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Control of Active Suspension System by Using H.. Theory

Tan Tien Nguyen, Van Giap Mguyen, and Sang Bong Kim

Abstract  : This paper presents a control of active suspension for quarter car model with two degree of freedom by using He
method. Absolute velocity of car body is measured for feedback. The sysiem parameter variations are freated with mulliplicative
uncertainty model Simulation results show that the A coniroller provides good trade-off between ride quality. suspension packaging
and road holding constraints. The experiment with a fronl wheel suspension systemn was done to verify the simulation results.

Keywords : H. control prablem, He. controller, uncertainty, weighting lunclion

I. Introduction

Aulomotive suspension syslems have considerable
importance in vehicle design. The designed suspension must
provides [lor a trade-off between several compeling
objectives: passenger comfort, small suspension stroke for
packing, and small tire deflection for vehicle handling. The
passenger comfort index is judged by the acccleration of the
car body., The next ones are suspension and iire deflection
indices. They usually consist of a spring and a damper.
With only mechanical construction, the passive suspeusion
systems have their limit properties. In the interest of
improving the overall ride performances of automotive
vehicle in recent vears, suspensions incorporating aclive
components have been developed and studied by many
researchers (C. Yue et al,, 1989 with LQR; A.G. Ulsoy and
D. Hrovat. 1990 with LQG; M. Yamashita et al., 1994 with
H.; W.Y. Jeong, et al.,, 1996 with #_/H, ; H.S. Kim et al,,
1997 with PI Observer).

Because the active suspension systems must provide a
trade-off belween several competing objectives, in Lhe early
stages, linear quadralic regulator theory became one ol the
standard techniques for deriving oplimal control laws based
on [ull siate feedback. it is based on the minimization of
some weights combination of passenger comfort indices
(acceleration and jerk), suspension deflection and Lire
deflection. In order to implement the active suspension
system by using quadratic controller such as optimal
controller, the full states information of the system should
be required. Bul, all the states cannot be measured in the
real system. Thercfore. many kinds ol observer are used to
eslimate the states ol the system. The abscrver based control
syslem must guarantee the robusiness properties in the
presence OF the change of parameters. And the atienlion
gradually turned to more realistic systems based on limiled
state (eedback and recent research has locked at /7. and
fuzzy logic apptoaches[8],

In this paper, we use the H., control method to minimize
the worst case of the transfer [unction from the distuibance
to the vertical absolute velocity of the car body under the
existence of the parameter varialions. After obtaining the
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H.. controller, three interest transler funclions from road
disturbance to car body acceleration, suspension deflection,
and tire dellection are plotied: the plotled results are
compared to the passive case to show the effectiveness of
H. cantroller. In the esperimental apparaius, the road
disturbance is generated by a cam shaft. By changing the
revolution ol cam shaft. the road disturbances arc given
with differenl  frequencies. Measwing the suspension
deflecuon, tire deflection and calculating the car body
acceleration from measured car body displacement. then we
can derive the gains of three interest lransfer functions.
These transfer [unctions are plotied to verify the simulation
results. The resulls showed us that H. controller reduces
considerably the gains of three inlerest transfer functions at
frequency region around 1 Hz.

II. Two degree of freedom quarter car model

The quarler car model is shown in the Fig. 1. It can be
vsed 1o quantify the comparative ride performance of
passive syslem.

ﬂ'

Fig. 1. Suspension system.

Here we defined paramelers as follows

#m, . sprung mass {Kg]

wi, o unsprung mass [Kgl

b, : damping coefficient [Ns/m]

k, : spring stillness coelfficient [N/s]

& : tire stilfness coefficient [N/m]

Se ¢ active force [N] )

2, . vertical position of sprung mass [m]
ER . vertical position of unsprung mass [m]
Z, : vertical position of road [m]
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x : horizontal position of car [m]
" : horizontal velocity of car [m]

Assume that the suspension spring coefficient and tire
stiffness coeflicient are linear in their operation range; the
tite does nol leave the ground; and z, and z, are measured
from the static equilibrium posilion. From the scheme of the
system model in the Fig. 1, the equations of motion can be
derived as ihe following

m, tofz— 2+ Bz, =) =1, {1
m‘iiz“n + bs(z.zlf 2;) + ks.(zu_ Z.w) + kr(zu_z») =—fa (2)

Let us define a state variables as follows

X =2, — 3, : suspension deflection

Ea= Z, . absolute velocily ol sprung mass
x3=ax,—a, . tire deflection

X = 2y : absolute velocity of unsprung mass
¥ = f ; scalar aclive force

d =~ z : road disturbance input

Then, equauons (1) and {2) can be rewritten

i, = Az, + By +I'd 3

k:

and the measured outpul

vy = Cux, (4)
\’Vh(‘)l‘ﬂ, Xy = [x1 Xg X ?CA_]T:
0 1 0 -1
_A B b,
Ay = He Wy ",
] 0 0 1
ks 2 TR
Wy Wy, By, ey,
0
l 0
B, = e I = il
¢ 0
_ 1.
L mil
C,=[01070]

II1. Transfer functions of the system
Three interest performance variables are : body vibration
isolation, measured by (he sprung mass acceleration z,
suspension travel, measured by the deflection of suspension
z,—z, ; and ihe tire load constancy, measured by lire

deflection z,— z, . Then, three considered transfer [unctions

from disturbance z, lo the acceleration of spiung mass
H4(s5), to the suspension deflection Hg,(s), and to the tire
deflection Hpp(s) can be derived as the fellowing

29 Xy(s)

HdS= 53 = 2.0 ®)
_ ZS(S)*ZH(S) o -X[(S)

Hold= =58 = 209 ©

_HTD(S): Z;:(S)*Z,,(S) _ X;J,(S) (7)

Z(  Z

We will consider these transfer functions in the case of
using no leedback(passive) and in the casc of A, conlrol

using mecasurement unsprung mass velocily feedback.
1. Passive system

Three transfer [unction (S)<(7) can be writlen as

His) = sE(si—A)'I (8)
Hspls) Ef(sI-A,)"'T )
Hrls) =  E{sI—A)7T (1%

where E, =[1000]1, =[0100] and
E,=[0010] arethe controlled oulpul malrices,
2. H., control :

The augimented system for ., control problem is given
in the Fig. 2.

G o
d x2 4]
W —P | - z
L,_’ P u 72
1’1 b ¥

,,,,,,

Fig. 2. Augmented system.

The stale space expression of the plant P(s) wilh adding
measurement noise can be rewritten as follows

x, = Ay, + Byw+ Bgu (1
Zp = CMA,-,‘FD,.“’W + Dmgﬁfl (]2)
My = C;QI.;, - D,glw + ngg r (13)

where,
W= {f: ] ( #: disturbance, #: noise)

= [;3} {22 control inpul-aclive force)
B,=1[I0l. Bw:B,
Cﬂlg[cjﬂl]f[

pl 2

Dw=[pm] =] 881

e (3] 3

H122
Dy =100 11, and D 4 = [0]
Assume that the weight W, on x, has dynamic

equations

"7::0: Ayx, -+ Buxg (14)
Zl:cwxw-[_Dﬂr,-xE (15)

and the weight W, on « is scalar value «.
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Straight forwardly, we can express the augmented system
G(s) which is shown in Fig. 2 with dotted line as follows

x=Ax+ Biw+ Bau (16}
<= C1X+ Du%"" Dlg'ﬂ (17)
= Cyx+ Dyw+ Dpu (18)
where
Ko 23
A ¥
A=
[B cf)ll AEU]
B B
B, = sl , Bq=[ i ]
' [Bquu] T LBl am
— chj)ll B.‘v = :
S ] » G LG 0]
Dy = [DwDﬁlll] y Dy = [D!L D.‘JWT:[
Dors LR

D21 = DﬂZL N and DZE = ngg

The H.. control problem is formulated as follows:
consider the two-port diagram in Fig. 2, and find an internal
stabilizing contraller, K{s), for the augmented system, G(s),
such thal the co-norm of the closed loop transfer function,

T ... 18 below a given posilive scalar y:

Find | Tawle <y
K{s)stabifizing (19)
For the problem Lo have a solution, the following

condilion must be satisfied [2]
iy (A, By) is stabilizable and (C,, A) is deteclable

ii) [y is fuli column rank and Dy is full row rank

iti) {AE‘”"I BZ:[ has full column rank for all
1 12

iv) [A cf“I Bl] has full row rank for all o

Vi Dy = 0 and Dy = 0
And the H.. contraller K(s) is

= AK BT( = Kc\: #Zw Lm 20
Kls) [ Cr Dy ] [ Fo ] 20)
where,
Ao = A+ BBl Xo+ BoF sz&cz

Fo = =BfXe , La = —¥xC
Fw = (I ¥ ¥ &)t

-2 T_ T
Xo = Re] A v BE-BEB Ly
—ole, —A
T —21~T T
Vo = Rie| A v CG-GG] sy
—B 8f —A

a(X Youd  #°

The change of the parameters of the system is lreated by
multiplicative uncerlainty model A(s). It is derived from
the nominal plant P,(s) and the perturbed planl P,(s) as

follaws

A(S) = P,;(S) -1 (21)

The weighting function W(jw) is chosen lo satisfy
ol dGo] < Ww | Ve {(22)

And from the small gain theorem, ihe robust stability is
assured if

[Tl = IWT wla <1 (23)

Then, if the value of 5 in the above solution satisfies ¥< 1,
the clased-loop system achieves robust stability in the
presence of the possible perturbation.

The transfer [mection from disturbance to the state of the
augmented system is

T = tsl— LA+ BE($C,T) "By + BaK( s)Dm][ (1)1
where the fransfer function of the controller K(s) is
K<5)= C;{(SJ* [J;;;)AIBK + Dy

with A, By, Cx. Dy which are given by Eq. (20). And

threc transfer [unctions (3)-{7) become

Hals) = s[E 01T w0 (24)
HSD(S): [E1 01T (25)
Hop(s)= [E; 01T . (26)

IV. Simulation and experimental results
The numerical wvalues of syslem parameters used in
simulation and experiment are given w Table 1.

Table 1. Numerical values of suspension syslem.

Parameters Values Units
Sprung mass i, 253 Kg
Unsorung mass i 42 Kg
Damping coelficient B 1,345 MN.sm
Spring stilfness coellicient ky 16,434 | N/m
Tire stiffness coefficient ke 97,939 N/m

The transfer function using the parameters identified
above is regarded as a nominal plant, and the tansfer
[unction using parameters that vary within some ranges are
regarded as perturbed plant. Here the change of parameters
is assumed to be :

1) the change of sprung mass {car body mass) includes
passengers and luggage weights 4,

2) when the spring, damping, and tire stiflhess
coefficients are measured, usually these errors are abowt =
10% of the given values
Then, we will assume those error ranges as follows

4, = 100 Kg, 4= %10%4
4, = £10% b, Ay = £10% ks

With the changes of paramelers as above, we calculate
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the nominal transfer [unction P£,(s) and the perturbed
transfer function P,(s). Then, the uncerlainties 4(jw) are
calculated. The weighting function Wi(j @) is chosen so as
to satisfy Eg. (22).

The plots of the uncertainties A{7 @) for the variations of
parametlers and the weighting function W (jw) are given in
the Fig. 3.

In this paper, after some troublesome calculations, the
weighting function W,(jw) and W, are chosen as

e 15.65--48.75
m,fm:[wl(dw) o]:{ s }

4,655+ 145
W g 0.00035

and the coniroller K(s) is calculated with the value of
¥ =0.99.

T T T

W ()

o Al jmw) for A R
=0

Al yan) for Am;

Galn {(dB)

Al jan) for A“

Al yot for Ah

0 o' 1a® 11 10"
Frequency (Hz}

Fig. 3. Plots of uncertainties and weighting Fanction.

The schematic diagram of experimental apparatus and the
photograph are given in the Fig. 4.

The road disturbance is generaled by cam shaft. Road
disturbance input is assumed in the interval 0.5Hz-12Hz and
is made by changing the velocitv of the cam shaft. Four
poientiometers are used to measure the displacements of
sprung mass, unsprung mass and road variation, screw

(a)

¥

polente
-matar &

nalenliomater 2

El
B
]
=
z
g
2

(b)

Fig. 4. The experimental apparatus : (a) photograph and
(b) schematic diagram.

displacement as shown in the Fig. 4. The actuator is driven
by & DC servo moter(LG, Model FMD-E30TA, 300W, 75V,
4.8A). The actuating force for active suspension is generated
by rotating the screw.

Al each frequency, we measure displacement of sprung
mass and unsprung mass. The vertical change of the road is
measured by verlical displacement of cam Ffollower and then
road disturbance is derived. From the displacement of
sprung mass. car body velocity and acceleralion are derived.
I'rom sprung mass and unsprung mass displacement, we
have suspension deflection. Tire deflection is calculated
from unsprung mass and road displacement. For exampie.
the road disturbance, acceleration of car body, suspension

Road disturbance (m/s}

Tlmé (s) )

Fig. 5. Road disturbance at frequency 1Hz

expervnental resuls

Body acceleration (m/s2)

Time (s)

Fig. 6. Body acceleration at frequency [Hz.
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passive grperimentel resuly

stmnfation

o EL 0 TS

Suspension deflection (mm)

Tamé (s -

Fig. 7. Suspension deflection at [requency 1Hz,
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Fig. 8. Tire deflection al frequency |Hz.

and tire deflection at frequency 1Hz are given in Fig. 5-8.
In these figurcs, the simulation values of passive and H.,
controlled system are plotled together with cxperimental
value ol cantrolled system. Then, we can derive the gain
plots of three interest transfer functions {3)-{7).

The Fig. 9-11 show these transfer [unctions in the case of
passive system, H. controller with simulation and experi-
mental results. These figures show us thal the L. con-
troller with sprung mass velocity feedback achieves the
good performance properties. It reduces considerably the
gains from the road disturbance to car body acceleration, to
suspension deflection, and to tire deflection al frequency
around 1 Hz. The experimental results is not as good as the
simulation resulis because the system is modeled ignoring
the friction, the error of linearization and also because of
the system paramelers measurement errors.

V. Conclusions -
In this paper, the .. conlroller is used to control the

passn g experimental resulr

simulation

Gain (dB)

" 1 n

Frequency (Hz)

Fig. 9. Gain plots for body acceleralion transfer fun-
ctions.

experineniit resicks

simulatien

passre

Gan (dB)

w " w " nt n

Frequancy (Hz)

Fig. 10. Gain plots for suspension deflection transfer
[unctions.

PR PASTIVE —ee g
- Levpeiimental resnit

Stiiilarion

Giann (d8)
\v
.,

- w’ [

Frequency (Hz)

Fig. 11, Gain plots fou tire dellection wansfer functions.

acfive suspension system with measured car body velacity
for feedback. The preliminaries for &, controller design is
set up to solve the controller. The system parameters
variafions are treaed with multiplicative uncerlainty model
and the robustness property of the sysiem is guaranteed by
small gain theorem. The simulation results are shawn to
verify the effeclivencss of Lhe /., controller comparing to
the passive system. Also, the experiment is done to prove
the applicabilily of the adopted H.. theory.

The simulation and experimental results show that the
H., controller can reduce considerably the gains from road
disturbance to car body acceleration. to suspension
deflection and to tirte deflection at the frequencies around 1
Hz.

Fraom the above results, the H, controller can be used
usefully to control active suspension system because 1
sahsfies two requirements .

1) Good performance: small gain from read disturbance
to car body acceleration, to suspension deflection and fo tire
deflection.

2) Robustness properly.

It is expected that the active suspension system with H.
controller can be applied in car indusiry as an objective to
increase the quality of car.
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