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TRANSCENDENTAL NUMBERS AS
VALUES OF ELLIPTIC FUNCTIONS

DaeyeouL Kmv anp Ja Kyung Koo

ABSTRACT. As a by-product of [4], we give algebraic integers of
certain values of quotients of Weierstrass (), p' (T)-functions. We
also show that special values of elliptic functions are transcendental
numbers.

0. Introduction

In [1] and [4], certain values of theta series are algebraic. In this
article, we mainly deal with algebraic integer or transcendental number
of values of elliptic functions.

In section 1, we write infinite product formula for p(7), g2{(7) and
81V3 ¢/(3) 1o'(4) 1e"G)

7 n(3m)s 2min(r)®’ 2min(r)®

g3(7). We will show that
1p" (%)
2 min(r)8
we will prove that certain values of Eisenstein series and modular dis-
criminant are transcendental.

are algebraic integers {Theorem 1.5). In the final section,

1. Algebraic integers as values of Weierstrass functions

Throughout this section, we shall fix the following notations: k is an
imaginary quadratic field, i the complex upper half plane and 7 € hNk.
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Let A = Z+ 7Z (7 € b} be a lattice and z € C. The Weierstrass
p-function {relative to A; ) is defined by the series

ol +Z{(zw ‘5}

wEA,
w#O

and the Eisenstein series of weight 2k (for Ar and k > 1) is the series

(;zk ZE: w

wEA,
w#0

The infinite product

2 2 drzy2

o(z;A;) = 2 II (l—;)ew-l_z(“)
weMA
w#D

defines a holomorphic function on C with simple zeros on A, and no
other zeros. It is called the Weterstrass o-function (associated to the
lattice A, ).

We shall use the notations p(z}, Gak, and o(z) instead of p(z; A;),
Gar(A+), and o(z; A;), respectively, when the lattice A, has been fixed.
As is customary, by setting

g2(T) = g2(A;) = 60G4 and g3(7) = ga(A,)} = 140Gs,
the algebraic relation between p(z) and p'(z) becomes

©'(2)* = 4p(2)° - g2(7)p(2) — ga(r). (8], 9], [10], {11])
The modular discriminant is the function A(7) := go(7)® — 2793(7)% =
(27)12n(1)?**, where n(r) is the Dedekind n-function. Any elliptic func-

tions can be factored as a product of Weierstrass g-functions reflecting
its zeros and poles. We write two important examples.
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PropoSITION 1.1 ([10), [11]).

(@ pl6) - plo) = - LT
o(2z)

(b) p’(z) = _0_(2)4'

Moreover, we have the following proposition at hand which will be
useful in extracting infinite product expressions.

ProPOSITION 1.2([5], [10]). Let p =e™"
® 0(5) 5 (3) =PI 0 g
(2) 1Y (T ; 1) —p ( ) U H::,ozl(l _ pzn)4(1 _ p(Zn—l))S_

® o (T54) - 0 (F) = 60 TIa - 0+ 52

In [4], using Proposition 1.2, we have the following results:

[ SRR

b=

( ): _1[33 ﬁ(l_P2n)4 (ﬁ(1+p(2nal))8+ 16pﬁ(1+p2")3) ,

n=1 n=1 n=1

T+1 ___71-2 1 21’14 = 1 (21’1—1)8_32 M 1 2ny8
el )= —-—3” *(ITa+r ) p [T +2")2 ],
n=1 n=1

n=1
and
1 2 oc o0 o0
P (5) == [Ta-p? (2 [Ta+pC® —16p T2 +p2")8) :
n=1 n=1 n=1

It follows from above p-expansions of p(%), p(7$!), and p(3) that

qpt = oo oo
92(,',.) - _3,_ H (1 _p2n)8 [H (1 +p(2n—-1))16 — 16p H (1 + pn)B
n=1 n=1

n=1

+256p2 H(l +P2n)]6] ,
n=1
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ga(r) = H (1 12( ﬁ (1 +p2n—l)24
n=1

n=1

_24pH (1+p2nv1)16(1+p2n)8

n=1

o0
—384})2 H (1+ p2n—1)3(l+P2'n)15
n=1

+ 4096p° ﬁ 1+ pQ“)M).

n=1

Let o = (g 3) with b mod d and |a| the determinant of «, and
let

— 1oy 12A(a('{)) — lalt? _12A(aT)

Then we recall the following well known fact.

ProrosiTiON 1.3 ([1], [3], [5], [12]). For any + € kN b, the value
bo(7) is an algebraic integer, which divides |a|*2.

From above infinite product formula for p{7), g2(7), g3(7) and Propo-
sition 1.3, we get the Proposition 1.4.

ProrosITION 1.4 ([4]). Let T € knY. Then the following assertions
hold:
1

(a) v2pa L2, (1+Pn),1f’5lzm: p# [[52, (1-p™7Y),
n=1
V2T +9™) (L —p™ Y, pa [, (1 +p*7Y), and
V2T, (L+p™) (1 +p® 1) are algebraic integers.

by 3 p(7) 3 p(5F) 3 p(3) 3 gl1) o 27 () elH-eld)

2 p(r)d’ 72 p(r)t’ 7T2 ??( Y4 4 p(r)8’ = (7} TR

ey oo 90F) — 9(3)
m2n(r)4 ! 71-‘2.17(7-)4

are algebraic integers.
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THEOREM 1.5. Let T € knbh.

(a) 81v3 ¢'(3) 1 ¢"(3) 1 ¢"() an 1p"(%)
w3 ()P’ 2win(r)®’ 2win(r)®’ 2 win(r)?

braic integers.

are alge-

o(¥)° a(%5)Pe(5)
(b) _73—7 2 2. are algebraic numbers.
oHre () ey T

3 0

Proof. Let ag = (0 2

) . Then

2 i 12 1 TI(T)24 e
oyt = (60 )

212 (2 )24

=3 n(r)
n(37)
is an algebraic integer. Also, let oy = (é g) Then
7(37)
()

is an algebraic integer. Moreover,

P57 =4p(57)° ~ qar)p(37) — os(r)

implies that

19683 6 (37)° _ o1 ( 3 p(i7) )3

(e = 37

(3 @MY (3 P () \°
7 (vr‘* W(T)S) (vﬁ n(gr)4) (‘/gn(-gf))
(3 gs(r) n(r) \

(Wﬁn(f)”) (ﬁn(éf)) ’
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and thus we have .
81v/3 p (3)
w® p(3T)°
is an algebraic integer. We know from [10] that

% :2(9(;)%9—)(50(%)— T;1)>,
(1-1) g =2 (o) -ol3)) (o) - o),
1

=2 (o5 - () (w4 - 0(D))

we derive that

By Proposition 1.4 and (1-1),
L) 1) 1)
2ain(r)’  2win(r)®’ 2 mén(7)®

are algebraic integers. And we deduce from Proposition 1.4 that

81v3 ¢'(3) ]
P 7 M%P(nhﬁf(m%g
o' () 81V E'(F) \n(37)/ \ a(r)

is an algebraic number, so

o(3F)

oFY _ ey _ ¢35
5o  _2E T p(F)
3

is an algebraic number. Also,

o Yo (T7)

a(55)% ("1):‘ 5203 _ e(F) —e(3)
()P0 (752 - 2D e(5) - el3)

is an algebraic number. Therefore we get the theorem.
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2. Transcendental numbers

In 1916 ([7]}, S. Ramanujan introduced the following functions:

P(z)=1-24 i a1{n)z", Q(z} = 14240 i o3(n)z™, R(z) = 1-504 i o5(n)z™,

n=1 n=1 n=1

with ox(n) = Zd|n d* and 2 € C.
As is well known ([2], [5]),

) and R(pz):z—M.

{mé

G
Q(p2) - 47(4

PROPOSITION 2.1 ([6]). For any complex p with 0 < |p| < 1, there
are not less than three algebraically independent numbers over () among
the numbers p, P(p), Q(p), and R(p).

Many interesting results can be obtained as corollaries of this theo-
rem. We list up one of them. The three numbers

(2-1) x, ¥, T(1/4)
are algebraically independent.

THEOREM 2.2. Let T = MT_H) with a,b and d # 0 integers. Then

A(T)a P(%), p(%l)} P(%), g?(T)? S")(%) - 59(%), so(TTH) - 89(%), and
p(Zf2) — p(%) are transcendental numbers. More generally, for all
integers n > 1, G4, (i} Is a transcendental number.

Proof. A theorem of Hurwitz {[3], [8]) says that
4

([ ) - e (1)

where I'(z) is the value z of Gamma function. By {2-1), g2{i) is a
transcendental number, and also A(%) is transcendental, since A(¢) ==
g2(i)% — 27g3(i)* = g2(1)°.
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Al
Let a = (a b). By Proposition 1.3, (a.z) is an algebraic number,

0 d A(i)
A(2HEEY 4 dental. Al s AET) 2ithy24 By (2
s0 A( 7 ) is transcendental. Also, so is W 7( ) y (2-

1) and Proposition 1.4, we get the first part of the proof of this theorem.
As is well known ([3], [8]), for all n > 1, G4,(i) is a rational number

1 T
multipled by ( fo Wi dt] . So we get the theorem. D
ai+b .
COROLLARY 2.3. Let 7 = 0 with a,b and d integers and let

fa(v,7) =1+23 2 p™’ cos(nmv). Then 63(0,7) is a transcendental
number.

n (ﬂ'_l)
Proof. By Proposition 1.3, ——=2-% is an algebraic number, and
n(r +1)
(T 1) is transcendental{Theorem 2.2), so 83(0, ) (5 is a
en .2), \T) = ———
g 8 n(r+ 1)

transcendental number. Here we refer to [1] and [2] for the equality. [}
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