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ON SUFFICIENT CONDITIONS FOR
MULTIVALENT STARLIKENESS

DIiNGGONG YANG

ABSTRACT. Let S,(p,a)(p,n € N ={1,2,3,---},0 < a < 1) denote
the class of functions f(z) = 2P + ap4p2™™ + ... which are p-valently
starlike of order o in the unit disk. Some criteria for a function f(z)
to be in the class S,{p, @) are given.

1. Introduction

Let An(p)(p,n € N = {1,2,3,---}) be the class of functions of the
form

flz) =22+ Z apima T
which are &nalytic in the unit disk £ = {z : |z| < 1}. A function f(z) €
An(p) is called p-valently starlike of order e in E,0 < o < 1, if it satisfies

2f'(2)
Re
f(z)
We denote by S,(p, ) the subclass of A,(p) consisting of functions f(z)

which are p-valently starlike of order a in E. Clearly S,(p,a) C S,(p,0)
for 0 < & < 1. Also, we write

Ai(p) = A(p), Su(p,0) = Sp(p) and Si(p) = S(p).

For the starlikeness of functions in A(p), the following results are
proved.

>pa (z € E).
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THEOREM A([6]). If f(z) € A(1) satisfies
Q) (@ _HO\ L
re{ 3 (145707 - )} 7 2 em
then f(z) € S(1).

THEOREM B. If f{z) € A(p) satisfies f(z) # 0(0 < {z| < 1) and

wed s (0 7)) - (%))
then f(z) € S(p) and

>0 (z€ E),

zf'(z)
f(z)

—p‘<p (z € E).

THEOREM C. If f(2) € A(p) satisfies f(z) #0 (0 < |z| < 1) and

{35+ 5) - (4o eem
then f(z) € S(p).

Theorem B is the main result of Owa, Nunokawa and Fukui [4] and
Theorem C was obtained by Owa, Nunokawa and Saitoh [5].

The object of the present paper is to derive some criteria for a function
f(z) to be in the class S;(p, @). In particular, we improve or extend the
above theorems.

2. Lemmas

Let g(z) and h{z) be analytic in E. Then the function g(z) is said
to be subordinate to h(z), written g(z) < h(z), if h(z) is univalent in
E,g(0) = h(0) and g(F) C h(E).

To derive our results, we need the following lemmas.

LEMMA 1. Let g(z) = 1+ g,2" +---(n € N) be analytic in E and
let g(z) = 1+ g1z +--- be analytic and univalent on E. If g(z) is not
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subordinate to g(z), then there exist points zy € E and {;, € 0F, and a
real number A > n, such that

a{|2} < |=l) C g(E), g(z0) =q(to) and 209'(20) = Mogq'(to)-

This lemma is due to Eenigenburg et al [1].
Applying Lemma 1, we derive

LEMMA 2. Let g{2) = 1 + gn2" + -+ (n € N) be analytic in £ and let
h(z) be analytic and starlike (with respect to the origin) univalent in £
with h(0) = 0. If

(1) zg'(z) < h(z),
then .
g(z) <1 +%‘/0 @d’u.

Proof. Let gp(z) = g(pz), ho(z) = h{pz) and q,(2) = g(pz), where

0<p<1and
n Jo u

Then g,(2) = 1+ gnp"2" 4 - I8 analytic on E, h,(2) is analytic and
starlike univalent on E, and g,(z) = 1+¢;2+- - is analytic and univalent
on E. From (1) we have

(2) 2g,(2) < ho(2).

We want to show that g,(z) < ¢,(z). For otherwise, by Lemma 1, there
exist zo € F and &y € OF such-that g,{z) = ¢,(to) and

Zogh(20) = Mogh(te) (A = n).
Since toq)(ta) = holto)/n and h,(E) is a starlike domain, it follows that

208)(20) = Shylio) & hy(E),

which contradicts (2). Hence g(pz) < g(pz), and by letting p — 1 we
have g(z) < ¢(z). O
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LEMMA 3. Let g(2) = @+ gn2" + gny12™'' + --- (n € N) be analytic
in E with g{z) #Z a. If0 < |z| < 1 and Reg(zp) = miny; <z, Reg(z), then

__nla - glzo)l®

7 ) = " FRefa— ()

We owe Lemma 3 to Miller and Mocanu [2, Theorem 4(i)}.

3. Main results

THEOREM 1. If f(z) € An(p) satisfies f(z) #0 (0 < |z| < 1) and
2f'(2) ( zf"(z) _ Zf’(Z))} _np(l1—a)
(3) Re{ ) 1+ F2) 702) > 2102 (z € B),
where 0 < o < 1, then f(z) € S,(p, @) and the order « is sharp.

Proof. Let
()
9= ofe)
Then g{z) = 1 4 g,2" + - - - is analytic in E and
o 2fz) zf"(z)  2f'(2)
W= 35 (1455 - )

Hence (3) can be written as

; n(l—a) =z
29'(2) < log2 1—2z
Now an application of Lemma 2 yields

1«

1— -
ola) < 1— g log(L - 2),
which implies that Reg(z) > a(z € F). This shows that f(z) € S,(p, a).
If we take
_.p _p(l-a) [*log(l—1") :
flz) =z exp{ g2 J, : dt 7,
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then it is easy to check that f(z) € A,(p) satisfies the condition (3).

Note that ,
Rezf (2) —a as z— /M
pf(z)
Thus the order o cannot be increased and the theorem is proved. O

REMARK 1. For p =n = 1 and a = 0, our theorem improves Theorem
A by Owa and Obradovic.

THEOREM 2. Let g(2) = 1+ g,2" + g112" 1+ - - (n € N) be analytic
in £ with g(z) # 0 for z € E. If g(z) satisfies

a zg'(2)
(4) l-%-;?(z—)%ﬁ (ZEE)
for all real 3 > M, where & > 0 and

no

leMM<i+—

then
2p(M —1

(6) Reﬁ>l—u (z € B).

The bound in (6) is best possible.

Proof. Since the univalent function w = —z/(1 — 2)? maps E onto the
complex plane minus the halfline Rew > 1/4, I'mw = 0, from (4) and (5)
we have

a zg'(z) < 4(M ~ 1)z

P g*(z) (1—2)?

or ,
N 1 < 4p(M — l)z.
9(z) ofl —z)?
Therefore, using Lemma 2, we get
1 4p(M — 1)z
7 —_— <1l — = .
@ g(z) <A na(l — z) wz)
Since h(z) is (convex) univalent in E and
Reh(z) > 1- 2M =Dy
no

it follows from (7} that the inequality (6) holds.
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To show that the bound in (6) cannot be increased, we consider
dp(M - 1)2"\ !

— (14 B2 F E

o= (1+BE=) e m),

where M satisfies (5). It is easily verified that the function g(z) is analytic
in E,

dp(M — 1
o@)=1-PEDny 20 (zen)
and satisfies (4). On the other hand we have
Re_l__‘l_w as z — g™,
9(2) na
The proof of the theorem is now complete. (]

COROLLARY 1. Let f(2) € Au(p) with f(2)f'(z) #0 (0 < |z| < 1).

S () oot} 40 cco

for all real 3 > M, where « >0 and 1 < M <1+ 32, then
£ 1 2M-1)
2f'(z) " p no
The bound in (8) is best possible.

(8) Re

(z€ E).

Proof. Putting g(z) = %{,—'(% in Theorem 2, the corollary follows at

once. O

REMARK 2. Setting n = o = 1 and M = 1+ 4 in the corollary,
we easily have Theorem B. For n = o = 1 and M = 1+ 5, Corollary
1 implies Theorem C. Furthermore we see that both Theorem B and
Theorem C are sharp.

COROLLARY 2. Let p > 3. If f(2) € A,(p) satisfies fP)(z) # 0 for

z € E and
2fEt(5) n
© s\ o 7 )
then f{z) € Sp(p).

>0 (ze k),
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Proof. The condition {9) implies that

a(p!) 2f(z)
=y 7P €D

forallreal 5> 1422 - Therefore, taking

f(p)(z) Y
= == — >
g(z) T M=1+ % and p >3

in Theorem 2, we get

(10) Ref¥(z) >0 (z € E).
Making use of the main theorem of Nunokawa et al {3], it follows from
(10) that f(z) € Sp(p) for p > 3. 0

THEOREM 3. If f(z) € Ay(p) satisfies f(2) #0 (0 < Jz| < 1) and

e (H9( )} 2 e,

where 0 < o« < 1 and
_ 1/2
(12) B=14+ 2 arctan { n(2p(1 = @) + n) } .
T pa
then f(z) € S,(p, @).The bound in (11) is best possible.

(11)

Proof. Define the function g(z) by

_ L (s )
13 o= (55 <)
Then g{z) = 1+ go2™+ - - is analytic in E and
(14)

ZJ{ ;(? (1 + zﬁ;( )) - Pa) = p(1 — a)lpag(z) +p(1 — a)g* () + 2¢'()).

Suppose that there exists a point zg € E such that

(15) Reg(z) > 0 (|z| <z}, g(z0) =1b
where b £ 0 is a real number. Then, applying Lemma 3, we get
(26) —20g'(20) > g(l +b?).
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If b > 0, then it follows from (14) and (16) that

(2150

= arg{tpab — p(l — 05)52 + 209 (20)}
Pl — a)b? — z09'(z)) }

Tr+a t
= — rctan
2

pah
2p0(1 — b
> E+arctan (2p(1 — o) +n)b* + n
2 2pach
> ™8
- 2

where 0 < a < 1 and 3 is given by (12). This is a contradiction to {11).
Similarly, if b < 0, then we have

{2 (3}

which also contradicts (11). Thus Reg(z) > 0 (z € E), that is, f(z) €

Salp, ).
Next, we consider the function

a7 ) = T € Sulpr ).

Then for z = e#/™ 0 < § < 7, we have
zf'(z) ( z2f"(z) )
i@\

= p1 - )1 72

ot (1_”a)l+z”+ 2nz"
-~z P P 11—z 1—2z%m

1
_ip(l—aq) f(pl—a) n
"~ tan? {pa-l—z( tan 2 +sin9 ’

2 2

()

2p(1—a)+n+nta.n2§}

and so

2

e
= — + arctan 7
Zpatan 5
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which attains the minimum value 1’2—5 when

L — )\ V2
g = 2arctan (1 + -2‘9(—1"2)

Hence the bound in (11) cannot be increased and the proof of the theorem
is complete. 0

THEOREM 4. If f(2) € A,(p) satisfies f(z) #0 (0 < |zl < 1) and
(18)
N EIRC)) ( 2f'z) Zf’(z)> np(l —Ot)}
e {5 (0 T - )+
where 0 < o < 1, then f(z) € Sa(p, ) and the order o is sharp.

<7 {z€BE),

Proof. The function g(z) defined by (13) is analytic in £ and
2f'(2) ( 2f"(z) Zf'(z)) r
19 1+ - =p{l —a)zg(z).
W Ty U TR ) TP
If there exists a point zy € E such that g(z) satisfies (15}, then it follows
from {19} and (16) that

20" (20) (1 z0.f" (20) Zof'(zo)) np(l —a)
+ 2 +
flzo) f'(z0) f(20) 2
which contradicts (18). Consequently, f(2) € Sy(p, @)
It is easy to verify that the function f(z) defined by (17) satisfies (18).
On the other hand, we have

zf’(z) — - imfn
pf(z) o as 2 € s

which shows that the order o is exact. O

<0,

Re
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