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CRITERIA FOR A NEW CONCEPT OF STABILITY

V. LAKSHMIKANTHAM

ABSTRACT. A new concept of stability that includes Lyapunov and
orbital stabilities and leads to concepts in between them is discussed
in terms of a given topology of the function space. The criteria
for such new concepts to hold are investigated employing suitably
Lyapunov-like functions and the comparison principle.

1. Introduction

Consider the dynamic system

d
(11) .’El = f(t,l‘), x(to) = Xy, t() 2 0, a = 1,

where f € C[R, x R", R"]. Assume, for convenience, that the solutions
z(t) = z(t, to, To) of (1.1) exist and are unique for ¢ > #o. The original
theorems of Lyapunov have been refined, extended and generalized in
various directions. See [2; 3, 4, 5, 10] for details.

In the investigation of the initial value problems of differential equa-
tions, we have been partial to initial time all along in the sense that we
only perturb or change the initial dependent variable or space variable
and keep the initial time unchanged for all solutions. It appears, how-
ever, important to vary the initial time as well since it is impossible not
to make errors in the starting time in any physical phenomena. If we do
change the starting time for each solution along with the initial change
of the dependent variable, we are faced with the problem of comparing
any two solutions which differ in the starting time. There could be sev-
eral ways of comparing and to each choice of measuring the difference,
one may end up with a different set of conditions and a different result.
In [6, 7, 8], this approach is initiated.
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Lyapunov stability compares, as we know, the phase-space positions of
the unperturbed and perturbed solutions of (1.1) at exactly simultaneous
times, namely,

(LS) lx(t)tmy()) - il?()(t,t(), l'()>| <€, t Z tO)

where z4(t,%,20) is the given solution of (1.1) and z(¢,tp,%o) is the
perturbed solution of (1.1) with the same initial time ¢;. If the solutions
start at different times, then (LS) can be modified as

(LS) |z(¢, 70, y0) — Zo(t — 1, t0, To)| <€, t > 7,

where n = 79 — to. In both cases, it is a too stringent demand.

Orbital stability, on the other hand, compares at any two unrelated
instants of time, namely,
(0S) inf )lx(t,to,yg) — zo(s,to, Zo)| <€, t > 1.

$€[tg,00

As before, if the solutions start at different times as well, then we replace
(OS) by

(0S") inf |z(t, 70, Y0) — Zo(s — M, to, o) < €, t > Tp.
$€[70,00)

In this case, the measurement of time is entirely irregular and hence it

is a too loose a requirement.

The foregoing considerations suggest a unification of the two concepts
so that the notions in between these extreme situations, may have con-
cepts of physical significance. We shall investigate this situation which
was initiated by Messera[9] who discussed the meaning stability and gave
some examples. Here we enlarge his notions and provide criteria.

2. A new concept of stability

Let E be the space of all functions from R, to R, each function o(t)
representing a clock. We call o(t) = ¢, the perfect clock. Let 7 be any
topology in E. Given the solution zy(¢, to, Zo), let us define the following
new concept of stability.

DEFINITION. The solution z,(t, to, zo) of (1.1) is said to be

(1) T-stable, if given € > 0, to, 7o € R, and a 7-neighborhood N of the
perfect clock, there exists a § = d(tp, 70,€) > 0 such that for each
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yo satisfying |zo — yo| < 4, there is a clock 0 € N with o(n) = o
satisfying .

‘33(1’,’7’0,:1/0) - .'Eo(O'(t),to,.’L‘o)l < € t Z 70-

(2) T-uniformly stable, if in (1) d is independent of t;, 7.

(3) T-asymptotically stable, if (1) holds and there exists a §y = d
(to,70) > 0 such that |zg — yo| < d and for each ¢ > 0 and 7-
neighborhood N of the perfect clock, there exists a T' = T'(tg, 7o, €) >
0, 0 € N with o(7) = tp satisfying

IfE(t, TOvyO) - l'o(O'(t),t(),xo)| <€, t Z o+ T.

(4) 7T-uniformly asymptotically stable, if 8y and T in (3) are indepen-
dent of ¢y, 79.

We note that a partial ordering of topologies of E induces a corre-
sponding partial ordering of stability concepts.
We shall consider the following topologies of E:

(r1) the discrete topology, where every set E is open;

(72) the chaotic topology, where the open sets are only the empty set
and the entire clock space E;

(73) the topology defined by the base

Uao,e = [07 Op € C[R+7 R+} : sup |0(t) - UO(t)| < 6];

tE[T(),Oo)
(14) the topology defined by the base
Usoe = [0,00 = C'[R.,R.] : |o(m0) — o6(to)| < €

and

sup |o'(t) — oy (t)] < €.

tE[To,OO)

(75) the topology consisting of the three open sets, the empty set, the
entire clock space, and the set of all continuous increasing functions
from R, onto R..

It is clear that the topologies 73, 74, 75 lie between 7, and .
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3. Comparison results

We need the following known result [1] to prove a comparison result
in terms of Lyapunov-like function and comparison principle.

THEOREM 3.1. Let g € C[R3, R] and g(t,u,v) be nondecreasing in

v for each (t,u). Suppose that r(t) = r(t,t, ug) is the maximal solution
of

(3.1) o' = g(t,u,u), uty) =u >0,

existing on [ty, o) for each (ty,up). Let m € C[R, R.] and
D_m(t) < g(t,m(t),v), t > to.

Then for all v < r(t), we have

(3.2) m(t) < r(t), t > to.

We can now prove the needed comparison result. Let w € C[R} x
R,R,) and 7(t) be the maximal solution of (3.1). Consider the set
defined by

(3.3) Q= [0€C'Rs,R]:w(to,0) <r(t), t2 7o)

THEOREM 3.2. Assume that V € C[R2 x R", R,], V(t, 0, z) is locally
Lipschitzian in x, and

D_V(to,z—y) = limhing_%[V(t + h,o(t+h),z —y+h(f(t x)

—f(o(t),y)o'(t)) = V(t,o(t),z — y)] < g(t, V(t,o(t),z —y), wlt,a,0"),
where g € C[R3,R] and g(t,u,v) is nondecreasing in v for each (t,u).
Then o(19) =ty and ug = V (19, 0(70), Yo — o) implies
(3.4)

V(ta U(t)a x(ta 70, Z/O) — Zo (O(t)7 th .'I:()) S T(ta T0, 'U(Tﬂv U(TO)a Yo — ‘TO))
fort > 7.

Proof. Let z(t, 7, o) and zo(t, to, Zg) be the solutions of (1.1) through
(70, ¥0) and (o, zo) existing on [ry, 00) and [to, 00) respectively. We set
m(t) = V(t,a(t), z(t, 70, y0) —o(0(t), %0, 20)) for o € 2. Then the stan-
dard computation [1] yields the differential inequality

D_m(t) < g(t, m(t), w(t,0,0")), t > 7.
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Since o € (2, this implies because of the monotone character of g(t, u,v)
in v, the inequality

D_m(t) < g(t,m(t),r(t)), t > 7,

where 7(t) = 7(t,7,up) is the maximal solution of (3.1). Theorem 3.1
now gives the stated results proving the theorem. a

4. Stability criteria

With the help of comparison theorems, we can now provide criteria
for 5, 74 stabilities.

In 7-topology, one can use the neighborhood consisting solely of the
perfect clock o(t) = t and consequently we get right away Lyapunov
stability from the existing results.

In 7p-topology, we proceed as follows. We set B(to, 2o) = zo([to, 00) —
7, to,Zo) 7 = To — to, and obtain using standard results, the stability of
the set B(ty, xo) assuming that B(t, zo) is closed, namely

d[yo,B(to,xo)] < 6 implies d[r(t,To,yo),B(to,xo)} <e t> 1
Since

d[z(t, 70, vo), Blto,z0)] = inf |z(¢, 70, %0) — zo(s — 1, to, Z0)],
s€[79,00)
denoting the infimum for each t > 7j by s; and defining o(t) = s; — 7 for
each t > 7, we see that 0 € F in n-topology. Thus, we obtain orbital
stability of (¢, %y, o) in terms of T,-topology.

Next we shall provide criteria for 73-stability.

THEOREM 4.1. Assume that condition (1) of Theorem 3.2 is satisfied.
Suppose further that

(a) b(|z]) < V(¢,0,2) < alt, o, |2]),

(b) d(|t = o]) < w(t,0,0"), where b(:), d(-) and a(t,0,-) € K, and
a € CIRY,R,] and K = [a € C[Ry,R,] : a(0) = 0 and a(u) is
increasing in u] .

Then the stability properties of the trivial solution of (3.1) imply the
corresponding T3-stability properties of (1.1) respectively.
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Proof. Let xy(t,to, zo) be the given solution of (1.1) and let € > 0,
to, 7o € R, and a Ts-neighborhood of the perfect clock o(t) = ¢, namely,
N = [0 € C'[Ry, R : [t —o(t)] <t 2 7p) be given for some 7y =
~v(€) > 0. Assume that the trivial solution of (3.1) is stable. Then given
b(€) > 0 and 7y € R, there exists a ; = 01(7p,€) > 0 such that
(4.1) 0 < ug < 6; implies u(t, 70, up) < ble), t > 7,
where u(t, 7, u¢) is any solution of (3.1). Set ug = V(0,0(70), %0 — Zo).
Then choosing § = 8(t, 7o, €) > 0 and n = n(e) > 0 satisfying
(4.2) a(to,t0,8) < &; and v = d™'(b(e)),
we have, using (b) and the fact o € Q,

d[lt — a(t)]] < w(t,o,0") <r(t, 70, V(0,0(m0), %0 — o))

< r(t,70,61) < ble).
It then follows that |t — o(t)| < v and hence ¢ € N. We now claim that
whenever |yo — 20| < § and ¢ € N, it follows that

lx(t,'ro, Y) — xo(a(t),to,xo)I <€ t> T

If not, there exist a solution z(t, 7y, yo) of (1.1) and a t; > 7 such that
(4.3)
|z (t1, 70, %0) — 2o(0(t1), to, To)| = € and |z (t, 70, ¥0) — zo(o(t), to, To)| < €
for 7o < t < t;. Then by Theorem 3.2, we get

V(ta U(t)7 ‘T(ta T, yO) - :B(O-(t), t(): .’170) S T(ta To, V(T(h U(TO)a Yo — $0))
for 7o < t < t;. It then follows from (a), (4.1) and (4.3),

ble) = b{|2(t1, 70,30) — 2ot o, 20)| ) < V (11,002, 70,90)
—xzo(a(t), to, To)) < r(t1, 70, V(70,0(T0), %0 — )
< T(tl,To, (51) < b(E),
a contradiction, which proves 73-stability of (1.1).
Let us next suppose that the trivial solution of (3.1) is asymptotically

stable. Then it is stable and given ¢ > 0 and 75 > 0, there exist dp =
8o1(0) > 0 and a T = T'(7y, €) > 0 such that

(4.4) 0 <wug <&y implies wu(t,7o,up) <ble),t>7+T.
The 7;-stability gives taking € = p > 0 and designating 6y = (o, 70, p),
lyo — zo| < & implies |z(t, 70, v0) — Zo(o(t), to, Zo)| < p,t = T,
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for every o satisfying |t — o(t)| < ¥{p). Thus, Theorem 3.2, we have
(45) V(ta U(t)a x(ta To, ?JO) - xO(U(t)’ tO) :L'())) S T’(t, To, 510)7 t Z T0.

Since by (4.4), we see that r(t, 19, 019

S

<ble), t >m+ T, we get
dllt = o(®)]] < wit,o,0") <7

~~~

t, 7o, (510) < b(6),t > To+ T.

Thus |t — o(t)| < d71(b(e)) = v(€), t > 7o + T. Hence there exists a
o € N satisfying

b[l.’l)(t, 70, yO) - .’L'()(O'(t), t07 xO)I] < V(ta U(t)7 I‘(t, 70, Z/o) - IL'()(O'(t), tO! xO))

< r(t,19,010) < ble),t > 10+ T,
which yields for ¢ € N,
]m(t,m,yo) - mo(a(t),to,mo)| <egt>m+T.
This completes the proof of T3-asymptotic stability. |

To obtain sufficient conditions for 74-stability, we need to make the
following changes in Theorem 4.1.

THEOREM 4.2. Let the conditions of Theorem 4.1 hold except that
(b) is changed to

(b*) d(|1 = d'(t)]) < w(t,0,0'), d€K.

Then the stability properties of the trivial solution of (3.1) imply the
corresponding T4-stability properties (1.1) respectively.

One can construct the proof of Theorem 4.2 following the proof of
Theorem 4.1. We omit the details.

For uniform stability concepts, we need to modify condition (a) of
Theorem 4.1 as follows:

(@)  b(jz]) < V(t,0,2) < ao(|z|) + a1 (|t — o), ao, a, be K.

REMARK. The function g(t,u,v) = —ou+ Av, A—a = > 0is
admissible to give r(t) = uge ™), which yields 73-exponential asymp-
totic stabiliyt by Theorem 4.1. Also, the function g(¢,u,v) = A(t)v,
A € LY[R,,R,] is admissible to give 7(t) = uq exp[f:O A(s)ds] < uged,
where [;° A(s)ds < g. Thus we get 3-stability from Theorem 4.1.
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