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FRAMES WITH A UNIQUE UNIFORMITY

Young KyounGg KiMm

ABSTRACT. In this paper, we investigate frames that admit a unique
uniformity and characterize the completely regular frames which admit
a unique uniformity.

1. Introduction

Tychonoff spaces (i.e., completely regular and Hausdorff) with a unique
compatible uniform structure were first characterized by R. Doss [6]. R.
H. Warren has extended this characterization to the completely regular
spaces which are not necessarily Hausdorff in {10] and [11]. Our aim is to
establish the analogue of this for frames.

In this paper, we extend characterization of spaces with exactly one
compatible uniformity to frames and characterize the completely regular
frames for which there is only one uniform structure. We obtain eight
characterizations of completely regular frames that admit a unique uni-
formity. In particular we show that a completely regular frame L admits
a unique uniformity if and only if {z € L|z > a*} or {z € L|z > b} is
compact whenever @ << b.

We recall some basic notions and facts about frames.
A frame is a complete lattice L satisfying the distributive law

aNVVS=V{aAs|s€S} (aeL, SCL)
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and a frame homomorphism is a map h : M — L between frames which
preserves finitary meets, including the unit(=top) e, and arbitrary joins,
including the zero(=bottom) 0. A frame homomorphism h : M — L is
called dense if h(z) = 0 implies z = 0 for all z € M.

A frame L is called regular if a = \/{z € L|z < a} for each a € L,
where £ < a means that zt Ay =0, aVy = e for some y € L, alternatively
expressed as *Va = e with the pseudocomplement z* = \/{y € L|zAy =
0} of z.

An element a € L is called compact if ¢ < \/ S implies ¢« < \/ FE for
some finite £ C S, for all § C L. L itself is called compact if the top
e € L is a compact. A compactification of a frame L is a compact regular
frame M together with a dense onto homomorphism h: M — L.

Concerning completely regularity, we take this to mean that a = \/{z €
L|z << a} for each a € L, where = << a (z is completely below a, or
really inside a) means that there exists a sequence (Cpk)n=01,- k=01, 2
such that

Cop = T, Co1 = A, Cpk = Cpt12k; Cnk < Cnk+1
foralln=0,1,--- and Kk =0,1,---,2™,

A frame L is called continuous whenever, for each a € L, a = \/{z €
L|z << a} where z << a (z is way below a) means that, for any S C L
such that a < \/ S there exists a finite £ C S for which z < \V E.

For subsets A, B,--- and elements a,b,--- ,z,y,--- of a frame L, we
use the following notation and terminology:

A < B(A refines B) if each a € A, a < b for some b € B.

Az =\{a € Alanz #0}.

A <* B(A star-refines B ) if {Az |z € A} < B.

Ais coverof Lif \/ A =e.

Further, for any set M of covers of L,

a <ap b if Ca < b for some C € M.

M is admissibleif a = \/{z € L |z <pa} forall a € L.

Now, a uniformity on L is ap admissible set U of covers of L which is
a filter relative to < such that, for each A € U, there exists B <* A-in
U. In this case, the pair (L,U) is called a uniform frame and the relation
<Im is the strong inclusion for U (see [1]).
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Let (M, M), (L,U) be uniform frames and h : M — L a frame ho-
momorphism. Then A is said to be uniform frame homomorphism if for
any A € M, h(A) = {h(a)|a€ A} € U. A uniformity U is called totally
bounded if U is generated by its finite members and we say that (L,U) is
a totally bounded uniform frame.

For basic results on uniform frames we refer to [7] and [9], and for the
general background of frames, we refer to [8].

The following is due to Banaschewski ([2], [3]).
In the following, Q is the usual ordered set of rational numbers.

Next, the frame of reals is the frame L(R) generated by all ordered
pairs (p, q) where p,q € Q, subject to the relations:

(R1) (p,g) A(r,8) = (pVT,qAs)
2) (p,q) V (r,5) = (p,s) whenever p <r < g <s

(R
(R3) (p.g) = V{(T8)|p<r<8<q},and
(R4) e = V{(p,0) Ipq € Q).

Note that the condition (p,q) = 0 whenever p > ¢ is a consequence of
(R3).
We use the following notation in L(R):

) =V{r.9leecQ=\{p.9)Ilp<geQ}

=\{p9)lreQ}t=\/{(.9)|e>reQq}
and note that (p, —) A (—, ¢) = (p,q).

The frame L(R) carries a natural uniformity, its metric uniformity,
generated by the covers

Co={(p@))0<g-p<i}, n=12,---

Note that Cs, is a star-refinement of C,,, for each n.

Now, a continuous real function on a frame L is a homomorphism
L(R) — L. For any frame L, ¢ : L(R) — L is called bounded if p(p,q) = e
for some p,q € Q and L is called pseudocompact if all ¢ : L(R) — L are
bounded. We observe that a completely regular frame L is pseudocompact
if and only if all its uniformities are totally bounded [5, Proposition 3.
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2. Frames that admit a unique uniformity

In this section, we characterize the completely regular frames that ad-
mit a unique uniformity.

LEMMA 1. In any frame L, a << b if and only if there exists a bounded
homomorphism ¢ : L(R) — L such that a < ¢(—, %) and ¢(—,1) < b.

PRrROOF. By Proposition 6 in [3], it is enough to show that  is bounded.
Let ¢ : L(R) — L be a homomorphism which is described in the proof
of Proposition 6 in [3]. Then ¢(p,q) = V{t(@)*At(¢)|p <P <{¢ < g},
where (Wnk)n=0,1, k=0,1,- 2= S & sequence witnessing that a << b, for each

y1yeeey

reqQ,
0 (r<0)
Hr) = { V{wml & <1} (0<r<1)
e (1<r).

Now, we show that ¢ is bounded. Let m,n € Q with m < 0 and n > 1.
Since t(3m) =0 and t(3(1 +n)) =€, t(3m)* At(3(1+n)) =0"Ae=e.
Hence p(m,n) = e. O

In the remainder of the section, L(R) denotes the frame of reals with
the metric uniformity and IN denotes the set of all natural numbers.

PROPOSITION 2. Let (L,U) be a uniform frame. Suppose that U is to-
tally bounded. Let F = {p|p : L(R) — L is a bounded homomorphism}.
Then F determines U in the following sense. If B € U there exist

01,92, ,pn € F and a uniform cover C, of L(R) such that A\ ¢x(C;) <

k=1
B.

PROOF. Take any B € U. Then B has a finite star-refinement A € U,
say A = {a1,as,a3, - ,an}. For1 <k < n, thereis by € B with ay << by

with Countable Dependent Choice. For each k¥ = 1,2, -+ ,n there is a
bounded homomorphism ¢ : L(R) — L such that ax < ¢i(—, %) and
¢k(—,1) < by by Lemma 1. Since Cy(—,3) < (—,1), ¢x(Co)ax < by for

each k = 1,2,--- 'n. Put D= A ¢(C2). We claim that D < B. Take
k=1

any d € D. Then we may assume that d # 0. Since d = dA (V ax) =
k=1
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n

V (d A ax), there is ko with d A ag, # 0. Hence d < Dag, < ¢1o(C2)ak,
< bre. 0

PROPOSITION 3. Let L be a completely regular frame and let W =
{ /\ 0k(Cr)| for each k =1,2,--- ,n,¢; : L(R) = L is a bounded homo-

morphlsm andr € N}. Then W is a base for a totally bounded uniformity
on L. Moreover, W is a base for the finest totally bounded uniformity on
L.

PROOF. Foreach k =1,2,--- ,n, let v : E(R) — Lbea bounded ho-
momorphism and r € N. Since C;, <* C,, /\ we(Csr) < /\ or(Cr).

Take any b € L. By Lemma 1, there is a bounded homomorphlsm
¢ : L(R) — L such that a < (- ,2) and ¢(—,1) < b. Since
Ca(—, 1) < (=,1), ¢(Cola < p(Ca)o(—,5) < ¢(—,1) < b; hence a <y b.
Thus W is admissible. Therefore W is a base for a uniformity on L.
We now show that W is a base for a totally bounded uniformity on L.
For each kK = 1,2,---,n, let ¢ : L(R) — L be a bounded homomor-
phism and 7 € N Smce wee(l < k < n) is bounded, x(pr,qx) = €
for some pi,qx € Q (pr < qk). For k = 1,2,- n there exist If <

b < Ik < .- < Ik such that If = pg, If = V (15,15 ,) = (Pr, 4x)
and IF — l"l < 5 (t = 1,2,---,m). For eachk—12---,n and
t=1,2,- - 2, (1F,15,) € C and hence @i (IF,1%.,) € ¢x(C,). For

each k = 1,2, ,n, let By = {pp(l¥,15,) |t =0,1,--- ,m — 2}, then By
is finite and Bk < or(Cy).
Foreach k=1,2,.--- ,n,
0e(Car) = @(Cor) A 0k(Dr, Gk)
= {ox(p,9) N ox(Pr, k) | (P, q) € Cor}
= {ox(@V R, g Aa) | (p,g) € Cor}.

It follows that ¢i(Co) < Bi(k = 1,2,---,n). Thus A @p(Cy) <
k=1

/\ By < /\ ©x(Cy); hence /\ By, € W. In all, W is a base for a to-
tally bounded uniformity on L
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It follows from Proposition 2 that W is a base the finest totally bounded
uniformity on L. A

Collecting the above, we now have our main theorem.

THEOREM 4. For any completely regular frame L, the following are
equivalent:

(1) L admits a unique uniformity.

(2) Every frame homomorphism from a uniform frame into L is uniform
in every admissible uniform structure on L.

(3) If ¢ : L(R) — L is a frame homomorphism, then ¢ is a uniform
frame homomorphism in every admissible uniform structure on L.

(4) If p : L(R) — L is a bounded frame homomorphism, then ¢ is a
uniform frame homomorphism in every admissible uniform structure
on L.

(6) If p : L(R) — L is a bounded frame homomorphism, then ¢ is a
uniform frame homomorphism in every totally bounded uniformity
on L.

(6) L admits only one totally bounded uniform structure.

(7) L admits a unique strong inclusion.

(8) L has a unique compactification.

(9) Fora << b€ L, ta* or T b is compact.

PROOF. (1) = (2). Let (M, M) be a uniform frame and let f : M — L
be a frame homomorphism. Take any uniform cover A € M. Then f(A)
is also a normal cover of L. Thus f(A) belongs to the fine uniformity on

(3). £L(R) admits the metric uniform structure.
(4). It is obvious.
(5)

be a base for the totally bounded uniformity on L which is described in
Proposition 3. Since W is a base for the finest totally bounded uniformity
on L, it is enough to show that W C U. Let ¢, : L(R) — L be a
bounded homomorphism for each £ = 1,2,---,n and let » € N. By
hypothesis, for each £ = 1,2,--- ,n, ¢ : L(R) — (L,U) is a uniform

frame homomorphism. Hence A ¢x(C;) € Y. Thus W C Y. In all, L
k=1
admits only one totally bounded uniform structure.
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(6) < (7) and (7) < (8). [2, Proposition 1] and [1, Proposition 2].

(8) = (1). It follows from Corollary 1 of Proposition 5 in [4] that L is
pseudocompact. Hence every uniformity on L is totally bounded.

(8) = (9). Suppose that L has a unique compactification. Then it
follows from the proof of Proposition 4 in [1] that L is regular continuous
and hence « is a strong inclusion on L, where a « b means that a < b
and 1 a* or 1 b is compact. By (7), 4==<<. If a << b, then a €4 b and
hence 1 a* or 1 b is compact.

(9) = (8). Since (7) < (8), it is enough to show that << is the unique
strong inclusion on L. Take any strong inclusion < on L. Then clearly,
with Countable Dependent Choice, <« C<~<. Let a << b. If 1 a* is
compact, then a < b and hence a* V b = e. Since < is a strong inclusion,
a*vVb=a*VvV(V{z e L|lz<b}) =V{a*Vz|z<b} =e. Since T a*is
compact, there is z<1b with a*Vv z = e; hence a < z. Thus a < z<1b; hence
a < b. Now, consider the case that 1 b is compact. Since a << b, there is
uw € L such that aAu = 0 and bV u = e. By the compactness of 1 b, there
isv<du withbVv ==¢e. SinceaAu=0and v<du, a <u*<v* <b. Hence
a < b. We conclude that << is the only strong inclusion on L. O

REMARK. A completely regular frame that admits a unique uniformity
must be regular continuous and hence has a smallest compactification.
This frame compactification corresponds to the one-point compactification
of locally compact Hausdorff space.
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