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Continuous Frames and

Countably Approximating Frames
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Abstract

This paper is a sequel to [24]. It is well known that the order structure plays the
important role in the study of various mathematical structures. In 1972, Scott has
introduced a concept of continuous lattices and has shown the equivalence between
continuous lattices and injective To - spaces. There have been many efforts made to
generalize continuous lattices and extend corresponding properties to them. We
introduce another class of frames, namely countably approximating frames, generalizing
continuous frames and study its basic properties.
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Birkhoffell olate] thA] Aol = AvH(6], [25] =)

19363 Stone[22]-2 Boolean logicg 4-513}%F Boolean algebra$} zero-dimensional
compact space Aloldl duality #A7F A& HYL2N AFA T4 &4 Fxo #A
7} AYE 7] AFsE T E® Wallman[23]e] 9173 3ol #3# 9 AR A maximal filter
9] filter space® YA F7H9] compactificatione TFAIAT. AAEZ FF YA T A
©  Wallman compactification Stone-Cech compactification® o} th, mebA extension
theory= #HAFS AAE F3l9 A+7 I8 HI o] clopen set, zero-set, regular open
sete] Az Foz YL

1930 Brouwerian logic(intuitionistic approach to Mathematics)®] %882 Heyting

algebra’t =52 32[14], 19583 Bénaboudl 23l complete Heyting algebra(=frame=
pointfree topology)7} $14 72& ATat=d HA Axlde] ¥ H bl

19723 Scott[21]€ continuous lattice® A9 3}3, continuous lattice?t injective To-
spaceT A2 FXYE Huh

1973~19743 9 ZA A Hofmann® Stralkaol] ¢8le] continuous latticex® AFZEHUr}t. o]
E2 Lawson semilatticeZ €23 compact topological semilatticed] #3led A3 2

continuous lattice®} compact Lawson semilattice® Zthe R-& @723 0101

2199 meet®} directed join®l #3}e] algebraic latticel two point chain® product<
sublattice?! 8], Lawson[18]2 continuous lattice”} unit interval®] product®] sublattice¥d S
T skt

Aol A F X9 topology R2(X)E frameo] Htu} 1970 Day9t Kellys X7t
locally quasicompact¥d #, 2(X)= continuous frame¥ & % A tH8].

continuous latticeS AursA7im o duistd I HAE ATEEHE B A=
gl enf1, 2, 3, 11, 15 16, 20}, Banaschewski, Briimmer, Dowker, Ehresmann,
Hoffmann, Isbell, Johnstone, Keimel, Mislove, Mulvey, Papert, Pultr, Simmons % ©]
pointfree topology®l % %3l A F2E A7 1981'd  Johnstone[17]¢]
Tychonoff A7} frame? settingo]l Al axiom of choice®} F#&& THITOZH o] Fof
of g ATV F£3 FuyAx, 1990 o] Banaschewski, Hongl[4]2 frame<]

convergence structure®} strict extensions £33t frame9 extensionS A3} Ah.

compact space® Yur3lE locally compact space®} Lindeléf space®] 7ldo] Ut} ol &
£ continuous frame¥ Lindelsf frameo. 2 dutstzlo] 94F 3 ob& dAol vehdtt.
d& £, Lindelof frame frame category?] coreflective subcategoryE ©lF 3, T
coproductive ©] 83 1 t}[20].

o] =EolA = 1988 locally Lindelof space®] ¥4¥rdtZ =93 countably way below
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relation® countably approximating lattice®] 7§ d[19]& frame® setting®] A gt} =,
continuous frame2| Y¥r3lZ countably approximating frame? 71¥-& =13t}

1. Continuous Frames

o] dollA 98]+ Frameol A9 way below relationg # <9 3d}1, continuous frames £

7R &t

1.1 A9, (X, <)v £ H(partially ordered set & poset)o| L, EWH3 E£E gy}
5= “1] T8 e A3 (X, <)E 93] X2 A
) £ARE (X, <)ol W, <2 <Py & y <02 FFY (X, <P) E3b £4
Adel "ot (X, <P)& XPolgtn ®EA g
(=¥)P=<olng FMATL AU Yl(duality principle) & Z&=t,
2) F ARG X9 Y Abole] &5 f: X > Y7 a < b9l Wt fla) < Ab)E BHEAZY
o f& %7185 (isotone & increasing map)gt 3},
dotel EAHHE X At F5FF Ik X~ X FoMgdFolxn, Frhe4e g4
E§ F7iggroltt

3 SE AT (X, <)o REIE ] eXxe|r}h.

(1) ¥9¢f s 89 dstd s < ug ]7] ug (X, <)ollA S9 A (upper bound)
2 33, (X, <P)olA Sel 074]-"% (X, <)dlA S s}Al(lower bound)et -t

(2) wt 89 Az, So doo A vl WY v < vd o uE (X, )N S9
joinel & &taL, (X, <®)olA S9 joing (X, <)olA S meetz}t s},

(3) So 49 FHREEFITY FAZE S ool EAF o), SE directedd}t o}

(4) So| deje] 7HE R AAZE S ¢tell EAE o, SE countably directede} &
=3

(5) S= | SY W, SE lower setelgtx g},

(6) S7} directed lower setd W idealo]@} 8l ideal AA Y FFL AX)E KA F}.

(7) S7} countably directed lower set¥ ® o -idealo)® 3}3, o -ideal AA e AL
cld(X)8 FEA g},

)
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1.2 A, D cAAE Xo BEAF Sol Wt S9 joine VS, S¢ meet: ASz
Yeldt) S={qg, b}Y9 @, VS=aVb, AS=aAbZ }EAT},

2) €438 X9 FuY(top element)S 1, 2 A (bottom element)& 0.2 yEbATH ot
oF o]Fo] EAEH Ag=1ol1 Vg =00t}
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13 A9. 1) ¢AHAF LY EE FEEEAT] joinF meetE 7H2 o, L& ZAA(lattice)
23 3ok
2) A LY A9 Uik q b, ¢ Hte thgo] AHE o L& Eul AR (distributive
lattice) &} gt}
aN(bVeo)=(aAb)ViaAc) BT FA ZHULZ aV(bAd=(aVb)A(aVc)
3) A& L9 ¥4 ago ddld xAa=0, xVa=1L WHEAI|E LY 94 x& a9 com-
plementg} 3t}
4) EujAx L9 2 F Y47t complementE 7}A wl L& Boolean algebradl 3t}
5) So T AFEYFn, f:S—>T g. T— S= F71840|4,
xESY yET Wl fix) <y © x < gy)d #,
f 2)& S T Atol9] adjunction ®+ Galois connection®] @ §th.
o] W, f& g9l left adjoint, g& f9 right adjointg} 3L, f 4 g& e}
6) =AY Lo RE HEAHE meetd) joing 7}E wl LS 944 AR (complete lattice)
Za s, | ’
7) AZ L] 9429 g9 bl Y3l cAa<b © c<a — b a — b7} LI EAT o,
L& Heyting algebraglir gt}
8) Heyting algebra L2 ¥4 a9 W3ty a — 02 a9 pseudocomplement}
aZ EANZ)
9) $¥v]A = Lo] Heyting algebrad w), L& frameoj&tx 7t}

o

3} 11, o2

A% X9 HAY 2¥= co B frame ol ETh Fin(X)={F| F= X9 $32 23
e 279 idealel 3, Count(X)={C| C& X9 7R BT} 289 o -idealolt}. ek X
7} F83gold, Fin(X)E directed®] A ¥+ countably directed: o}y th.

1.4 Remark. 1) So} T7F =X ATY o, left adjoint¥ joing BFE3}3, right adjointe=
meetE HEFT} whek SoF TV} completeold, & 7}%-’? g:S— T7t left adjointE 2zt
7] 9% %B. BEzAL g7l 999 meetE EESE Aol
2) A=A Lo] Heyting algebra’} 7] $3 dao &8z ﬁu LY 99 ¥4 ol distd
84 an_: L — Lo] right adjointE zt& Ao|t}h.
gt gA_ 4 a — 03, agA_:L— L joing EHEFT ZF ¢lo9 SC LA
et &g Wi,
an(Vs)=Vians|s€S)

15 4. 1) $4] Boolean algebra: frame®]t}.
2) €Y}l chain® frameo]t}.
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3) fEuwiAAE frameol T}

4) 994 7 X9 topology (X)) frameol™, ©|& X9 open set frameo|gtil 2t}
gdelol Ue(X)d tated, U'=(CU°=C(ll) ( (CU)’E U AFJES interior,
cdUs U9 closure)ol I, U7} densecl”] 91& BodExde U=0°th

16 A9, xo y= frame L9 Yioli, DE LY directed B & oltt y < VDY
x <dSl d7} D ¢l EA8 Y, x= way below yE} 3t x € y2 Jebdth Wk x < x

o, x& compact Y&t i}

1.7 d. x¢} y7} Y] chain L9 949 9 b&& HEer
1) x<y = x<y.
2) x<y = x<y BT x=0 BEv x < x =y.
3 L' 92 a=(a)es, b=(bdics W3], &L N2 FXojr}

1) a<kb
(2) RE ied Ut g < bolx, §3 ME AYs BE je [ g x=00]th

4) A7} ring¥d #, A2l two-sided ideal A A2 A Id(A)E U AAE o] &Eh
dele] I €ldA)e] tiste] thgeo] A g
I=V ;| JEFinl, I’z Jo 9lste] B4 9 ideal)
=U{l;| JEFinl, I/ Jol 93t WA E ideal}
JEg K Ko7 9% BeFExAL IK FK K, #3 719 940 o
449 ideal F7} EA3te Aeo|t
5) Lol YAF7 X9 open set frame @(X)¥ W, U, V& Lo} ddto] & TF3o)
(1) Us F €V X9 quasicompact ¥¥3% F7F 2A3td, U< Velrh
(2) Xo 99 A x7F {VIVE x9 quasicompact neighborhood}& local basez 7}2
W, Z X7} locally quasicompactd W, U < Vel U < F ¢ VI X9

quasicompact ¥ &3 F7} EA4$.

1.8 B, frame LY ¥4 x8} yol didled &L A2 FHolth
D x<y.
2)y=VX(XCSL) = x<VFI X9 FFLEAY F7} 48},

Ny=VI deldl) = x1

19 B9} frame L9 Y99 92 x& x=V | xZ YelE 4 AL o, LS continuous

frameol&l . %o},
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1.10 <. 1) EE 9] chaine continuous frameo]t}.
2) Lo] ¢4 chain¥ ™, L& continuous frameo] t}.
3) A7} ring¥ |, Id(A)E continuous frameo]t},
4) X7} locally quasicompactd @, 2(X)T continuous frame®]t},
5) X7} regulare]l 2 2(X)7} continuous frame©] ™, XE locally quasicompact®]t}.

2. Countably Approximating Frames
o] Ao £zl countably way below relation® ©]-£3le continuous framed ¥ut

3}A17) countably approximating frame& # 2] %o},

2.1 B9, x% y= frame L9 9Y29]3, D L9 countably directed 3% olc}.
y<V DY d, x<d d7t D el EA8E, xE countably: way- below ygt 33
x LcyE UERT, 21 eF x € x°l8, x& Lindelof 948tz &,

[« 3]

2.2 A9. frame L9 ¥4 x& yoll Bt g2 HE Fx o)

1) x<cy.
2y=VX(XcL =»x<VEKJ X9 7MIREAY K7} EA o

Yy=VI (€ sldl) = xE1I

Z9.1) =2 D={V K| K € Count(X)}= countably directedo] V D=V Xo|t} 1)d|
93te x < d9l d7t Dol A5t x, AR K € Count(X)oll tstd d=V K7 @t}

2) = 3) y= VI o-ideal Io] Wated 2)o) o8 x <V K9l I9] AARERNY K7 &4
&t} I= | Io]3 countably directed®]E2 V K € Jo]1, x € I°]t}.

3) = 1) D7} y <V D2 countably directed &Y wl, I=|D¥ o-idealolz VD=V
olt}, ¥ Lo] frame®lEE y=yA(V D)=V {yAxIx € D7t Jo] y=NV UN |y)

5 x<dd DY 94 d7t ¥

olty. et 3ol Slate x€INly=1Dnlyolth =
A g,
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23 d. 1) LS A% X9 97 frame] 2%tk A%} B < Lol Hatd] A <. B7t §7) 9

T HFERAL AS K S B X9 /MR EAR K7t A8t RHojth

2) L2 unit interval [0, 1] usual order <7} Fo|A frameeolth, L2 ¢9jo] AX x&=
Lindelsf ¥4 0]t} 281} compact €4= 04bol] ¢}

3) x% y7b €4 chain L9 949 o 5§ wE3)

(1) x<y = x<cy.

2 x<L,y » x<y ¥ x=0 & x < x=y.

4) U'e) 94 a=(ader, b=bies® e, & M2 Fx ol

(1) a<kcb

(2) BE i€ I g8ty g < biol3, 71t HE A7 RE jE [ thdte x=00]t}.

24 A9, 94 3 X9 499 H x7F {VIVE x9 Lindelsf neighborhood}E local base
2 7}4 9|, XE locally Lindelofetx o}

25 9. 1) locally compact &7+< locally Lindelof &7ro)t},
2) fEle9 g Qo usual topology?t Fo1F 7 -9 open set frame 2(Q)& locally
Lindel6f ¥ 37to}=] gt locally compact 332 o}ut}

2.6 A, Lol 91 F7 X9 open set frame QX)Y o U, VE L) Haty &g 9=
g
1) Us K<S Ve X9 Lindelof 83 K7F £A848, U < Voltt
2) X7} locally Lindelsfd o, U< VeI, US K € V9 X9 Lindelof 32 3A% K7t &
A gk,

. 1D US K<c VY X9 Lindelof FEIAF K71 &A514A, Ve 492 open cover 8
£ K9 open cover7t 9tt. K= X9 Lindelof £ 2Rolmg g9 /R ERF ¢
o] Ea3t9) €' K2 open cover/} Hi, wratd €& U2 7H:}F open covere]t}.
&, UL Voltt,

2) X7} locally Lindelsfd o}, U <. VolR, Vo 49 U4 bE @ S VY Lindelof
neighborhood @& Z+Eth WA V=U{Q’IbE V, 9714 Q= Q9 interior}7}
b UL Vo2, USU{@w' In€E NI Ve 7HIREZY {baln € N}o] &A%
ot o] W, K=U{Qwm|n < N} X9 Lindelof 28R 3o, US K S V7} 9},

o\
of

27 ABY. frame L9 Y2 x, y, 4, v, xo» (n € N)| Wl T} &S dEr},
Dx<Ley = x<y.
Du=x<KLy<v = u<k.
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D&y VREN = Vixine N} <L y.

4) 0 <L x.
5 x<Ky = x<L .

frame L9 U4 xol 3l {cx={y € Lly<cx}e A8 279 2), 3), 4 ¢35 L]
o -ideale] "t}

28 B9, frame Lo 49 94 x& x=V { x2 Y&d 4 A& wW L& countably

approximating frameo)g}sl o},

29 A. frame Lo W3l & M= T o).
1) L countably approximating frameo|t}.
2) L9 924 x¢ yoll tish] x £ yol ™, u<cxol ug yel LY €4 uwt &A%}

9. D=2, x£yolX u<cxd L9 EE 92 ue u<y’t @t 743 Dol 98}
o x=V{ulu<cx}ol22 x < y7} Hol Bgo|t},

2) = 1). Ae 279 Dol 9d9ad x 2 V{ulu<extolth x ¢ Vivlv < x}=yatm 7}A 8}
H, 2)o] 9%t u<K . xolA u vy LY YAi b EAFE 2t yo] Hoo o s}
o y<yolmg Holr}

2.10 9. 1) continuous frame2 countably approximating frame°]t}.
2) 74t frame countably approximating frameo]t}.
3) locally Lindelsf 3%t X9 open set frame Q(X)£ countably approximating frame©)

o},

4) countably approximating frame< Y%A 22 continuous frameo] olyr} o & E9
freleel A3 Qo usual topology’t Fo1R 7ZH$-9 open set frame Q(Q)E=

countably approximating frame©]}, continuous frame& o}yt}.
A 279 2)o ¢34, countably approximating frame L9 94 x¢ y& &g 9=
Azl

X<y © (xS dcy

211 AY. X+ AF IR 2(X)7F countably approximating frame©]®, X+ locally
Lindelof & 37tolt}.
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Z9. x&= X9 99 Holxm, VE x2 open neighborhoodeltt. Q(X)7} countably
approximating frame®]B22 x € U <. V< U7t 2(X)o] &A%}t X AH3F Fol=
2 W < U7l 9+ x2 open neighborhood W7} A8t} £={G.| o € A}7} WY
¢l2le] gpen coverd o, £ U{X—clW}= V2 open cover’t B} UL V7 HEZ £
U{X —cIW}e] 7HEER Sl EA8td UE cover$tth. wreld £ 7R 83T o
clWel cover’} Bt F Wt x9 Lindeldf neighborhoode]l 1z, Vel E 3t}

o 2109 )T H 2114 Y3+H, 3 I3 X7} locally Lindelsf7} =17] 93 o 5¥
Z7L open set frame £2(X)7} countably approximating frameo] == ZHolt}

3. 48

8= 9ANA way below relation® Yw¥r3tAlZl countably way below relation®
continuous frameS UwWH3AI7] countably approximating frame2 Aolslgch EE
pointfree topology ol 4] locally Lindelsf spaceE® A3z, B=F 7 X7} locally Lindelsf}t
57l 9§ deFH2AE open set frame 2(X)7} countably approximating framegd-& H
Aok
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