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Heat Transfer from each surface for a 3-D
Thermally Asymmetric Rectangular Fin

Hyung Suk Kang

Abstract

The non-dimensional convective heat losses from each surface are
investigated as a function of the non-dimensional fin length, width and
the ratio of upper surface Biot number to bottom surface Biot number
(Bi2/Bil) using the three-dimensional separation of variables method.
Heat loss ratio in view of each surface with the variation of Bi2/Bil is
presented. The variation of the non-dimensioal temperare profile along
the fin center line for a thermally asymmetric conditions is also presented.

1. Introduction

Fins are widely used to enhance the rate of heat transfer to a
surrounding fluid in many industrial applications such as electronic
equipments, many kind of heat exchangers, air craft and so on. As a
result, a great deal of attention has been directed to fin problems and
various shapes of fins have been studied. For example, Sen and Trinh
(1986), Look (1988) have discussed rectangular, Burmeister (1979) and
Abrate and Newnham (1995) were concemed with triangular while Kang
and Look (1999) and Kraus et al. (1978) examined trapezoidal. Finally
Kim and Kang (1998) presented parabolic fin and Ullmann and Kalman
(1989) researched annular fins. Usually most of the studies on the fin
assume that the heat transfer coefficients for all surfaces of the fin are
the same. But no literature seems to be available which presents a
rectangular fin with unequal heat transfer coefficients by using a three
dimensional analysis.

This paper presents an analysis of heat transfer from each surface for
a three dimensional thermally asymmetric rectangular fin. In this study
the upper surface Biot number, Bil, is equal to or larger than the bottom
surface Biot number, Bi2 and the left surface Biot number, Bi3, is equal
to or larger than the right surface Biot number, Bi4, and Bi5, at the fin
tip, has various values. The non-dimensional heat losses from each
surface are investigated as a function of the non-dimensional fin length,
width and the Bi2/Bil ratic using the three-dimensional separation of
variables method. Heat loss ratio in view of each surface with the
variation of Bi2/Bil is presented. The variation of the non-dimensional
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temperature profile along the fin center line for a thermally asymmetric
conditions is also presented. For simplicity, the root-temperature and the
thermal conductivity of the fin's material are assumed constant as well
as steady-state.

Nomenclature

Bil : fin upper surface Biot number, 4,//%

Bi2 : fin bottom surface Biot number, &,/ /k

Bi3 : fin left surface Biot number, k3! /k

Bi4 : fin right surface Biot number, A,/ k%

Bi5 : fin tip surface Biot number, k51 /k

hy : fin upper surface heat transfer coefficient [W/m? °C]
h, : fin bottom surface heat transfer coefficient [W/m’ °C]

ks : fin left surface heat transfer coefficient [W/m® °C]
ky : fin right surface heat transfer coefficient [W/m® °C]
hs : fin tip surface heat transfer coefficient [W/m® °C]
k  : thermal conductivity [W/m T]

! :one half fin height at the base [m]

L" : fin length (base to tip) [m]

L : non-dimensional fin length, L'/

Q : heat loss from a rectangular fin [W)

Q.. - convective heat loss from upper surface [W]

Qs - convective heat loss from bottom surface [W]

Qs  convective heat loss from left surface [W]

@Q,s ' convective heat loss from right surface [W]

Qs : convective heat loss from tip surface [W)

: fin temperature [C]

: fin base temperature [TC]

: ambient temperature [C]

: one half fin width [m]

: non-dimensional a half fin width, '/

: length directional variable [m]

: non-dimensional length directional variable, x'/!
: height directional variable [m]

: non-dimensional height directional variable, y'/!
: width directional variable [m]

: non-dimensional width directional variable, z’/I
. adjusted temperature, (T,— Tw)

: non-dimensional temperature, ( T— Tow)/{ Ty— To )
:eigenvalues (m =1, 2, 3, -+ )
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u, -eigenvalues (n =1, 2, 3, =)
Onwm - eigenvalues (=V A2+ u,° )
2. Three-Dimensional Analysis
Geometry of a rectangular fin with all different heat transfer

coefficients is shown in Fig. 1. Three-dimensional governing differential
equation under steady state for this figure is

9%6
ox°

2
270 0.

+ 02° -

(1)

Six boundary conditions are required to solve the equation (1). These
conditions are shown as equations (2)~ (7).

6 =1 at x =0 2
98 4 Bi5-6 =0 at x =1L (3)
—3—§+Bi1-0=0 at y =1 (4)
—33—3:’2-0=0 at y= —1 (5)
20 4 Bi3-6 =0 at z= w 6)

Fig. 1 Geometry of a thermally asymmetric
rectangular fin
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99 _ pig.g =09 at z= —w <)

The solution for the non-dimensional temperature distribution 8(x,y, 2)
within the fin obtained with equations (2)~(5) is

6(x,9.2) = 25 31 Nom+ £) - £3) - A2 ®)
where
_ 4sin(4,) - sin(u,, * w)
Nyw = 7 g, 9
Rx) = cosh(Opm * %) — Cum * Sinh (0 * %) (10)
Onm * tanh (o, * L) + Bi5
Com = 5. ¥ Bi5- tanh (p - L) (11)
om = VCATH ) (12)
Ay) = cos(A,-y) + A, sin(d, ) (13)
A, tand,— Brl

Av= 7 FBil tand, (14)
A2) = cos(pn2) + By sin(u,2) (15)

- tan(p, - w)— Bid
Bu= ) TBi3- s, 0 (16)
fo= ,1,,+42L sin(24,) + A% - {,1,,—% sin(2/1,,)} a7
8m= UmW + % sin (g ,w) + B, - {umw - -%- sin(#mw)} (18)

The eigenvalues A4, can be obtained from equation (19) which comes
from equation (4) and equation (5).

Apc sin(A,)—Bil - cos(4,)  Bi2- cos(A,)—4, - sin(4,)
Apc cos(A,)+Bil-sin(d,) = A,- cos(d,)+ Bi2- sin(1,)

(19)
The eigenvalues g, can be obtained from equation (20) which comes
from equation (6) and equation (7).

U SiN(pp W)= Bid - cos(ptm* w) _ Bid+ coS(m* W)=t Sin(ftp* w) (20)
U COS(ftpm+ W)+ Bi3 -« Sin(tty* w) ~ - €0S(pty * w)+Bid+ sin(pty * w)

By applying equation (8) to Fourier’s law, the heat loss rate conducted
into the fin through the fin base is given by equation (21).
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Q=4k- - 6, »21 Zanm'pm° C.o - Sm/](:‘”) ) sm(z:. w)

(21)

Convective heat losses from each surface for a thermally asymmetric
rectangular fin can be expressed equation (21) through equation (25).

Qus = i iBil.Nnm'D,,,,,'(cosAn-l_A"' Sin/‘”)._z__sﬂgim_._ui (21)
k100 n=1 m=1 .
On 88 3 Bi2- Now+ Dum- (cO82,— Ay sind,) - 250 En" W (o)
kloo n=] m=1 -
Qb = i i Bi3 . Nnm . D"m . (cosﬂm-*-Bm . sin#m) . 15_11..1_(_,1”_) (23)
klao n=] m=1] /I,,
s 00 00 . ) 2 . A”
leeo = ”Z=l mZ=IBZ4 . Nnm . Dnm . (COSﬂm—'Bm . Smﬂm) . ___§m,1_’(’_) (24)
Q _ & @ p. v .p .S sine,:w)
klGy — nz=:1 "?;.1325 " Nom * Em An Uom (25)
where
D,, = 1 Bi5{cosh(0,,L) — 1} + ppm * sinh(0,,L) )

" Puwn  Pum® C0Sh (0 L) + Bi5 + SInh (0, L)

- Bnm
B = Om * €0Sh (0um L)+ Bi5 + sinh(p,,,L) @n

3. Results and Discussions

Figure 2 presents the convective heat losses from each surface of a
thermally asymmetric rectangular fin as a function of the
non-dimensional fin length for Bi2/Bil=0.8, Bi4/Bi3=0.9, Bil=Bi3=Bi5=0.1
and w=0.5. It is shown that the heat loss from the tip decreases while
heat losses from all the other surfaces increase as the non-dimensional
fin length increases. It can be noted that heat losses from upper and
bottom surfaces are less than those from left and right surfaces because
the fin width is comparatively narrow relative to the fin height.

Figures 3(a) shows the non-dimensional heat losses a unit width from
each surface versus the non-dimensional fin length for Bil=Bi3=Bi5=0.01,
Bi2/Bil=Bi4/Bi3=09 and w=0.1. The heat loss magnitude order and
variation trend is somewhat similar to Fig. 2. The same condition
except w=2 is described in Fig. 3(b). Comparing this figure to Fig. 3(a),
heat loss from each surface varies more rapidly at a rate as the
non-dimensional fin length increases and the order of heat loss
magnitude between upper, bottom surfaces and left, right surfaces is
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Fig. 2 Non-dimensional heat loss from
each surface vs. L for Bi2/Bil=0.38,
Bi4/Bi3=0.9, Bil=Bi3=Bi5=0.1 and
w=0.5

reversed because of width change. Also it can be noted that heat loss
from the fin tip is the largest until the non-dimensional fin length
increases to about 2.

Figure 4 presents the non-dimensional heat losses from each surface
versus the non-dimensional fin width for Bil=Bi3=Bi5=0.01,
Bi2/Bi1=Bi4/Bi3=0.9 and L=5. Heat losses from left and right surfaces
increase as w increases. from 0.1 to 1 and then decrease as w increases
from 1 to 10 while heat losses from upper, bottom and tip surfaces
increase linearly as w increases from 0.1 to 10. It can be explained
physically that the effect of heat loss from left and right surfaces on the
total heat loss decreases as the fin width increases when the fin length
is fixed.

Figure 5 illustrates the variation of the non-dimensional temperature
along the fin center line for three different asymmetric condition in case
of Bil=Bi3=Bi5=0.02, L=5 and w=05. Average surrounding Biot numbers
are equal for three different conditions. The temperature difference
increases as X coordinate increases. The temperature is the lowest in
case of Bi2/Bil=0.2, Bi4/Bi3=1.0 and it means physically that heat loss is
the highest.

Table 1 lists the heat loss ratio in view of each surface with the
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Fig. 3 Non-dimensional heat loss a unit
width from each surface vs. L
for Bil=Bi3=Bi5=0.01, Bi2/Bi1=0.9
and Bi4/Bi3=0.9

159



160

HYUNG SUK KANG

Q;/kie,

Fig. 4 Non-dimensional heat loss
from each surface vs. w for
L=5, Bil=Bi3=Bi5=0.01, and
Bi2/Bil=Bi4/Bi3=0.9
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Fig. 5 Non-dimensional temperature
along x coordinate for L=5,
w=0.5 and Bil=Bi3=Bi5=0.02
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Table 1 Heat loss ratio in view of each surface with the variation of Bi2/Bil
for Bil=Bi3=Bi5=0.05, Bi4/Bi3=0.8, L=5 and w=0.5.

Bi2/Bil Qrs/Qls (%) Qbs/Qus (%) Qus/Qls (%) Qts/Qls (%)
0.6 80.35 61.18 49.38 11.27
0.7 80.35 71.03 49.46 11.17
08 80.35 80.78 49.55 11.08
09 80.35 90.44 49.63 10.99
10 80.35 100.00 49.72 1091
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Fig. 6 Non-dimensional heat loss

from each surface vs. Bi2/Bil
for Bi1=Bi3=Bi5=0.02, w=0.2,
L=2 and Bi4/Bi3=1-Bi2/Bil

variation of Bi2/Bil for Bil=Bi3=Bi5=0.05, Bi4/Bi3=0.8, L=5 and w=0.5.
First it can be noted that the ratio of heat loss from right surface to
that from left surface remains 80.35 %, which is slightly over 80 9%,
with the variation of Bi2/Bil since Bi4/Bi3 remains 0.8.
heat loss from bottom surface to that from upper surface varies in
proportion to the ratio of Bi2/Bil but heat loss ratio is slightly higher

The ratio of
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than the Biot number ratio and the difference between these two ratio
decrease as Biot number ratio increases and it finally becomes 0 at
Bi2/Bil=1. It also describes heat loss from upper surface slightly less
than half of that from left surface even though both surfaces have the
same Biot number.

The non-dimensional heat losses from each surface versus Bi2/Bil for
Bil=Bi3=Bi5=0.02, Bi4/Bi3=1-Bi2/Bil, w=0.2 and L=2 are illustrated in
Fig. 6. As expected, heat loss from bottom surface increases while that
from right surface decreases as Bi2/Bil increases since Bi4 decreases as
Bi2/Bil increases. But it is interesting to note that heat losses from
upper, left and tip surfaces increase as Bi2/Bil increases even though
Bil, Bi3 and Bi5 are constants.

4. Conclusions

The following conclusions can be made from the results.

(1) Convective heat loss from fin tip increases as fin width increases
while it decreases as fin length increases.

(2) The ratio of heat loss from bottom surface to that from upper
surface slightly higher than the ratio of Biot number of bottom
surface to that of upper surface when this ratio (Bi2/Bil) is not 1.

(3) Heat losses from each surface vary linearly with the variations of
Bi2/Bil and Bi4/Bi3.
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