a normal subgroup N oi G such that

{x + g)a — ga E N

for all p e G, x e JV and a G i? (J. D. P. Meldrum [5]).

Lemma 2 3 . Let G be an R-group and K\ and K》subsets of G. 
Then we have the following conditions:

(1) If Ki is a normal subgroup of G, then (K】:K?) zs a normal 
subgroup of a near-nng R.

(2) If Ki is an R-subgroup of G, then (Ki :砺)is an R-subgroup 
of R as an R-group.

(3) If Ki %s an zde시 of G and is an R-subgroup of G： then 
(Ki : K2)is a two-sided ideal of R.

Proof (1) and (2) are proved by J. D. P. Meldrum [5]. Now, we 
Wove only (3): Using the condition (1), (Ki : K2) is a normal subgroup 
of R. Let a e (Ki : &) and r e -R. Then

K2 (ra) = (A?2r)a U Kg U K.

so that ra € (Ki : K) Whence (Ki : K?) is a left ideal of R.
Next, let 门” a W R and a E (Ki :玲). Then

k{(a + ri)r2 —質i尸2} = (ka + fcri)r2 一 kr^ €

for all k £ K%} since Kg C K± and Ki is an ideal of G. Thus (Ki : K?) 
is a right ideal of R, Therefore (K]_ : K?) is a two-sided ideal of R. □

Corollary 2.4 ([디). Let R be a near-nng and G an R-group.
(1) For any x e G, (0 : x) is a right ideal of R.
(2) For any R-subgroup K of G, (0 : K) is a two-sided ideal of R.
(3) For any subset K ofG,(0 : K) = QxeK(0 : 끼.
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Proposition 2 5. Let R be a near-ring and G an R-group. Then 
we have the following conditions:

(1) A(G) is a two-sided ideal of R. Moreover G is a faithful R/A{G)- 
group.

(2) For any x E we get xR 스 B/(0 : x) as R-groups,

Proof (1) By Corollary 2.4 and Lemma 2.3, A(G) is a two-sided 
ideal of R.

We now make G an R/」4(G)-group by defining, for x € i?,r+A(G) E 
R/A(G)^ the action x(r + 4(G)) = xr. If r + A(G)=尸’ + A(G), then 
—rf + r e A(G) hence x(~rf + 質)=0 for all x in G> that is to say, 
xt = xr1. This tells us that

x(r + A(G)) = xr = xrf = x(r + 4(G));

thus the action of R/A(G) on G has been shown to be well defined. The 
verification of the structure of an /2/A(G)-group is a routine triviality. 
Finally, to see that G is a faithful J?/A(G)-group, we note that if x(r + 
4(G)) = 0 for all x € G, then by the definition of _R/A(G)-group 
structure, we have xr = 0. Hence r € A(G). This says that only the 
zero element of R/A(G) annihilates all of G. Thus G is a faithful 
R/A(G)-groMp,
(2) For any x € G, clearly xR is an B-subgroup of G. The map(j> : 
R —> xR defined by ^>(r) = xr is an j?-ephimorphism, so that from 
the isomorphism theorem, since the kernel of is (0 : x), we deduce 
that xR 스 R/(0 : x) as J?-groups. □

Proposition 2.6. If R is a near-nng and G an R-group, then 
R/A[G) is isomorphic to a subnear-ring of M{G).

PROOF. Let a E R. We define ra : G ——> G by xra = xa for each 
x E G. Then ra is in M(G). Consider the mapping 0 : R ―> M(G) 
defined by ^(a) = ra. Then obviously, we see that

©(a + b)=认a) + 0(6) and </>(ab) =

that is, 0 is a near-ring homomorphism from R to M(G).
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Next, we must 아low that Ker<(> = A(G) : Indeed, if a G Ker(j)y then 
命=0, which implies that Ga = Gra = 0, that is, a G 4(G). On 
the other hand, if a G &G), then by the definition of A(G), Ga = 0 
hence 0 = 扁 =this implies that a G Ker(j). Therefore from 
the first isomorphism theorem on 2?-groups, the image of J? is a near
ring isomorphic to R/A{G). Consequently, R/A(G) is isomorphic to a 
subnear-ring of M(G). □

Thus we can obtain the following important statement as ring the
ory.

Corollary 2.7 IfGtsa faithful R-group, then R is embedded tn 
M(G).

Proposition 2 8 If (R, S') is a D.G. near-rmg, then every mono- 
gemc R-group is an (.R, S)-group.

Proof Let G be a monogenic _R-group with rr as a generator. Then 
the map © : r i一> xr is an E-epimorphism from B to G as B-groups. 
We see that

G 竺 R/A(x),

where A{x) = (0 ： z) = From Lemma 2.2, we obtain that G is 
an (/?, *S)-group □

Proposition 2 9 Let (/?,S) be a D.G. near-rmg and (G+) an 
abehan group. If G is a faithful (1?, S)-group, then R zs a ring.

PROOF. Let x E G and r^s E R. Then, since (G, +) is abelian,

x(r + s) = xr + xs = xs xr x{s + r).

Thus we get that x{{r + s) — (s + 尸)} = 0 for all x E that is, 
(r + s) — (s + r) e KerO = (0 : G) = A(G), where 0 : R —> M(G) is 
a representation of R on G. Since G is faithful (B, S)-group, that is, 0 
is faithful, KerO = (Q ： G) = {0}. Hence for all r, s e K,尸 + s = s + r. 
Consequently,㈤ +) is an abelian group.
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Next we must show that R satisfies the right distributive law. Ob
viously, we note that for all r, rz € 1?, all s € 5 and Q E R,

Os = 0, (—r)s = — (rs) — r(—s) and (r + rz)s = rs + rfs.

On the other hand, for all x, G G, all s G 5 and 0 € G,

Os = 0, (—£)$ = —(cs) = x(—s) and (x + y)s = xs + ys.

Let x EG and r, s, £ e R・ Then the element i in J? is represented by

t = &Si + + ^3^3 + ・ * • + 6nsni

where 号=1, or —1 and st e S for 1 < i < n. Thus, using the above 
note and (G, +) is abelian, we have the following equalities:

x(r + s)t = (xr + xs)t = (xr + xs)(diSi + 陽2 H-------F Snsn)

={xr + »$)有如 + (xr + xs)62S2 + •

=di (xr + xs)si + 62(xr + xs)s2 + • 

=6i (xrsi + xssi) + 32(xrs2 + ⑦ s$2)+ 

=Sixrsi + Sixssi + S2xrs2 + &濤 ss? + 

=xrSiSi + xsSiSi + XT62S2 + ws标2 十

+ (xr + xs)3nsn

+ 3n(xr + xs)sn

・ +6n(xrsn +xssn')

"+ 8驻9如$几 + 3fiXSSn

■ + n 質。”•$”，+ xsS^Sji

=xr(6isi + S2S2 H------ F <5nsn) + xs(6isi + ^$2 H-----編)

=xrt + xst = x(rt + st).

Thus we obtain that x{(r + s、)t — (rt + st)} = 0 for all x C G)namely,

(r + s)t 一 (rt + st) e (0 : G) = A(G).

Since G is faithful, A(G) = {0}. Applying the first part of this proof, 
we see that (r + s)t = rt+st for all r, s,t G R、consequently, R satisfies 
the right distributive law. Hence R becomes a ring. □



A NOTE ON D.G NEAR-RING GROUPS 295

References

[1] F.W. Anderson and K R Fuller, Rings and categories of modules, Springer- 
Verlag, New York, Heidelberg, Berlin, 1974

[2] C.G. Lyons and J.D P Meldrum, Charactenzzng senes for faithful D.G. near- 
nngs, Proc Amer Math Soc. 72 (1978), 221-227

[3] S J Mahmood and J D P Meldrum, D.G. near-nngs on the infinite dihe
dral groups, Near-rings and Near-fields (1987), Elsevier Science Publishers 
B.V. (North-Holland), 151-166

[4] J.D P. Meldrum, Upper faithful D.G. near-nngSj Proc Edinburgh Math. Soc 
26 (1983), 361-370

[5] J.D.P Meldrum, Near-nngs and their links with groups^ Pitman Advanced 
Publishing Program, Boston, London, Melbourne, 1985

[6] G. Pilz, Near-rmgs^ North Holland Publishing Company, Amsterdam, New 
York, Oxford, 1983

Department of Mathmat ics
College of Natural Sciences
Silla University
Pusan 617-736, Korea
E-mazI: yucho@silla.ac.kr

mailto:yucho@silla.ac.kr

