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A NOTE ON THE HYERS-ULAM-RASSIAS
STABILITY OF PEXIDER EQUATION

YANG-H1 LEE AND Ki1L-WOUNG JUN

ABSTRACT. In this paper we obtain the Hyers-Ulam-Rassias stabil-
ity of the Pexider equation f(z + y) = g(z) + h(y) in the spirit of
Hyers, Ulam, Rassias and Gavruta.

1. Introduction

In 1940, S. M. Ulam [13] posed the following question concerning
the stability of homomorphisms:

Let G; be a group and let G2 be a metric group with a metric d(-,-).
Given € > 0, does there exists a é > 0 such that if a mapping h: G1 —
G, satisfies the inequality d(h(zy), h(z)h(y)) < 6 for all z,y € G; then
a homomorphism H : G; — G2 exists with d(h(z), H(z)) < € for all
z € Gy?

The case of approximately additive mappings was solved by D. H.
Hyers (2] under the assumption that G1 and G2 are Banach spaces.

Throughout this paper, we denote by X a Banach space. In 1978,
Th. M. Rassias [11] gave a generalization of the Hyers’ result in the
following way:

Let V be a normed space and let f : V — X be a mapping such
that f(tz) is continuous in ¢ for each fixed z. Assume that there exist
6 > 0 and p # 1 such that

1f(z+y) = f(z) = FW)Il < 6(]|=II” + [ly]]")
for all z,y € V(for all z,y € V \ {0} if p < 0). Then there exists a
unique linear mapping 7' : V — X such that

I17@) - @) < 5o
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for all z € V (for all x € V' \ {0} if p < 0). However, it was
showed that a similar result for the case p = 1 does not hold (see
[12]). Recently, Gavruta [1] also obtained a further generalization of
the Hyers-Rassias theorem (see also [3,4,7,9]).

According to Theorem 6 in [10], a mapping f : V — X satisfying
f(0) = 0 is a solution of the Jensen’s functional equation

21 (25Y) = 1)+ 1)

if and only if it satisfies the additive Cauchy equation f(z + y) =
f(x) + fv)-

In this paper, using the idea from the papers of D. H. Hyers [2], Th.
M. Rassias [11] and Givruta [1], we obtain the Hyers-Ulam-Rassias
stability of the Jensen equation and the Pexider equation:

flx+y) =g(z) + h(y)-
The following result follows from Lemma 2.1 and Lemma 3.1.

THEOREM 1.1. Let V be a normed space and let f : V — X be a
mapping. Assume that there exist 6 > 0 and p € [0,00)\ {1} such that

T+y
|27 (552) - 1600~ 1) < 12l + i)
for all z,y € V. Then there exists a unique additive mapping T : V —
X such that

279
2 - 27|

IT(z) — f(z) + fO)] <

[l[|”

forallz eV.

We obtain the following theorem from Corollary 2.5 and Corollary
3.4.

THEOREM 1.2. Let V' be a normed space and let f,g,h: V — X
be mappings. Assume that there exist # > 0 and p € [0,00)\{1} such
that

1f(z+3y) — 9(z) — ()| < O(llzl|” + [ly]|”)
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for all z,y € V. Then there exists a unique additive mapping T : V —
X such that

I7(2) - £(2) + FOI < rgrlell + 0
I7(2) - ola) + 9(0)1 < S Z R ol + 001
I7(0) - na) + 0 < ST ol + 01

for all z € V where M = || f(0) — g(0) — h(0)|| (if1 < p then M = 0).

2. Stability in the case p <1

We denote by G an abelian group. We also denote by ¢ : G x G —
[0, 00) a mapping such that

M Ba,y) = 3 2 o2k, 24) < o
k=0

for all z,y € G. It is easy to show that $(0,0) = 2¢(0,0) and (0, 0)
can be replaced by an arbitrary nonnegative real number without the
loss of property (1). The following lemma for the stability of Jensen’s
equation is well known (see [6,8]).

LEMMA 2.1. Let f : G — X be a mapping such that

2 |27 (53) - @) - 100

for all z,y € 2G. Then there exists a unique mapping T : G — X such
that

< o(z,y)

T(z+y)=T(z)+ T(y) for all z,y €G,

¢(2z,0) forall z€ G

[

(3) 1T (z) - f(=z) + F(O)]l <

and on
T(z) = lim I na:) for z € G.

n—oo 2




114 Yang-Hi Lee and Kil-Woung Jun

Proof. Let g(z) = f(z) — f(0). Then g satisfies (2) and ¢ satisfies
(1) and (2) . From this we can assume that f(0) = 0 without the loss
of generality.

Replacing = by 2”11z and y by 0 and dividing 2”*! on the both sides
in (2), we have

(@) 2 - 2 M) < 2 (2 e, 0).
Hence
n—1
|27 f(27a) - 27 ()| < D 127 f(2') — 27 (2 )|
n—1
(5) < 3 27 (2, 0)

for n > m. From (1) and (5), we obtain the sequence {27"f(2"x)}
is a Cauchy sequence. Because X is a Banach space, the sequence
{2-™f(2"z)} converges. Denote

T(z) = lim 27" f(2"x)

n—ro0

for all z in G. By the definition of T" and (2)

2z + 2y

9T (z +y) = 2T ( ) = T(2z) + T(2y) = 2(T(z) + T(y))

for all z,y € G. This proves that
T(x+y)=T(z) +T(y) foral z,yecG.

From (4), we obtain
n—1
If (@) = 27" f@P)]| < Y lI277f(2) — 2701 f(2Ha)|
=0
n—1
< Z 2712412, 0)
i=0

< 27'¢(22,0).
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Taking the limit in the above inequality, we obtain (3). Now we prove
the uniqueness of T. Let S : G — X be another additive mapping
satisfying (3). Then

1S(z) - T()]l < ” S@a)  f@na) - £(0) H
)

2’n 21’L

“ @) - £(0)  T(2e
2n 2n

L $(212,0)

< T80

+

Taking the limit in the above inequality as n — oo, we obtain

S(z) = T(). -

From Lemma 2.1, we can modify the results of [5] in the following
theorem.

THEOREM 2.2. Let f,g,h: G — X be mappings such that

(6) If(z + ) —g(z) — R(Y)I < o(z,y)

for all z,y € G. Then there exists a unique additive mapping T : G —
X such that

[8(z,0) + #(0,z) + ¢(z, z)] + M,

N =

(1) NIT(=z) - f(=) + Ol <
@)  IT(z) —g(z) +9(0)ll < %[95(33, —z) + 4(z,0) + &2z, —x)] + M,

9) I7(@) ~ h(@) + O}l < 5[6(-2,2) + (0,2) + B(~z,20)] + M

Evhjre M = || £(0) — g(0) — h(0)|| and
10
T(z) = lim f@rz) _ . o92%2) h(2:m)

n—oo 2T n—oo 2" n—00

for = €(@.
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Proof. We can replace (0,0) by || f(0) — g(0) — h(0)]| without the
loss of property (1) and (6). From (6), we get

ler(532) - @) - 56)|

< (55%) o (3) -+ +1(552) ~9(3) ()]
+s@-9(3) 2G| + |10 -o(5) -(5)]
<e(z3)+e(33)+e(33) +#(53)

for all z,y € 2G. Let

ey =¢(35) +o(535) +e(53) +2(53)

for all z,y € 2G. Applying Lemma 2.1, there exists a unique mapping
T : G — X satisfying (7) and

_ i 1(272)
(11) T(z) = nll—{%oT for x € G.

From (6), we get

[20(%5*) - 9t2) - s

<[l#(3) - (“y) ()17 -o(552) -+
+]-1(3) +s@ ()| + |- 1 (5) +sw +n(-3)]

(F5H-3) +e(-5) re(e-3) +e(v3)

2 72 2 2
for all z,y € 2G. Let

<y

z+y x rz+y Yy

pa(z,y) = 90( 5 ,—5) +<p( : _5) +¢,($ __2_) +<,0(y _g)

for-all z,y € 2G. Applying Lemma 2.1 again, there exists a unique
mapping T : G — X satisfying (8) and

9(2"z)
on

(12) Ti(z) = lm for x € G.

n—o0
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From (6), we get

[2n(55*) - 1o) - o

<[#(3) -o(5) -+ + [4(3) -o(F) -n(5
+[-1G) +o(F) r@|+] - 1(5) +o(-5) +

<o(-3557) +e(- 5551 +e(-5o) +e(- 5)

for all z,y € 2G. Let

_ _Ef‘iﬂ) (_EM) (_E) (_E)
ws(w,y)~<p( 55 ) tel— g ) tel—52)+e(— 5

for all z,y € 2G. Similarly, there exists a unique mapping 7o : G — X
satisfying (9) and

&>

Sl

)

(13) Ty(z) = lim M)

n—oo

for z € G.

Replacing z by 2"z and y by 0 in (6), we get

f2rz)  g2"z)) 1 on
— < —
N L
Taking the limit in (14), we obtain
T(z) =Ti(z) for z€G.

By the similar method we have T = T5. From (11), (12) and (13), we
obtain (10). O

COROLLARY 2.3. Let V be a vector space. Let f,g,h:V — X be
mappings such that

[ f(z+y) — g9(z) — A < p(z,y)

for all z,y € V. Then there exists a unique additive mapping T : V —
X satisfying (7), (8), (9) and (10).

The following corollary is a generalization of Theorem 1 in [4]
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COROLLARY 2.4. Let V be a normed space. Let 1 : [0,00) — R*
be a function such that

(i) ¥(ts) < ¥(t)y(s) for all t,s > 0 and
(i) ¥(2)/2 < 1.
Let f,g,h: V — X be mappings such that

If(z +y) = 9(z) — A(»)| < ¥(llzl) + »(llyll) for =#0 or y#O0.
Then there exists a unique additive mapping T : V — X such that

I17(z) ~ £(2) + FO) < 2D, 200) 4 b1

5(2)
15 17 - a(=) + g0)] < LT >>gg§“w“> F9(0) + M
IT(z) — h(z) + hO)] < 2T i ”“’g“””) L0+ M

2 — (2
for all z € V where M = || f(0) — g(0) — h(0)|| and T satisfies (10).
Proof. Define ¢ : V x V — [0,00) by
(z1) = { P(llzl) + ¥ (lyl)) if £#0 or y#0
[1£(0) —g(0) —A(0) if z=0andy=0.

Then we get
&z, y) = 22 o(2"z,2"y)
Z (2)/2)" (W (llll) + % (liyl))
(l|~’8||) + ([l
1o W)/

for all z,y € V\{0} from (i ) and (ii). By the similar method as (16),
we obtain

29(0) + e if =0 and y#0
Pz y) = § 22Ul 4 29(0) if £#£0 and y=0

2|1£(0) —g(0) = h(0)] if z=0 and y=0.
Applying Corollary 2.3, there exists a unique additive mapping T :
V — X satisfying (15) for all z # 0. O
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COROLLARY 2.5. Let V' be a normed space and let f,g,h:V — X
be mappings. Assume that there exist § > 0 and p € [0,1) such that

1/(z +y) = g(z) = h(»)Il < (=] + [lylIP) for =70 ory #0.

Then there exists a unique additive mapping T : V — X such that

I17(@) ~ £(@) + FO)l < e el + 001
IT(2) - a(z) + g(O))| < ‘4‘“2’ Shatd WY
IT(2) - h(z) + h(O)] <@—“12¥)~|i P + oM

for all x € V, where M = || f(0) — g(0) — ~(0)]].

Proof. Define mappings fi,g1,h1 : V — X by fi(z) = %f(x),
91(z) = 2g9(z), hi1(z) = 3h(z) for all z € V. Define ¢ : [0,c0) — RT
by 9(t) = t? and apply Corollary 2.4. O

It is easy to know that if 2f(2£%) — f(z) — f(y) = 0, then f(z)— £(0)
is an additive mapping. The Pexider equation satisfying the similar
result is shown in the following corollary.

COROLLARY 2.6. Let V be a normed space. Let f,g,h:V — X be
mappings such that

flz+y)—g(z) —h(y) =0 for 2,yeV.

Then f(x) — f(0), g(z) — g(0) and h(z) — h(0) are additive mappings
such that

f(z) — £(0) = g(z) — 9(0) = h(z) — h(0)
forallz € V.

Proof. Define p(z,y): V x V — [0,00) by ¢(z,y) =0 for all z,y €
V', and apply Theorem 2.2. O
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3. Stability in the case p > 1
Let ¢: V x V — [0,00) be a mapping such that

(17) $(z,y) = i 25¢(27*z,27%y) < oco.
k=0

It is easy to show that ¢(0,0) = ¢(0,0) = 0. Then we follow a similar
approach as the above arguments and obtain the results from Lemma
3.1 to Corollary 3.4.

LEMMA 3.1. Let V be a vector space. Let f : V — X be a mapping
such that

(18) l2£(552) - 1) - 1| < 8l 9)

for all z,y € V. Then there exists a unique additive mapping T : V —
X such that

(19) IT(2) - f(z) + F(0)]| < §(2,0) forall z€V

and
T(x) = lim 2(f(2""2) - £(0))

forallz e V.

Proof. We can assume that f(0) = 0 without the loss of generality.
We obtain the sequence {2"f(27"z)} is a Cauchy sequence. Denote

T(x) = nli)n;o 2" f(27"z)

for all z in V. Then it is easy to show that T is a unique additive
mapping satisfying (19). O

THEOREM 3.2. Let V' be a vector space. Let f,g,h : V — X be
mappings such that

(20) 1f(z +v) — 9(z) - h(y)l| < é(,y)
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for all z,y € V. Then there exists a unique additive mapping T : V —
X such that

IT() - 1@) + FO1 < 6(5.0) +8(0.5) + (5 3)

22
I7(2) - 9(2) + 9Ol < (5,5 ) +4(5,0) +&(z.—3)
IT(=) - k(=) + hO) < $( - 5,5) +6(0,5) +¢(~ 3.2)

for all z € V and
lim, 00 2"*[f(27"x) — f(0)]

(21) T(:D) = limn—)oo 2n[g(2—n ) g( )] forall z€V.
limy, 00 2" [R(27"x) — h(0)]

Proof. As the result in the proof of Theorem 2.2, we get

|27 (52) - £@) - 1)

th Tt Y) - h(z) - h(y)H

2
T T+Yy Yy Tty T Y
<o(-575) re(- 5 57) +e(-5e) +e(-5)

for all z,y € V. From the above and Lemma 3.1, there exist 7', T7 and
T5 such that

I7(=) ~ £(=) + 70)) < 3(5,0) + (0, ) + (5. D)

Ty () — g(x)+g(0)H<¢(— ——)+¢( ) ( _g)

IT2(2) - h(@) + h(O)]| < 3( - £, 5) +6(0.3) + (- 3,2)-
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Replacing by 27"z and y by 0 in (20) and multiplying 2" on both
sides of (20), we get

12*[£(27"z) — f(0)] - 2*[g(27"z) — g(O)]I
(22) =2"||f(27"z) — g(27"z) — h(0)|
< 2"¢(27 "z, 0).

Taking the limit in (22), we obtain
T(z) =Ti(z) forall ze€V.

Similarly we have T = T5. O

COROLLARY 3.3. Let V be a normed space. Let a function 9 :
[0,a) — [0,00) satisfy

(i) ¥(ts) > Y(t)(s) > 0 for all 0 < t, s,

(i) ¥(2)/2 > 1 and

(iii) ¥(0) = 0.
Let f,g9,h: V — X be mappings such that

[1f(z +v) — g(z) — h()I| < (=] + H(llwl)

for all z,y € V. Then there exists a unique additive mapping T : V —
X such that

4p(Jl|)
|IT(z) ~ f(z) + FO)]| < (2) -2

(4 + 27)(ll<|])
IT(z) — g(z) + g(0)|| < @) -2

(4+ 27)y(]l=])
|T(z) — h(z) + R(O)|| < T2 -2

for all z € V and T satisfies (21).
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Proof. Let ¢(z,y) = (||lz|l) + ¥(|lyl))) for all z,y € V. We get

b(z,y) = Z 2°¢(27"2,27"y)
= 22" (27"=l) +(127"l))
n=0
< Do e/@)@dlzl) +#(iyl))
_ ¥dl=l) +¥diyl) _
1-2/9(2)

from (i) , (ii) and (iii). Applying Theorem 3.2, the proof is completed.[]

COROLLARY 3.4. Let V be a norined space and let f,g,h: V — X
be mappings. Assume that there exist # > 0 and p > 1 such that

If(z + ) — 9(z) = (Il < O(llz|I” + llylI) for all z,yeV.

Then there exists a unique additive mapping T : V — X such that

17(2) ~T(z) - SO < o el
lo(@) ~T(@) ~ 9 < L2V
(4+ 2r )

I1A(z) = T(z) — h(O)I| < ———lI=|I”

for all z € V and T satisfies (21).
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