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Noise and Fault Diagnosis Using Control Theory

Rai-Wung Park and Sul Cha

Abstraet : The aim of this paper is to describe an advanced method of the fault diagnosis using Control Theory with reference
10 a crack detection, a new way to localize the crack position under mfluence of the plani disturbance and while measurement
noise on a rotating shaft. As the [irst step, the shaft is physically modelled with a finite element method as vsual and the dynamic
mathematical model is derived from it using the Hamilton - principle and in this way the system is modelled by various subsystems.
The equations of motions with a crack arc established by the adaption of the local stiffness change throngh breathing and gaping|[1]
from the crack to the equation of motion with an undamaged shaft, This is supposed to be regarded as a reference systrm [or
the given sysiem. Based on the fictitious model of the time behaviour induced [rain vibration phenomena measured at the bearings,
a nonlinear siate observer is designed in order to detect the crack on the shaft. This is the elementary NL-abserver(EOB). Using
the elemeniary observer, an Estimator{Observer Bank) js cstablished and arranged at the certain position on the shaft. In case,
a crack is found and ils position is known, the procedure for the estimation of the depth is going to begin.

Keywords : dynamic bchaviour, nl-observer, estimator, crack delection, crack position, crack depth, noise

L. Introduction

As a classical method, there are some ways to find the
split on the shafl. For example to analyse the vibration
peaks, acoustics, to measure the oil temperature by the
costdown and by the transition of the resonance[2]. To use
these methods the expert on these subject are needed.
Nevertheless, they miss finding out the clues of a crack very
often and from time to time the crack symptom are
misunderstand as an elfect from a damaged bearing. Except
the analysis method, there are some other methods: namely,
i0 compare the time signal between damaged stage in the
operation and undamaged stage in the initial stage[3], o
look for the sensibility of eigen value[4] and to use medal
observer under model reduction. A similar way to detect a
crack is given by [5). They have contribuled in a way to a
crack detection.

But as a physical model they have used mass-lump
model. [t means that the resulis may be not do exact in
terms of the model reduction and physical madelling. These
methods are hardly to offer clear relationships between
phenomena and change of the stiffness which are necessary
for the localization of the ecrack on the shaft. Therefor, a
new method based on the theory of disturbance rejection
control[6,7] is suggesled for the detection of the crack,
estimating the position with respect to constant crack depth.
As an indicalor for the cxistence of a crack, the nonlinear
dynamic effects, appeared by the change of the stilThess
coefficients due to the rotation of the cracked shaft, are
going to be inveslipaled. These effects related io the
measurcments on the bearings, are one of the imporiant
clues to determinale the existence of the crack on the
rotating shafl. But it is very difficult 10 set up the clear
relation between crack and caused phenomena in the time
domain operation. This is the main task in the area of the
crack problem too. But in case of apperance of noise on the
systemm the results of the process may be able to be
corrupted by mnoise and lead 1o the false detection,
localization, Therefore, il is necessary to look for the effects
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ol noise on the system.
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Fig. 1. Physical model of the rolor

First of all, the basic stale observer is established in the
way to modify (he given system into the extended system
with a lnear fictitious model for the nonlinear system
behaviour, In 1his consideration the effects of tlie extended
svstem which may be nonlincar, are Interpreted as an
internal or external disturbance which is unknown at the
initial stage.

The unknown nenlinear effects are going 10 be appro-
ximated by the additional time signals yielded by ele-
mentary statc observer. Because ol using FEM model, il is
not necessary to calculate the relative compliance of the
crack. Normally the elementary stiffness matrix for an
undamaged rotor is given in the slage of the construction
and the stiffness comresponding 1o the crack is able to be
calculated(8,9,10].

As an example the physical model, which is divided inte
N(=7} finite sub-shalis is modelled[11,12]. Every one is
called a subsystem. At both ends of the shalt there exist
dynamics of the bearings. They have the 1ask of system
control. For the initial data needed in the operating system
the displacements of jounals are measured up on the
bearings at the lelt and right side of the shaft. Il is assumed
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that the material properties are homogenous. The geome-
trical data and other detailed inlormation are given in the
appendix.

II. Equation of motion
Assuming that there i3 only small deviation from motion
and no redundant coordinate[13,14], the system including 3
harmeonic unhalances in 1he 3rd, 4th and 5th subsystems in
the middle of the shafi

M g+ (D + G alD+E glb=
FlD+ LD+ Ls(im(q(D, D 8y

can be accepted as linear syslem. Here, the index g denotes
the whole system. The equation {1) is able to be discretized
into W(=7) sub - finite systems and itz equation of motion
with crack at somc subsystem j is described by

ie=1.,....N (2}
Flid =00~ 0+ 00, 3)
i = j};,...,jﬁ_l‘-?’i_‘l (4)
7= dse L datr—l )]

With ¢,.7, 1 and j the vector in explicil form and the

equation of motion can be given as follows :

A umt ey, @ o= Dl rae -0 (6)

1) n—1 . -
> (M. 675 (D4 (DA GI% g, AB+K g, (D]=

£=1 ii=1

[7(B1Gd ¢ —anmtFdDl= (1) o1 mtilsingilx
[alg (. 0] ol m (7

where the index erepresents the elementary subsystem. The
elementary netations in the equations denote as follows :

< gD, gl g(dH : displacement vector,velocity vector and
acceleration of the system.

« M, K, ' mass matrix, stiffness matrix  of undamaged
section.

+Dy. G,=—G’- : matix of the damping and
ZYroscopic matrix.

gD, g, g8 : displaccment veclor, velocily vector
and acceleration of the elementary sub  systems.
aAH=Re”’, n(=8), and nn(=32) are degree of freedom ol
considered elementary sub system and total system. The
g.f consists of g d={(x;y,0,..80,;2,.,¥,.8,.8,)
the indices | and r denote the left and right node and
{(x,,v,,8,,08,) are the coordinates at the subsystem.

cFB, D, wlglhH, H o vector of unbalance. gravitation
mput vector, and veclor of the nonlinearities caused by
unexpected influence({crack).

* M. K, : mass matrix, stiffness matrix of undamaged
seclon.

Dy, Ge=_GT"-L5(u,.EJ

gyroscopic effects and distribution vector with regard 1o the

matrix of lhe damping,

crack al subshaft number;,

All system matrices are constanl in lerms of (ime 19,10,
11] and the distribute matrix[11,12] is given in the
following way:

Lszd= Qo0 ... 1000 ..., 000 (8
o ..., 1000,...,000

Fram now on the index j will be left out with respect to
the whole dynamic system.

It is normally convenient for furiher operation to write
the cquation above via state space notation with
A0=[aHT 4(n 7] mcluding the nonlinearitics of the
motion created by a crack and under assumption that il
concerns random disturbance in plant with s(f).

2( = Ax( -+ BulH + N gu {2 ) + W&(H (%)
The eguation of the measurement is given by
y=Cl )+ w (D (10$)

where A is (N, ®N,) dimensional syslam matrix which is
respongible for the system dynamic with N, =2, u()
denotes r-dimensional vector of the excitation inputs due to
gravilation and unbalances and C presents (m , xN,)—
dimensional measurement matrix. W is the (WN,=N,)
dimensional matrix and s(# presents the plant vector of
noise. w, denotcs the white measurement noise. x(f) is
N ,—dimensional state veclor, and ¥(t) is m ,— dimensional
vector of measurements respactively.

Here, the vector s g(«{d) characterizes the % ,—
dimensional vector of nonlinear [unciions due to the crack.
Np is the input matrix of the nonlinearties and the order of
Ngis of (Mexanp. It is presupposed that the matrices A,
B, C, Ng, the vector u(l) and y(t} are already known. On
the assumption that the plant neise and measurement noise
are uncorrelated[15,16], the expected value E over the

arbitary pair fixed time tndex 1, r and the variance § can
be defined as follows:

Huw (dwlo]l= J.:aw el Jdw,
[ _0; wl(Dplw Daw ] (11}

where plaw,) and p{w,) denote the Gaussian prabability
density functions. The expected value E in terms of the
plant and measurement can be given by

Euw,Hw (D)= j ‘i w o Dplan ) dw

[ witaelu Daw? (12)
8= [ w2l e, (13)
6= | waw l(etw ), (19)
Elw (A]=0, Elw,{(H]=0, (15)
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Euwld wliHl=0, (16)

Euw,(d w](9]=QDst-1, (17)
Qa=0r1, (18)
Elw,(HwiD]=R.(Ha(1—2, (19
R.(B=RID, (20
Ewddxil=0,Elw,(Hzd1=0. 20

where the weighting matrix Q corresponding 1o the plant
and R ,regarding to the measurement should be suitably
chosen by the trial and errors. Now it remains to
reconstruct the unknown nonlinear vector # p{x{#), # which
mentions the disturbance force caused by a crack. The basic
idea is to get the signals from $ n_{R}(x(t)} § approximated
by the linear fictitious model[7]

rnlx(D, D= H o (22)
Wi = Vol (23)
dim o) = 5 (24)

that describes the time behaviour ol the nonlinearities due
to the appearance of the crack approximately as follows:

nax(, ) = 0 Z(0)=Hu (25)

where 3(f follows from{29, see below).

The matrices H and V have to be chosen according to the
technical background
model or integralor model[6,7]. To make the signals

considered in terms of oscillator

WAy available, it needs the elementary observer(EOB)
lo be designed.

Fig. 2. Elementary observer : EOB.

AL [irst the given system(\wef{ti[}) has 1o be extended
with the fictitious model(22, 23) into extended model

) A NgH 11208 I
. = H + ]Z(f) (26)
o) 0 I’ uw(H 0
D
=L i 01| - 27)
ol )

Here, NpH couples the fictitious model(22, 23) 1o the
whole system. Ta enable the successful estimaies, if is
obligalary 1o pay attention lo the condition m, >g, ig,
the number of the meas-uremenls must be at least equal or
greater than the modelled nonlincarities. In the case the
above requirements arve satisfied, then the elementary
observer in terms of an identity observer can be designed as

follows:
xH w A-L.C N.H (1t ‘
o h - -L.C v L(r)
7 x
[ EA:H-I }y(f) (28)
0 v
)
Ap=| - ] 29)
g)

where matrices [ .and I, are the gain matrix of the

observer and white noise vector related fo the state
measurement respectively. The above equation(28, 29)
means that the observer consists ol a simulated mode] with
a correclion feedback of the estimation error between real
and simulated measurements. The matrix A, has
(N, +» AimesN ,+» )-dimension  and  represents  Lhe
dynamic behaviour of the eclementary observer. The
asymptofic stability of the elemeniary ohserver can be
guaranteed by a suilable design of the gain matrices 7., and
L, which are possible under the condilions of detectability
or observabilty of the extended system(26, 27). The
successfull cstimation under the asympiotic stability the
eigenvalue of the considerd observer (A4 ,} must be settled
an the left side of the eigenvalue of the given system (A .}
to make the dynamic of the observer faster than the
dvnamic of the sysiem.

The fictitions model of the crack behaviours is able to be
designed using integrator model[11,12] based on the
choosen crack modelf1] as follows:

[ 1 0 -
7[5 (30)

{00 -
=[5 ¢ (3D
#ipnany & oD (32)
firnsny F vald) (33)

The observer gain matrices L ,and [, can be calculated

by pole assignment or by the Riccati equalion[6,7] as
follows:

l=A+p+P A"—P C*R,'C P+

W ‘
{ ]@ [ 0] (34)

0

L,

v |l=rPCT R}, (353
Lil

The weighting matrix Q and $R_{m}$ have to be
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suitably chosen by the trial and errors.

M. Design of an Estimator for the localization

In the above section it has been studied how to design the
clementary observer (EOB) for the detection at a given local
position. It means that a certain place on the shaft is
initially given as the position of a crack. In the real rmning
operatian there is not any information about the position ol
the crack, so the elementary observer has to survey not only
the assigned local position but also any other place on the
shall and give the signals whether a crack exists or not. As
it has been known, it is possible to detect the crack assigned
certain place on the shaft. In case a crack appears at any
subsystem in running time, il must be detected as well. But
in many cases il has been shown that it is impossible or
very difficult to estimale ibe position of the crack at all
subsystem on the shaft with one EOB. Generally it depends
on the number of the subsysiem, the number of EOB. For
the estimation of a crack position a method based oo
Estimator is designed. The main idea is to feel the related
crack forces from a certain Jocal position to the arranged
elementary observer. This is the main task in this section.

observer bank

uft) yit)

————>{ plant > m‘::::‘m':b

observar 1 ﬁ—b—— ;\’1 ®

- Bl et IS 1

] e ———————~, W

WO = % (k@ Fxw) ),
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70 = $40 (XL R,

Fig. 3. Estimator(Observer bank).

Fig. from 2-1 shows the structure of the Estimator
(Observer Bank) considered.

It consists of a few elementary observers. The nurmber
of elementary observer depends on the number of the
subsystems modelled. Every elemenlary observer which is
distinguished from the distribution matrix Ls(, gets lhe

same input(excitation) u{t) and the feedback of the
measurements and is going to be set up al a suitable place
on ihe given system. For lhe appreciate arrangement of the

EOB, the distribution matrix on the analogy of (8) has been
applied. In this way the Estimator(observer bank) is
eslablished with the EOB. To estimate the local place of (he
crack, there are two steps. First of all, the EOB must be
observable 1o certain lacal in ihe meaning of the
asymplotical stability in the system. The requirement has
been satisfied by the cnteria from Hautus[6,7]

My =2 ~Ng(L.) H

Rank {0 A=V
C. 0
= dim{x () + din (o £)
=N, ru{=s (36)

This means that the EOB has ta be capable of estimating
the crack al any location, where EOB s siluated on the
given system.

The unknown crack position is to be found by the EOB
awranged in & cerlain local place with the telated crack
[orces resulting from the crack. To guaramiee (his the
condilion(36) is supposed to be fulfilled. In this wark two
EOR are arranged at ihe 2nd subsystem and the 6th like
this:

Lsiy(i=2)=1, otherwise Ls (=0
Ls (1=30)=1, olherwise LsH(0=0.

The equation of the estimator with the first EOB A at
the 2nd subsysiem

(B {A*LC NR(Lm)]
e L TC ¥

SO
[ o] lal w0

[ E: ](J’( N+ ) (37)

and the 2nd EOB B at the 6th is described by

[ .::‘(t)m) {A—L[C N;{(L‘(s;)]
2{D — Lt Y

[ @\]T[ ‘6] w0+

#(8) (53
L1 Jetaw (38)
Iv. Example

The Estimator consists of two EOB. The first EOB A is
situated al the 2nd subsystem and ihe Znd EOB B is placed
at the oth subsystem. As an example the given crack is at
the 3rd and 4th of the node in the system considered.

The figures from 3-1 presents the resulis of the theoretical
investigation without the effects of noise. and show the
crack forces at 3rd and 4th ol the node in vertical direction
respectively. By the comparison of the force scale in the
figure from 3-1, the EOB A see the force from the crack
given at the 3rd and 4th of the node. In this way the
Estimator estimales the existence of a crack by thr crack
force and localize its position according to the height. The
figure from 3-2 shows corrupted signals due to random
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Tig. 4. EOB A, B : crack in 3rd and 4th Subsystem,
Foan=0.135, foun=0.15, t,=0.03[s], Y
coordinate : crack force in N, X coordinate :
time in [sec], i = 1,7; = 1, 2.

Fig. 5. EOB, A, B : crack in the 3rd and 4th Sub-
gystem, #,,=0.15, £ =0.03[s].

disturbance in plant. It also means to estimate the local
crack position under constant depth with respect to crack
forces. These forces related from certain position of crack to
EOB A and EOB B are supposed to be interpreted as
mechanical forces due to the breathing and gaping from the
Gash model[1]. The numerical value of the o, concerned
with the weighting matrix Q are of

& remymt,. =10,

0 151 = 55, 5 = 15,

G i1y = 2% 10 &,

@ (1= ymepy = 10 *® respectively.

The factor p, of the weighling matrix ®, is of 0.975
and diagR,, , is of 1. The matrices Q and R, have been
chosen by the trial and errors.

It has been noticed that the observer estimates the signals
very well. The exterpal signal exists in case of the opened
crack. On analogy of the system model, the minimal and
maximal values depend on the depth if only the crack is
situated at the position where the BOB are located.
Otherwise the position of the crack plays a part in the

values of the foices regarding o the exciled inputs as well.

However, the crack forces are a clear indicator for the
appearance of a crack in operating time. The other figures
which have been lefl out because of quantity of this paper,
show that EOB B which is arranged al the right bearing, is
not able to estimatc the crack in 1lst subsysten. In the
simulatlion the given depth is of 2 mm and the time of
appearance of the crack makes 0.2 sec.

V. Summary and conclusions

Using FEM the mathematical model of the rotating shafl
including a crack has been presented. Based an the
mathematical mode] inchuding plant random disturbance,
the elementary observer and an estimator have heen
developed. With this Estimator the task of the crack
detection and localization have been done. The above
methods give a clear relation between the damaged shaft by
a crack and the cansed phenomena in vibration by means ol
the measurement at both bearings. Successful theoretical
results have been given. The forces in the results are the
internal  forces, which have been reconstructed as
disturbance forces created by the crack,

From the given Example, it has been theorstically shown,
that the cracks on the shaft can be detected. The Estimator
is able to eslimate the location of a crack. It has bcen also
shown that it is possible to detect a crack and to Jocalize
the crack position under the random planl noise and the
clean measurement The method considered can  be
applicated in the similar area of nonlinear dynamic effect
from a crack in terms of the suitable design of an Estimator.
Anyway, the suggested methods are very significant not
only for the further theoretical research and development but
also for the transfer in experiments.
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Appendix
Using the abbreviation f=i—j,+1.=7—7,+1 the sum
of the matrices with accordance to equations (2) and (3) can
be described as follows :

Ge— =B

g] ,EL (Ik_ﬁ_]Mc(fl.Jﬂ)Lw) + M, g demed

1l

M EUHE w2

=k
€0
R L B
Kiut = 2| 2 {TE R B e
(40)
Ge=LE+1, .0
G o(ee) = p2 J:“‘ ( iz_j:(?e(ﬂi.fﬁ) » + amerame
41
@ ren wo[ DRl Do
Digwlie) = :@:1 PR E.J:ch(m.ﬂ'))_(w)TD{dlm@dme
(42)
The matrices used in equation(‘ref{tif}) are follows
0 : T .
A= . . . (43)
— (MK, — (M) KDyt G

The index i denotes the number of the subsystem. The
vector of the order of the excitalion and the matrix of
nonlinearites,

wl(f=

0
- } (44)
Mg Tl i

{45)

{ _JM;I Lv{l)

{81

s of (64 x 1). where the veclor of the excitation consists
ol graviation and harmonic unbalance , is presented by

Fo=Flgemmt, ot w2015 (46)
Fan = g =0 (47)

fin=Few=Fizo=

Fiaw =T tgmm =7 (g =— ™g. (43}

The order of the £, is of 32 x 1) and 7, is of (32 x 1)

Fan=Fum="Fm= —e, 27 m e sin( 2+ A (49)

ooy =Fonm = Fram™ €, 27 m iy cos( D+ f) (30

where angle of the phase: #=0,length of the subsystem
of rotor e/=2m Diameter of the subsysiem ol rotor makes
ed=0.25m. The mass of elemental
= 7 &l p%, The density is of £="T860 Tigg

subsystem:

excenfricily: 2, =0.0001, mass af Lhe excentricity;
My =23 m rtespectively. The modulus £ ., is of
2.1%10°M/mm®. The stiffness of bearing: & y.—
15%10°N/ mm®. The easurement matrix of order(4 x 64),
Co=1. 4= an=0,

exeept Ciony= Cramesny ™ Ciapam = C o= 1.

The number of the nonlinearities 5, are af 1 and the
number of the measurements ., makes 4. The elementar
matrices K., M, and Dg which depend on the geometry,
are given in[4,5,6].
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