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Wavenumber Correlation Analysis of Satellite
Geopotential Anomalies

Jeong Woo Kim*, Won Kyun Kim and Hye-Yun Kim*

ABSTRACT : Identifying anomaly correlations between data sets is the basis for rationalizing geopotential interp-
retation and theory. A procedure is presented that constitutes an effective process for identifying correlative features
between the two or more geopotential data sets. Anomaly features that show direct, inverse, or no correlations
between the data may be separated by applying filters in the frequency domains of the data sets. The correlation
filter passes or rejects wavenumbers between co-registered data sets based on the correlation coefficient between
common wavenumbers as given by the cosine of their phase difference. This study includes an example of Magsat
magnetic anomaly profile that illustrates the usefulness of the procedure for extracting correlative features between

the data sets.

INTRODUCTION

Interpreting geopotential field anomalies is com-
monly based on recognizing detailed correlations
between the data sets. Correlation analysis involves
both qualitative and quantitative components with
deceptively simple principles that often belie the
difficulties of their implementation. These difficulties
commonly lead 1o wasted effort and a proliferation
of output that can excessively complicate interpre-
tation (e.g., von Frese et al., 1982). In this study,
we present a method for analyzing geopotential
data sets for their correlative features.

To explore the interpretational possibilities that
the correlation coefficient between data sets may
represent, wavenumber correlation filters can be
designed and applied in the frequency domain repre-
sentations of the data sets (von Frese et al., 1997a).
Inverse transforming the spectra of data sets that
have been modified by wavenumber correlation filte-
ring yields predictions at all coordinates of the data
sets.

To illustrate the implementation and performance
of the procedure, an example is presented. The
example considers the problem of separating static
lithospheric anomalies from dynamic extraneous
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signals in satellite magnetometer observations obtained
by Magsat mission. Recognizing the utility of
satellites for mapping regional magnetic anomalies
of the lithosphere, NASA launched the Magsat
satellite as the first mission specifically designed
for mapping lithospheric anomalies in 1979.

In the developments presented below, we
assume the existence of two or more digital data
sets in 1, 2, ..., m independent variables (i.e., orders
or dimensions). The data sets are co-registered and
uniformly gridded in each of their dimensions, and
hence their corresponding Fourier transforms are
also gridded in common wavenumber coordinates.
In particular, we will consider the correlation
analysis of co-registered signals X and ¥, each of
which is represented by a gridded m-dimensional
array of amplitudes or coefficients, i.e., X=(x;, %2,
ey X)) and Y=(y1, ¥, ..., ¥pn), Where ¥; and y; are
the gridded amplitudes.

THEORETICAL BACKGROUND
Conelation Coefficient {CC)

In general, the correlation coefficient (CC) between
signals X and Y is given by
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Fig. 1. Correlation Coefficient (CC) between two coegiste-
red signals X and Y. The overall CC of X and Y is zero, but
they have strong local correlations. Part A and A* are
correlated directly (i.e., CC=1.0), while Part B and B* are
inversely correlated (i.e., CC=-1.0).

where oi’ y represents covariance of the signal X
and Y (Davis, 1986). The signals X and Y should
be co-registered where each is represented by a
gridded m-dimensional array (i.e., X=(X1, X2 -
%) and Y=(y{, ¥ ..., ¥,,), where y; and y; are the
gridded amplitudes). CC varies between -1 and +1,
where +1 means perfect correlation of the two
signals X and ¥, and -1 means perfect inverse
correlation. When the absolute value of CC is
close to zero or perfect zero, it is generally said
that there is little or no correlation between two
signals. But, in fact, this is only one of many
possible interpretations. For example, in Fig. 1, the
features A and A* are directly correlated, while B
and B* are inversely correlated, so that the overall
CC is almost zero. Even though the overall CC
between signals X and Y is very close to zero, there
are locally significant correlative features between
the two signals.

Wavenumber comelation analysis

To resolve anomaly feature correlations between
co-registered data sets, a procedure is required to
estimate the wavenumber correlation coefficient
CCy, for each wavenumber k. Such a procedure is
evident if we consider the transforms at any given
wavenumber as vectors in the complex plane as
shown in Fig. 2. These wavevectors can be repre-
sented in polar coordinates as follows
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where for the transforms corresponding to wavenum-
ber k, IX(k)! and | Y(k)| are the amplitudes; and
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Fig. 2. Exponential representation and polar plot of
wavevectors at a common wavenumber, k, for transforms
rm overline X and rm overline Y of co-registered signals X
and Y, respectively. The complex plane of projection is
defined by the imaginary or sine transform (ST) axis and the
real or cosine transform (CT) axis. The correlation
coefficient between the wavevectors is given by the cosine
of their phase difference [cos(A8y)].

0X(k) and 0Y(k) are the phase angles; so that
AB=(0Y (k)-6X(k)) is the phase difference; and
j=~=1. The CC between two vectors is simply
their normalized dot product so that the correlation
spectrum is given by

X(K) Y(k)

Kol ¥l

In other words, the correlation coefficient between k-
th wavenumber components of X and Y is given
simply by the cosine of the shift or difference in
the phase of these components.

This result has been widely used to extract static
lithospheric components of the satellite magneto-
meter observations (Kim, 1996; Arkani-Hamed,
1988; Alsdortf er al., 1994). Jones (1988) extended
the use of equation (3) in the equivalent form
given by Arkani-Hamed and Strangway (1986)

CC, =cos(ABy)= 3

Re[X(K)Y " (k)]
XWX W)IY )Y (k)]

CC, = @)

to a method for isolating and filtering individual
wavenumbers directly in terms of the complete
spectrum of possible correlations. This study verified
the effectiveness of designing notch filters based
on the correlation spectrum to isolate positively
and negatively correlative features, as well as non-
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correlative features between data sets. Such waven-
umber correlation filters (WCF) have been imple-
mented to study the correlative features between
the complex gravity and magnetic fields of Ohio
(Jones, 1988; von Frese et al., 1997b).

To implement the WCEF, the correlation spectrum
between the two signals X and Y are determined
from either equations (3) or (4). Based on the
correlation spectrum, notch filters are applied so
that only those wavenumber components of X and
Y are inverse transformed which correspond to the
feature correlations desired. As with any spectral
filtering application, the filtered output must be
compared against the input signals to judge the
reasonableness of the results and to establish the
most effective values of the CC to use in any
investigation.

EXAMPLE OF APPLICATION

An example is presented to demonstrate the im-
plementation of wavenumber correlation analysis.
The example demonstrates the use of wavenumber
correlation filters to extract common features between
a pair of parallel profiles of satellite magnetic anomaly
observations. For the example, the depth to the
geologic sources of the anomalies is large compared
to the distance between the pair of magnetic profiles
so that, with respect to the geologic anomalies, the
profiles in the pair may be considered roughly coin-
cident. Accordingly, the WCF method can be applied
to extract the common features between the profiles
to enhance the geologic signal-to-noise ratios of the
satellite magnetic observations.

In the example, which is given by Fig. 3, we
consider the problem of extracting polar lithospheric
anomalies from orbital satellite magnetic data conta-
minated by highly dynamic external fields from
auroral electrojets, field-aligned currents, large-scale
ring currents, and other effects. Polar external fields
are extremely variable in space and time and at
present cannot be modeled with sufficient accu-
racy to extract the relatively weak magnetic signals
of the lithosphere. Accordingly, effective separation
of the polar anomaly fields is best approached as a
statistical problem which exploits the coherent or
static properties of lithospheric anomalies (Alsdorf
et al., 1994).

The example involves mostly Arctic orbital magne-

tic observations collected by NASA's Magsat
mission from the northeastern tip of Greenland the
southwestern most coast of Finland at about 330 km
altitude. Here, the two subparallel orbits are separated
by an average distance of slightly less than 7 km,
which is small compared to the distance of these
orbits from magnetic sources in the lithosphere.
Accordingly, these orbits should exhibit similar
lithospheric signals that may be extracted by the
WCF method. Fig. 3A shows the raw data for orbits
1848 and 2833 after removal of a core field model
using the adjustment procedures of Alsdorf et al.
(1994). Non-correlative data features include auroral
external field effects, measurement errors, and other
non-lithospheric sources.

Analysis of the correlation spectrum (Table 1)
between the signals of Fig. 3A shows that all the
wavenumbers except the second one (ie., k=2,
which is marked with * in Table 1) are relatively
well correlated. Accordingly, a cutoff value (CC,
20.5) is chosen to estimate the lithospheric anomaly
components from the dusk orbits as shown in Fig.
3B. The anomaly components corresponding to the
second wavenumber that are rejected by this appli-
cation of WCF are given in Fig. 3C. These rejected
components are partly coherent and long wavelength
trends that appear to be related more readily to
external field effects, induced currents in the mantle,
and errors in the core field reduction than to
magnetic variations of the underlying lithosphere.

In summary, this analysis suggests that the satellite
magnetometer observations of the example in Fig.
3A are essentially made up of high coherent
components in Fig. 3B that presumably are caused
by magnetic sources of the lithosphere, and partly
coherent components in Fig. 3D that probably are
related to non-lithospheric effects. Accordingly, a
least-squares estimate of the lithospheric anomalies
in the satellite magnetic observations can be obta-
ined by averaging point-by-point the coherent
signals of Fig. 3B as shown in 3D. The differences
between the coherent signals in Fig. 3B are also
presented as point-by-point RMSEs in Fig. 3D to
constrain interpretations of the averaged lithospheric
anomaly estimates.

Of course, results such as in Fig. 3D hold only
to the degree that the assumptions underlying the
analysis are met. Additional correlation tests are
required to help identify non-lithospheric compo-
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A) Magsat Magnetic Anomaly Profiles (Dusk Orbits #1848 & #2833)
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Fig. 3. Wavenumber correlation analysis for spatially adjacent dusk orbits #1848 and #2833 at about 330 km altitude across
the Arctic from northern Greenland to southern Finland. Note the changes in amplitude scale between panels.

nents which are coherent between the passes.
Hence, we also implements the WCF method on
co-registered maps produced from the pass-to-pass
correlations at different local magnetic times (e.g.,
dawn and dusk for the Magsat data) and at
different elevations (Alsdorf ef al., 1994). To help

identify possible non-lithospheric components with
periods longer than a mission lifetime (e.g., about
six months for Magsat) requires correlation tests
between data of different missions. Accordingly,
independent data sets from past (e.g., POGO) and
on-going missions (e.g., the joint Danish/US/French
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Table 1. Tabulated correlation spectrum between the first
32 wavenumbers (k) of dusk orbits #1848 and #2833.
Tabulated values include the real and imaginary wave-
number components, as well as the correlation coeffi- cient
between the corresponding wavenumbers. Note that only
the CC of the second wavemumber (i.e., CC,) is less than
0.5 (marked with *) and this component will be eliminated
by wavenumber correlation filtering with cut-off CC of 0.5.

k  ReX ImX) Re(Y) Im(Y) CCy
1 +0.000 +0.000 +0.000 +0.000 1.000
2 1732 #3626 -17.777 40218 0.442"
3 21352 -1311 1221 -1.884 0.975
4 0454 4112 2109 -4132 0.935
5 40435 1528 0126 -0.944 0.917
6 +0000 053¢ 0108 0432 0.970
7 0088 0514 0228  -0.662 0.987
g8 40014 0522 0123 -0471 0961
9  +0015 -0461 -0.009  -0.568 0.999
10 +0.026  -0408 -0.003  -0.489 0.998
11 +0.102 -0379 +0011  -0.383 0973
12 +0.065 -0359  -0017 -0361 0.975
13 +0.034 -0318 0001 -0330 0.994
14 40042  -0275 +0.024  -0.301 0.998
15 +0012  -0329 +0016  -0218 0.999
16  +0.057 -0253 +0.024  -0.234 0.993
17 +0.049 0230 +0.033  -0.224 0.998
18 +0.052 -0.187 -0003 -0.274 0.960
19 +0.030 -0.196 +0.063  -0.254 0.996
20 +0.056  -0.208 +0.043  -0.195 0.999
21 +0076  -0.185 +0.043  -0.217 0.981
22 +0.048  -0.128 +0.052  -0.224 0.992
23 40036  -0203 +0.047  -0.171 0.996
24 +0.040  -0.138  +0.021  -0.157 0.988
25 +0.039  -0.119 +00I18  -0.152 0.981
26 +0.057 -0.151 +0.053  -0.153 1.000
27 40034  -0.119 +0.025  -0.157 0.992
28 40036  -0.119 +0.045  -0.145 1.000
20 +0025  -0.113  +0.032  -0.145 1.000
30 +0050 -0.129 +0.037  -0.132 0.996
31 +0064  -0.100 +0.048  -0.136 0.973
32 +0026 -0.133  +0.028  -0.134 1.000

Qersted mission) are critical for obtaining further
insight on the basic statistical problem of extracting
lithospheric anomalies from satellite magnetometer
observations.

CONCLUSIONS

A procedures is presented that constitutes an
effective process for extracting correlative features

between the two or more geopotential data sets.
Feature correlations between data sets may be
isolated by the application of correlation filters in
the wavenumbers between co-registered data sets
based on the correlation coefficient between common
wavenumbers as given by the cosine of their phase
difference. The presented Wavenumber Correlation
Filtering procedure can be implemented to obtain
improved estimates of the lithospheric anomaly
components from satellite magnetic observations.
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