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Abstract. In a resent paper, Na and Kim(2000) develop a family of
test statistics for testing whether or not the mean residual life changes its
trend based on complete data and show that the new tests perform better
than previously known tests. In this paper, we extend their tests to the
randomly censored data. The asymptotic normality of the test statistics
is established. Monte Carlo simulations are conducted to compare our
tests with a previously known test by the power of tests.
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1. INTRODUCTION

Let X denote the lifetime of an item having a continuous distribution function
F such that F(z) = 0 for £ < 0. The mean residual life(MRL) function is defined
by

e(z) = {fzoo F(t)dt/F(z), if F(z)>0,

0, otherwise,

where F(z) =1 — F(z).

Based on the behavior of MRL function, various nonparametric classes of life dis-
tributions have been defined. One such class consists of those with “increasing ini-
tially, then decreasing mean residual life (IDMRL)”. The dual class is “decreasing ini-
tially, then increasing mean residual life (DIMRL)”. See Guess and Proschan(1988)
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and the references therein for examples and applications of the IDMRL(DIMRL)
class. Also it is well known that F' is exponential distribution if and only if e(z) is
constant. We consider the problem of testing

Hj : F is the exponential distribution
against
H, : F is IDMRL, but not exponential.
When the dual model is proposed, we test H, against
H} : F is DIMRL, but not exponential.

When complete data is utilized, Guess, Hollander and Proschan(1986) propose
two test procedures for constant MRL against the trend change in MRL when the
turing point 7 is known or when the proportion p = F(7) before the change occurs
is known. Aly(1990) suggests several tests for monotonicity of MRL. These tests
consider the IDMRL alternative when either the change point or the proportion
is known. Hawkins, Kochar and Loader(1992) developed a test for exponentiality
against IDMRL alternative when neither the change point nor the proportion is
known. Lim and Park(1998) studied a family of IDMRL tests when the proportion
is known. Recently, Na and Kim(2000) propose a family of tests for the trend change
in MRL when the turning is known.

In the case of randomly censored data, this problem is dealt by Guess(1984)
when the turning point is known or when the proportion is known.

In this paper, we develop a family of tests for testing Hy against Hq(H]) using
randomly censored data by extending Na and Kim’s(2000) family of tests to ac-
commodate censoring. We establish the asymptotic normality of the test statistics.
Monte Carlo simulations are conducted to investigate the performance of the test
statistics by simulating the power of tests for various turning point and sample size
n.

" Section 2 is devoted to derive a test statistics for testing Ho against H;(H}).
Results of Monte Carlo simulations are presented in Section 3.

2. A FAMILY OF TESTS FOR TREND CHANGE IN MRL

In this section we generalize IDMRL(7) tests to the randomly censored data.
We assume that the turning point 7 is known or has been specified by the user.

Let v(z) = [° F(u)du and f denote the probability density function correspond-
ing to F. As a measure of the deviation from Hj in favor of H;, Na and Kim(2000)
considered the following parameter
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U(F) = /OTFNt)(f(t)v(t)—F?(t))dt+ /mﬁj(t)(ﬁ2(t)—f(t)v(t))dt(O-l)

T

= L ([T Fwa— " o
- j+1( /0 F(t)dt — (G +2) /0 Fi+2()dt (0.2)
+(j +2) / Fit2(4)dt — 2F7+1(7) / F(t)dt) (0.3)

where j is a integer with j > —1. Na and Kim(2000) formed their test statistics by
replacing F in (2.1) by the empirical distribution. In our randomly censored model,
we replace F in (2.1) by the Kaplan-Meier(KM) estimator defined in (2.2) below.

Let X1, X5,--- , X, be independent identically distributed according to a contin-
uous life distribution function F' and let Cy,Cs,--- ,C, be independent identically
distributed according to a continuous life distribution G. C; is the censoring time
associated with X;, 1 = 1,2,--- ,n. In random censoring case we can only observe
(Y1,01),- -+, (Yn,0n) where Y; = min(X;,C;), and §; = I(X; < C;), fori =1,--- |n.
It is assumed that X; and C; are independent. The random variable Y; is said to be
uncensored or censored according as 6; = 1 or ; = 0. Therefore Y7, - ,Y, are obser-
vations from a life distribution H with reliability function H = FG = (1-F)(1-G).
The KM estimator of F(z) is defined as

R —i \%
2 ~ n—i
{ZX(,)SZ}
where Y(;) < --- < Y{y) are the ordered Y's and §;) is the censoring status corre-

sponding to Y(;). We treat ¥{,) as uncensored observation whether it is uncensored or
not. When censored observations are tied with uncensored we treat the uncensored
as preceeding the censored.

As to the problem of testing Hy against H;, we propose a family of test statistics
Uj(ﬁ % M) by replacing F in (2.1) by Fxar. The computational simpler expression
of U i (F K M) is

i—1

A i— I
. 5o 5
Uj(Fkm) = Y By ( I )) Yy — Yi-1)) + By ( II< )> (1 —Yv)
=1 v= v=1

=1
i* n i-1
Je e
+ By ( IT )) Yoy —7) + E | By ( 11 )) (Y) — Yii—1)),
v=1 1= 42 v=1

where 0 = Y(g) < Y3y <+ < Yiuy <7< Ypyy < <Yy, o = (n—v)/(n —
v+ 1),

By;(u) {u—(j +2)u*?} and

J+1
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By() = {1l = 2P+ (G + 20",

Since Uj(ﬁK M) is not scale invariant, we use the following scale invariant test
statistic

e Ui(Fgu)
=
where '
) k) i—1 - 6(11)
pr=> { II (—_n—v+ 1) }(Y(i) — Yi-1))-

When there is no censoring this test statistic reduces to the one which is obtained
by replacing F in (2.1) with empirical distribution.

To establish asymptotic normality of U7, we assume the following conditions on
the distributions F' and G.

i oo_ﬂac:c o0 a .oo_w:c—x‘l z) < 00
()/OF()d< nd/o{F()G(n dF(z) < oo,
for some 8 € (0,1/2), and

[e o}
(i) vn F(z)dz 5 0.
Y(n)

The derivation of the asymptotic normality of U is similar to that of Guess(1984),
using the techniques of Joe and Proschan(1982) and Gill(1983). The asymptotic
distribution of U7 is summarized in Theorem 2.1.

Theorem 2.1 Suppose F and G are continuous distributions. Assume that F’
exists at 7 and F'(7) is positive. If conditions (i) and (i7) above are satisfied, then

VaU§ — Uj(F))/pr -2 N(0,0%(U;,G) /%)

where

0o roo - _ Ny R
2U.F) = [ [T UEUFDF@R) [ fagde

- 4P [ R [T GE@F@F [ g

+ 4ﬁ2f(7)( / ~ F’(u)du)ZF_’(a:)F(y) / i %dxdy.

0

where z A y = min{z, y}.
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Under Hy, i.e. F(z) = Fy(z) =1 — exp(—z/u), we find

92 = ‘72(Uij)//‘%~*o = j+ 1)2{ H gl:L(lZgz) (05)
+ 4{1 - Fit(r }/ -H—-"-QL—IO)gT)dz}, (0.6)

where g1;(z) = (j +2)22%%3 - 2(j 4+ 2)29%2 + z and goj(2) = (j +2)29+2 — FIt1(1)2.

Since the null asymptotic variance gjz depends on H, we need consistent estimator
of gf . We can obtain a consistent estimator of cf , 612, by replacing H in (2.3) with
H;,, the empirical reliability function of Y3, ,Y,. For computational purpose, we
have

2 1 [(J + 1)2
Sj

G+1)?12(+3)
+ Z(n_z+1(n_z)(j;23(2 +4)————J:34 -(j+3)+%B,~(2)>

_ n(J__ (25 + )—ZJJI‘IB( +3)+an(2))

¥ 4(1—A‘KM<7->>{ & kz—(’j—}%ﬁﬁ(v)

j+2 _1ain
5 B;(2

n(] 2By +3)—§ arlr)Ba (2))}],

where B;(a) = exp(—aY{;)/ir) and Yy < —firlog Frm(7) < Yigq1)-

The DMRL(7) test procedure rejects Hy in favor of the alternative Hj, at the
approximate significant level a if \/ﬁch/q‘j > z4. Analogously, the approximate
significant level « test of Hy versus Hi, reject Hy if \/'r_zUJC /S < —2q.

3. SIMULATION STUDY

To compare the power of our tests based on ch, j = 0,1,2,3 with that of
Guess(1984), the random numbers are generated from

) B 8 [t +df? e
Fapn(@) = {ﬂ + v exp(—az)(1 — exp(—axz)) } { [exp(az) + dJ? — ¢ }

[exp(az) +d — ] [1 + d + ] | /4P
x{[exp(ax)+d+c][1+d_c]} , 20




44 A Family of Tests for Trend Change in Mean Residual Life

where d = v/28, ¢ = (48y + 7v?)/(48?). This distribution has MRL function
€apy() = B+ vexp(—azx)(l — exp(—ax)), £ > 0. The motivation(see Hawkins,
Kochar and Loader, 1992) for choosing Fy g, is that F, ., has IDMRL structure
with the turning point 7 = In2/o for any choice of (a, §,7) and F, g , is exponential
distribution if y = 0.
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Figure 1: Monte Carlo power comparison from 1000 replications with a = 1,
f=1andy=1.
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Figure 2: Monte Carlo power comparison from 1000 replications with o = 1,
f=1and v=2.
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Figure 3: Monte Carlo power comparison from 1000 replications with o = 3,
B=1andy=2.
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Figure 4: Monte Carlo power comparison from 1000 replications with a =1,
B =1andvy=2.

The censoring random numbers are generated from G(z) = F‘g’ﬂﬁ(a:), here p is
viewed as a censoring parameter since the probability that an observation will be
censored is Pr(d = 0) = p/(1 + p).

Figures 3.1-3.4 contain Monte Carlo estimated powers based on 1000 replications
of sample size n = 10,20,---,100 from Fa,ﬁﬁ for various choice of a and v with
B = 1, and the amount of censoring p = 1/3 when the level of significance is 0.10.
From the figures, we notice that the powers of all tests increase rapidly as 7y increases
when « is fixed and also as « increases (i.e., the turning point 7 decreases) when =y
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is fixed. It is further better to increase v than «. This is generally to be expected
since the width of e(z) increases as v increases. Figures show that our tests generally
dominate the Guess(1984) test except when o = 1, v = 1 and n < 20. The power
of our tests increase more rapidly than that of the Guess(1984) test as n increases
for any a and 7.

The results for the other sample size, the other values of & and the other amount
of censoring are not given here, but can be obtained with FORTRAN program from
the first author.

ACKNOWLEDGMENT

This work was partially supported by BK21 Education Center for Transports in
Systems

REFERENCES

Aly, E. E. A, A. (1990): ”Tests for Monotonicity Properties of the Mean Residual
Life Function”, Scandinavian Journal of Statistics, Vol. 17, No. 3, pp. 189-
200.

Gill, R. D. (1983), “Large Sample Behavior of the Product Limit Estimator on the
Whole Line”, The Annals of Statistics, Vol. 11, pp. 49-58.

Guess, F. (1984), Testing Whether Mean Residual Life Changes Trend, Ph. D.
dissertation, Florida State University.

Guess, F., Hollander, M. and Proschan, F. (1986), “Testing Exponentiality versus a
Trend Change in Mean Residual Life”, Annals of Statistics, Vol. 14, 1388-1398.

Guess, F., and Proschan, F. (1988), "Mean Residual Life: Theory and Applica-
tion”, Handbook of Statistics Vol. 7: Quality Control and Reliability, 215-224,
North-Holland, Amsterdam.

Hawkins, D. L., Kochar, S. and Loader, C. (1992), “Testing exponentiality against
IDMRL Distributions with Unknown Change Point”, Annals of Statistics, Vol.
20, 280-290.

Joe, H. and Proschan, F. (1982), Asymptotic Normality of L-statistics with ran-
domly censored data”, Florida State University Technical Report, M613.

Lim, J. H., and Park, D. H. (1998). ” A Family of Tests for Trend Change in Mean
Residual Life”, Communications in Statistics. -Theory and Methods, 27(5),
1163-1179.



Myung Hwan Na  Jae Joo Kim 47

Na, M. H. and Kim, J. J. (2000), “A Family of Tests for Trend Change in Mean
Residual Life”, The Korean Communication in Statistics , 7, 2, to be appeared.



