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Procedural Method for Detecting Conic Sections in the Intersection of Two Tor

Kim, K. J.* and Kim, M. §.**

ABSTRACT

This paper presents a geometric method that can delect and compute all conic sections in the inter-
section of two lori. Conic sections contatned in 4 torus must be circles. Thus, when two tori intersect
in a conic section, the intersection curve must be a circle as well. Circles in a torus are classified into
profile circles, cross-sectional circles, and Yvone-Villarceau circles. Based on a geometric classification
of these circles, we present a procedural method that can detect and construct all intersection circles
between two tori. All computations can be carricd out using simple geometric opcrations only: e.g.. cir-
cle-circle intersections, circle-line intersections, vector additions, and inner products. Consequently, this
simple structure makes our algorithm robust and efficient, which is an important advantage of our geo-
metric approach over other conventional methods of surface intersection.

Key words : Torus, Intersection curve, Conics, Profile circle, Cross-sectionat circle, Yvone-Villarceau

circle

1. M 2

CAD F 7]} 28] Alxmio Al Hd(plane), T
(sphere). 71F(cylinder). H¥(cone)d} #2 2z}
SE7 B A orusyes - w3 ARSEE 7R
YaAelt}, AR o) F 718 AC] A2 717 @
ARE Hgahed ARlo] Uk YA P, o
AL FollME e 2318, 218 5 22 Boolean
AL 71 712H 22 ARSI datolet. 71814
ol tfgt Boolean A4S 43t A37) Y aiw wh
A AR =) 2 °4-t|’* Alz=g) abA e Qe

robustnessZ- FH-$3h= 8.8 Tjolvh Jo) A3}
DA H AR o|@i8} Boolean IAMS F313)7]

3lod wkE2] 4 ¢ & Aol o2 wnks] F Q]
QA7hA) 22 S 7he] RATA A Al wis) 4
W A7 PUFHIAL, o) Pl ME 58] malgade]

#8181, el ety AN B AIH R ekl
wea)- Sl ok 7)FRE RS

- AlRFRTe: 2000, 7. 25

- A)xbgka gl 2000, 8. 29

336

Edlshs 22F $42 Aalsts vhyel] WS E 537
el d-7Ee] wol pafEo] gotisrii vy g
AL T2 Al o2 E A FAE wet
FH83= marching 71, £ I
bounding box lestg &3l A=A
Foh| T2 o] HE-G dAsled mATA

W 287y ‘o_°“ o A Faf ‘_‘31'

aury oz Eo o] 2% FHL 43 E_i}—l.'-ﬁoﬂxi
7hiil, NURBS9 78 ~Felgl S402 H¥s)
= Aol Erbesict melM, e AEEold 33}
FHEES o)§8le] FTolal 2at vl LHOM At

A4S Stefof ko, BAH LR WSS A s}
A AAkst7] M @2 ool dleler) dasiet
.12114 2 (lineyel U Hcircle), ZEH (parabola),

=rAd(hyperbola) 53 7h& 23} SHile] WAL«
Eﬁifﬂ = 7Pl St 7IsRkA A ERkez o)
w2 AEsAd B3l £ gl o8 B, ¢
9 ZA%dx NS FAA VL E1FEE HNY
A €] (normal vector), 22|51 ¢2] wrA] A Hel
Lz2x A 3ol rpgsio), ool el 7|5y



F Eeiae) siasdell A of2 ka9 S8 #1221 337

Bate g FAHE gAgeed 4L o HYsix
) BYY 4 lemg, RAFHe EAfdh=
2} FA4E 2AE3 7SR RE AAsie AL
2% FA olc},

Ee{Xorusye CAD 3 R A| g 25
AHEE 1 71 RUA B0 Sdelq). dx7R]) 23F F
7kl SERpRA el o 7)ol EABRs 23 WA}
AE e A A pEE 977 oyd @

.a.u\ls-m! E-E'ii‘.—q-} 25;]. e A ia]f._g]_ 5
2 o] A g d7e ddHez o
F7F A 2 o) MAFTFAS] 2ol gt 2
2 3w 7ke] AFAL g 47) W v B
29 23 Fd, B Eelss) B Apele] &
AL Jubd oz ga3A 2l o ol
w2} x5 22 A (opology)® MY of &
A e wi-FHE A7 7E ddd] o
Aoz 775 o,

Foixl Erj2el T, 171F, (¥, EvlL ajold
ZA e 83 EAFANE BF Tihs ke o
e ¥ =i HAEe] o|HdFoM AR v}
slepieel mgt, 7]3)3A whS o] 82N By
A0 23 (T, 7T, 28 79 BAFAHN
23 FA9 23 {73 s aFsie g
F2 Al ul AL B el M ol Bt ofe
A Eslag BE2n alo)9] 23 wASAE
37 WABE o & A A o2 AHAbsE WY
oEvh F BB Aole] mAZAHE Yukxe
2 gx F4o| Hog 23 AT} shit £ )
X B S L B R o o
FAlel "o}, o] vAz] BAJAL 2 4359 ¢
A AFA ) ofsle] F& ¢ el

Kim and Kim"e| A= i3] JHEE viellli=
7R RS I PA Bl Y3 o] A
o] WHEHE 7)o AX-E WA= vy HI2ube]
o]-&=|2ic}. Miller and Goldman'ell % o]2]%&}
WA FIUPY & o)-8-3hd Foh2| 23} Fmatelel]
EAee 23 IAFAY {55 B de
A A a4 Y22 sl
symbolicshAl X 2]sla 2| exk7) HE glej 44
o] FHAF-F BAY 4 Tk FAH ol s, o]
a]&le] Shene and Johnstone!'el| 4] ARLE Yz}
-2 o]zl Y dle|e e F0Ae) 7))
}4 ol g T o] Fo] FoiA AH_XAEE
BE3R A8 7 Bz Heoloh FUA )
A A e delele] £2) 237t ZRHDZ ghy

il Al

1na

k

te L o o
-

s A& A S BAs) e Esae &
2]22] A% 2 7)EEA ) AudA st 433 &
sty 22 wARAL 7FE WA Wy #
AXE A Ho| Hwd3) ofe}, @repy, B =gl
A v)ay 48 Fapdel 2wk AR o
23, el ubde 3 Al 5 A7
A% AT AF el

o) =22 TAL S5 2t A 2N BB
2 Aol EAsHs frYdt 22k Aol UL & AFekx
L 71318 Aol alel Y55 FRtict A 3O
£ E#L gl sk Age 73R RE o)8s)]
F 7] BeiA Ape]d] EAsh: ARES P
u s TG FAHLE AALSR ¢2elEFS Al
Aldhet. A adell My 3R B 9 A4 datelE
£ 7 N9 Bl AJolg] RAFA A4 kel Fe)
P2 B3R whgel da dgdlet opez
Al 5Bl A £ el Hat Z2ES WA

2. EdA N Mof 8l

Eelx 5 Yol T A 23 FAHL
ojn. o] Y2 profile circle, cross-sectional circle,
283 Yvone-Villarceau circle®) 4 712 & 2§59
o}, o] AL 313 7|8} (classical geometry)ell A o]
o) 2 okejzl Adfele!™ Al 43 x)2|ql
< AR 2 AaER e ve) gl A=
oS TFol (2 o] def 713l sk Qe 9
3 $REH, olelat 7|slstA AL o)l F
oA Alole) mAE 44 $2E 5 AU

o] AelA¥= 32k Fod EF$) X (standard
positionyll ¥<! minor ¥} r, major ¥+ Rel E

25 42 o Augd, 1w, Eelae xyH
Akl A (R, 0, 02 $ASR st2 B 1)

@4 |
- “-

x »
Fig. 1. Minor circle on xz-plane,

FHECAD,/CAMA}E] =34 A 5 Al4 & 20004 129



338 AT A

N

P -
x ¥

Fig. 2. Torus as a surface of revolution.
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Table 2. Algorithm for compating PF(T,} 1Y PR(T:)
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Fig. 14. Computation of PF(T,} N YV(T,).

Fig, 15, Circle in PK(T,) N YV(T,).

Table 4. Aigorithm for computing PF(T,) N YV(T-)

Algorithm:Profile_YvoneVillarceau_in_TTIT,;, T2
Begin

CY = Circle with center p», normal vector Na,

and radius rys

1=1{0.0, z0)) ~riszosni)s

For each q=(gx, qy. @) € C™* ~ /do

Begin

If Ry £(r 2 - 0,°)' = Ry then

If (+(q - p2} x Np + (R22 - 1'22)”2 N2} // N, then
Output Circle with center q, radius Ro,
and normal vector Ny;

End

End

Fig. 16. Computation of CS(T;) N CS(Ty).

Fig. 17. Circle in CS(T)) N CS(Ta).
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Algorithm:
CrossSection_CrossSection_in_TTI (T, T2}
Begin
C, = main ¢ircle of T):
Cz; = main circle of Tz
If ry = rs then
Begin
Foreachq e C,n Cado
Begin
If (q-p)x Ny #{q - p2) x Nz then
Output Circle with center q, radius r,
and normal vector (q - p)) x Nj:

End
End
End




F E2iA0) BT 1T WAL siak by gy 343

FEIYE Bl 39 (72 of 2ylel WES)o
AR} 7V g AASRed, IR e 4
oo} T A2 F oAe SAEE U & Uk
olF WL MY WrhEAlel WAl o Fg- 4
8] AL 43 FHdo|v}. R 5 f18) 2WS ¢
Fohe W A dleke UGS ¥Qld

35 CHTo N YV(T)

of BofiM¥ 1,2} cross-sectional circle® T,9)
Yvone-Villarceau circlest Y5 H4-2 4gsis
A& Aot CS(Tell Srshe e e g
olr], 43 AL T2 Tt gk ywTyd
FHHY A2 pF FHLE 3 PAdE N,
W73o) £ Heln, of & CWebx 3}xb. CS(Ty)
S YVIT) 28] RAgge] Sz 43 B
EAL & B}

i. 6= R;

2. 1,8 Szt Vvl asteid

322 00 ot ®Y o] AR & A, oF 34
2% 5% T2 Yvone-Villarceau circle?] 41 e
7} NiXig - po9 o]t

aF (8Gare of 2L VEE F BaAY
BHEE Bel?, 1Y 18 FYY S A

N

(8}

Fig, 18. Construction of CH(T)) {1 ¥YV{Ty.
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Begin §
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and normal vectos Np:
Ifr ¢ = Rg then
Far each g ¢ C;n 'Y do
Begin
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and normal vector {q ~ pi3 x Nj;

i
1

End
| End

e — -

TS 3Rl xy-nlel $o38}e) Beie) 42t
OfeiM A2 AEE $o9 B S e 2
9 A4 5 AY Eelauol A0S e 39S
BEejFpd], 3ok $2 M3 o 59 Yo £ A
4 BAFLE LAY & Ao w99 By
of WApe]W, of F-g- Ao} WAlRAL Z o
o £ 62 AN £273& VFeHe TRNE Pl
FRAFL MM

3.6 YV(TDH N YV(T,

ol oM TH Yvone-Villarceau circlesd T,9
Yvone-Vitlarceau circle®] U5leh= 72221 wlaiq)
e Agaet YV el £¢ 482} $413el o
i AWE OVl sl Ve 3 p,. YA
e N, 223 wdel g9l el mlRvR .
YV(Toell &3 UEe] 249l offe g o
2t 8, O,V T p.. W4 BEF N, 223 )
7ol 1]l Helv}

YV(T 3 YV(T,) Abolol] B8 el &a)a}r|
He gep¥ERL obea o}

SHCAD,/CAMERS] =83 58 W45 200083 128



344 273, s

l. R,=R.,.

2. CV= G} mabgd

3. &7 204 75 o] gt & 1, oF FHL
2 3= T4 Yvone-Villarceau circle?}t T-¢] Yvone-
Villarceau circle®] A ¥ €]} Hfo|c},

N2
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Fig, 21. Circles in YV{T)) N YV(T,).

Table 7. Algorithm for Computing YV(T\) N YV(T,)

Algorithm:
YvoneVillarceau_YvoneVillarceau_in_TTI (T,, T2)
Begin
C.*"Y = Circle with center py, normal vector Ny,
and radius r):
C:"" = Circle with center ps, normal vector Ny,
and radius rp;
If Ry = Rz then
For each q € C;"" ~ C,"" do begin
[f{lq-pYxN+ (R|2 - r]?)lfz Nj?}
H(a-pa) x Na+ (R - 122 N, ) then
Output Circle with center g,
normal vector (q-pixNi+ (R%-r Y2 N, ,
and radius Ry,
i (~(a - pi} x Ny + (R - r,H Ny)
/(£ (q - p2 x Ng + (R - Y2 Ny} then
Output Circle with center q,
normal vector =(q-pi)xNi#+ (R/*-r /) N, ,
and radius Ry;
End
End
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Table 8. Algorithm for computing intersection curves bet-
ween two (ori

Algorithm: Torus_Terus_Intersection (Ty, Ty)

Begin
Profile_Profile_in_TTI (T, Tz):
Profile_CrossSection_in_TTI (T, Ty
Profile_CrossSection_in_TT] (T», T}
Profile_YvoneVillarceau_in_TTI (T, T2k
Profile_YvoneVillarceau_in_TTI (T,, T,):
CrassSection_CrossSection_in_TTI (T;, Tz
CrossSection_YvoneVillarceau_in_TTI (T, Tek
CrossSection_YvoneVillarceau_in_TTI (T3, Ty
YvoneVillarceau_YvoneVillarceau_in_TTIT,, T2
If T\n T2 ¢contains some curves other than conic
sections then

Compute_non_ConicSection (T, Ts):
End
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