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THE PRODUCT FORMULA
FOR NIELSEN ROOT NUMBER

Ki1-YEOL YANG

ABSTRACT. In [6], Cheng-Ye You gave a condition equivalent to the
Nielsen number product formula for fiber maps. And Jerzy Jezierski
also gave a similar condition for coincidences of fiber maps. The main
purpose of this paper is to find the condition for which holds the
product formula for Nielsen root numbers N(f;a) = N(f;a)N(fp;a).

1. Introduction

The topological theories of Nielsen number for fixed points, coinci-
dences and roots are all concerned with properties of spaces. Root the-
ory was found in an interesting special case, that in which g : X — Y is
the constant map g(z) = a for some a € Y.

The computation of the Nielsen coincidence number is-one of the
central issues in Nielsen coincidence theory. For fiber-preserving maps
between fibrations, a product formula for the Nielsen number is therefore
a desirable result to obtain. In [6], You gave conditions equivalent to the
product formula N(f) = N(fy) - N(f) for the Nielsen numbers of fibre
maps. And in [2] Jezierski found similar conditions for coincidences of
fibre maps.

The main object of this paper is to giv: necessary and sufficient con-
ditions for such a formula to hold in the root case. As a root theory
resembles coincidence theory in the sense that precise results have only
been obtained for maps that are defined on manifolds, we extend our
attention to the more general spaces. We will investigate the situation
where the spaces are not necessarily manifolds.
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A very clear presentation of many results in root theory can be found
in Kiang’s book ([5]). In [5], the Nielsen root number is defined without
using index; Let f : X — Y be a mapping under H : f ~ H(,1):
X — 'Y a homotopy. If the root class A € I',(f) corresponds to a root
class € IV(H(-,1),a) under any such H, then A is called an essential
root class. The Nielsen root number is the number of the essential root
classes of f for a € Y. In §2, we define an index of Nielsen root class for
the map f : M — N of compact spaces which satisfies the conditions
(*). The definition of N(f;a) using index is given by the cardinality of
the essential root classes of f for a € Y with non-zero index. Then this
number N(f;a) also has the usual basic properties.

In §3, most results are revisions of [2]. So we assume that the reader
is familiar with the theorems for maps of Jerzy Jezierski ([2]). We con-
sider the root Reidemeister classes and establish the relation between
the Nielsen root classes and the root Reidemeister classes.

In the final section we consider the condition for which holds the
product formula. The maps of Theorem 4.5 also satisfy the condition
(xx) for which the spaces are extended to more general spaces. And to
get the product formula we find the condition; for any class A € I',(f)
such that A C p~1(4;), ANp~1(b;) is a single class of fi, (b; € A;).

I would like to thank Jerzy Jezierski for his suggestion and helpful
comments during my visit at the University of Agriculture.

2. Definition of index for Nielsen root classes

Let f : M — N be a map where M, N are compact spaces which
satisfy the following conditions;
(1) there is a subspace M, C M which is an n-dimensional
(*) orientable manifold such that M — M, is an ANR and dim(M
—M.)<n-2.
(2) there is a neighborhood a € V C N such that V' is home-
omorphic to R”.
Let a € N be fixed. We denote the set of roots of f : M — N by
Lo(f) = {z € M; f(x) = a}.
Two points z, ' € T'y(f) are said to be Nielsen equivalent if there is
a path p in M from z to z’ such that [f o p] = [a] (Here [f o p| denotes
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the fixed-end-point homotopy class containing f o p and a is used both
to denote the point a € N as well as the constant path at a € N). This
equivalence induces an equivalent relation; an equivalence class of roots
is called a root class and the set of root classes is denoted by I', (f).

To define an index for a root class A € I (f) let us consider the
following two cases.

(1) If To(f) C M., then take a neightorhood U of A satisfying U N
I'.(f)=Aand U = R™

Since M. is oriented, there is a generator zpr,4 of Hy(Me, M. — A).
Consider the homomorphism

Hn(Me,Me - A) 3 ZM’A

0

H,(U,U — A) — L H,(N,N—a)32na

If f«(2pm,4) = k-2N q, then we define the index for A € T (f) ind(f; A) =
k.

(2) More generally if Ty (f) ¢ M., then we replace f with f’ which is
homotopic to f and satisfies I'y(f') C M,. And we define

ind (f;A) =1ind (f'; A")

where A’ is the Nielsen root class of f’ corresponding to A € I',(f).
The next lemma shows that such map f’ satisfying Ty(f') C M,
exists.

LEMMA 2.1. Any map f : M — N is homotopic to a map f’ such
that To(f') C M.

PrOOF. Consider f~Y(V)N(M—-M.) = {z € M|z & M., f(z) €V}
where V' is a neighborhood of a € N satisfying V =~ D™. Then since
dim(M — M.) < n — 2 by the assumption

dim(f (V)N (M — M.)) <n-—2.

Then there is a homotopy




360 Ki-Yeol Yang

fe: (FFHV)N(M = M), f7H(bd V)N (M — Me))
— (V,bd V) = (D™, 5™1)

rel f~1(bd V)N (M — M.) to a map into bd V.
Then we define

fo(z) ifz -y — M,
ft(m):{fm foe (V)N (M - M)

f(z) otherwise.

Take f’ = f1, and now prove that Ty(f') C M,. Let z € T',(f’) and
suppose that z & M,. If z € f~1(V) then z € (M — M) N f~1(V).
Hence f'(z) = fi(z) € bd V. So f'(z) # a. If z & f~1(V), then f/(z) =
fi(z) = folx) = f(z) € V. So f'(z) # a. This contradiction proves our
claim. (!

Now consider the following lemma which establishes our definition
well defined.

LEMMA 2.2. If fo, f1 : M — N are homotopic and satisfy T'q(fo) U
I'a(f1) C M., then the indices of corresponding Nielsen root classes are
equal.

PRrROOF. Let F: M x I — N be a homotopy between fo and f;, and
Ao € I (fo) correspond to A; € I'’(f1). Then there is a homotopy F’
rel M x {0,1} such that F'(-,0) = fo, F'(-,1) = f1 and o (F') C M. x I.
Let A € T (f) and let fo, f1i =~ f satisfy T'q(fo),Ta(f1) C M. and let
Ap € T (fo), A1 € T, (f1) are corresponded to A. Then fy ~ f; and Ag
corresponds to A;. Now ind(fo; Ag) = ind(f1; A1) since all roots of the
homotopy are lying inside M, x I. O

Let f : M — N be a map satisfying the condition (*). Then for any
A € T (f) we define ind(f; A) as the index of a root class A of f . A root
class A € T (f) is said to be an essential root class if ind(f; A) # 0. The
number of essential root classes of f is called the Nielsen root number and
denoted by N(f;a). This definition of N(f;a) yields a positive integer.
Now we show that N(f;a) has the usual basic properties.
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THEOREM 2.3. (Homotopy invariance) Let fo,f; : M — N be
homotopic maps satisfying the condition (x). Then N(fo;a) = N(f1;a).

PROOF. Let fj, f{ be homotopic under the same homotopy such that
La(fo), Fa(fi) € M. and let Ao, A; correspond to Aj, A} respectively.
Then by the definition and Lemma 2.2, we have

ind(fo; Ao) = ind(fo; Ag) = ind(f{; A}) = ind(f1; A1)
This implies N(fo;a) = N(f1;a). O

THEOREM 2.4. (Lower bound property) Let f : M — N be a
map satisfying the condition (x). Then every map homotopic to f has
at least N(f;a) roots.

PROOF. Let f have N(f;a) essential root classes. Then it has at least
N(f;a) roots. If f’ is homotopic to f which has N(f';a) roots, then by
homotopy invariance (Theorem 2.3) we have N(f’;a) = N(f;a). g

Now we give an example for map f : M — N satisfying the condition
(%).

ExaMPLE 1.5. Let K, L be n-dimensional pseudomanifolds and let
M. = |K| - |K|™Pand a € int ¢ C |L| where ¢ is n-dim simplex.
Then f : |K| — |L| satisfies our assumptions and also we can show this
map f satisfies above two lemmas.

REMARK. In [5], the Nielsen root number N(f;a) is defined without
using index. It is very general but hard to calculate. And if we denote
it as N(f;a), that is, the number of root classes which do not disappear
after any homotopy of f, then we have N(f;a) < N(f;a).

3. The root Reidemeister classes

Let X,Y be path-connected space and let f : X — Y be continuous
map. Fix a point z € X. Define an action of 71 (X, z) on w1 (Y, f(z)) by

((d) - (@) = (£(d) - @).
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Denote the quotient set V(f;z,7) = m(Y, f(z))/imfy(m1 (X, x)) as the
set of Reidemeister classes of f where r is a path from f(z) toa €Y.

Suppose that H C m1(Y, f(z)) is a normal subgroup. Then we may de-
fine the action of 1 (X, z) on 71 (Y, f(z)) as above, and we get Vg (f; z,7).

Now we define an injection map p(, ) : Tp(f) — V(f;z,7). Let 2o €
[.(f) and we fix a path u from z to 2. Then fu —r is a loop based at
f(z). We put p(g ry(2o) = [(fu — r)]. Then the next lemma shows that
P(z,r) is well-defined injection map. A pair (z,r) withz € X and r a
path in Y from f(z) to a is called a reference pair for f.

LEMMA 3.1. Let (x,r) be a reference pair for f.
a) p(z,r) is independent of the choice of u.
b) If xg,z1 € Toq(f) are in the same Nielsen class, then

Pz, (T0) = p(z,r) (Z1)-
C) P(z,r) Is injective.
PROOF. a) If «' is another path from z to zq, then
(fuf ) = (fu — fut fu—r) = (F(e ~u) + fu—r).
Since u' — u is a loop based at z
(fu'—r) = (fu—r).

b) Let v be a path joining xo to z; such that fv =~ a. Then p(; ) (20) =
[(fu — r)]. On the other hand,

Pz, (1) = [(fu' —1)] (x1)

where v’ is a path from z to z;. But we may take u' = u + v. Then
(*1) = [(flu+v) =) =[{fu+ fo—r)]
= [(fu - 7‘)] = P(z,r) (mo)

c¢) Suppose that p(; (o) = p(z,r)(z1). Now show that zo,z; are
Nielsen related. Our assumption (i.e., [{fu—r)] = [(fu'—7r)] € V(f;z,T))
means that there is a loop w based at = such that

(—fw+ fu' —7r)=(fu—r) e m (Y, f(z)),
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(—fu— fw+ fu) = (f(~u —w+u)) =1 € m(Y, f(20))-

Thus —u — w + u' establishes Nielsen relation between z¢ to zi. O

By above Lemma 3.1. b), we also obtain a map p(; ) defined on
I(f), ie, p@r : Ta(f) — V(f;z,7), which assigns to the class of
zo € Tu(f) the class [(fu — r)] where u is path from z to xo.

Let zg,z; € X and let rp,7; be paths in Y from f(zg) to a and
f(z1) to a respectively. Then the next lemma establishes a relationship
between the set V(f;zo,70) and V(f;z1,71).

LEMMA 3.2 ((1.3) in [2]). Let w be a path from x¢ to z; and let
v : V(f;z0,70) — V(f;z1,71) be a transformation defined by v[{a)] =
[(—fw +a-+re— 1”1)].

a) v is independent of the choice of the path w.

b) If zg = z1 and ro = r1, then v is the identity.

c) If (xz2,72) is another reference pair, then the diagram

V(f;20,m0) — Vif;z1,m1)
v\ v
V(f;z2,72)
commutes.
d) The diagram
I(f) "2 V(f;20,70)
Plzr,r) N lv
V(f;z1,71)
commutes.

The conclusion b) and c) show that v is bijective and that we can iden-
tify all V(f;z,r) by v to get an abstract set denoted by V(f). Then d)
shows that we can identify all p(, ) to get an injection p : T (f) — V(f).
Thus each Nielsen root class may be identified with an Reidemeister
class. On the other hand, we say that a class A € V(f) equals A’ € T, (f)
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as a set p(A’) = A, and that A is empty if it does not lie in the image of
p-

Now we define transformations between the sets of Reidemeister (or
Nielsen) classes of maps appearing in a homotopy commutative diagram.
Consider a commutative diagram of path-connected topological spaces.

f

M —

3 ¥
M ___Ji’_) N’

Let (x,7) be a reference pair for f and let H C m1(N), H' C 7 (N’) be
normal subgroups such that ky(H) C H'. Then the map

k:Vu(fiz,r) = Vi (f'; h(z), k(r))

given by «[{a)g] = [(ka)m] defines a transformation k : Vg (f) —
Va:(f) which does not depend on the choice of (z,r).

THEOREM 3.3 ((2.1) in [2]). Consider the diagram of path-connected
topological spaces

M___’i_,

" |»

M L
Let H C m(N),H' C m(N') be normal subgroups such that ky(H) C
H'.

a) If our diagram is commutative then it determines a map « : Vy/(f)
— Vi (f) given by £ : Vu(fiz,r) — Vi (f';h(z), k(r)), slla)n] =
[(ka)g'] where (z,T) is a reference pair for f.

b) If the diagram is only homotopy commutative (with some homo-
topies F : kf ~ f'h) but kyH = H' and k, h are homeomorphisms then
it determines a bijective transformation ng : Vg (f) — Vg (f) which
may be represented by

nr . VH(f;.’L','f') - VH’(fI; h(l‘), -—F(l‘, ) + kr)
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nel(a)u] = [(—=F(z,) + ko + F(z,-)) u]-

The transformation nr depends on the choice of the homotopy F. But
if there exists amap F' : M xIxI — N’ such that F(z,0,t) = (k.o f)(¢),
F(z,1,t) = (f' o ht)(t), then it does not distinguish between homotopic
homotopies.

Let p: E — B, p' : E' — B’ be locally trivial bundles such that
the total spaces, base spaces and fibres are path connected. We assume
that B and B’ are paracompact. Then the above bundles are Hurewicz
fibrations; denote by A, \' their lifting functions. Let Ej = p~!(b) be the
fibre over b € B.

Let by, b1 € T's(f) and let @ be a path in B from bg to by and fi ~
const. we denote by 7 : Eg() — Eg(1). This map is given by the formula
Ta(z) = M@, z)(1).

Since the considered bundles are locally trivial we may assume that
the maps 73 : Ej50) — Egq) are homeomorphisms.

Suppose we are given two fibre maps, i.e., a commutative diagram:

f r

~— FE

d |
B . p 3a

Now we show how a path joining points from on Nielsen class of I';( f)
induces a map between the Nielsen classes on the corresponding fibres.
For b € B, we denote by f, : E, — E}—(b) the restriction of f on p~!(b)
ie., fo = flp-1) : 271 () — () "H(F (D))

For a fixed ¥’ € B’ we denote by K the normal subgroup of m1(E},)
given by the formula

K(z') = ker(m1(E},,2') — i (E, z').

Let b € T'5(f). Then flp-1¢) = fo : p~1(0) — (@) (F (b)) = (')~ (@).
So we get the set Vi (fp).

Let by, b; € I'z(f) be Nielsen equivalent and @ be a path joining them
such that f& ~ const.. We are going to define a bijective transformation
between the sets Vi (fy,) and Vi (fs,) induced by 4.
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Consider the diagram:

fop ,
Epy — Efgy)
Ta l J,T}ﬁzid
fop ,

E,, ——

F(b)
Then above diagram is homotopy commutative by means of
F(z,t) = fﬁ(t)Tﬁ(‘)(x)'
Now we may apply definition 7 to above diagram and we obtain a map
Ta: Vi(foo) = Vi (for)-

According to the definition of nr and the similar calculation from [2] the
formula representing this map takes the form

Ta: Vi (foo; 2,7) = Vi (for;2',7")

given by Ta[(a)k] = [(/)k], where 2/ = u(1) and .o are paths in
E% 4, yhomotopic to —fu +r and —fu +a + fu respectively.

Let b € T's(f). Then (ip)v : Vi (fs) — V(f) will stand for the map
induced by the commutative diagram

B, —— e
| |
E ., F

with constant homotopy.

LEMMA 3.4 ((4.7) in [2]). Let bo,b; € T'a(f) and let @ be a path

joining them such that fu ~ const.. Then the diagram is commute.

Vi (fro) —2 Vi (fs,)
(6e)v 1 (i)W
V(f)-
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PRrROOF. Choose a reference pair (2o, ) for fp,. Then
(i6)v [(@) k] = [(@)] € V(f; 20, 70)

(ibo) v Tal{) k] = [(o)] € V(fi21,1),

(where z; = u(l),mr1 = —fu+7rg, 0/ = —fu+o+ fuand u = (@, zo)).
Since v : V(f;z0,70) — V(f;21,71)

vi{a)] = [(—fu+a+ro—71)]
=[{~fu+a+ 10— 710+ fu)]
= [(—fu+a+ fu)] = [()]-

Thus above two elements represent the same element in V(f). O

LEMMA 3.5 ((4.11) in [2]). Let bo,b1 € [s(f) and let A; € Vi (fs,)
(i = 0,1). Then (is,)v(4o) = (i, )v (A1) iff there exists a path ¥ from
by to by such that fi ~ const. in B’ and T(Ag) = Ai.

Let b € I's(f) and let ¥ be a loop based at b such that fu ~ const.
Then we have the map Tg; V(f») — V(f»)- So two Nielsen classes Ag, A1
€ V(fy) give the same class in V() iff there is a loop @, as above, such
that Ty(Ag) = A;. Thus to get a product formula, we need to assume
that Co(f) = kerfy = {(a) € m(E) : fi{a)) = 1 € m(E')} acts
trivially on V(fy) (it means for any @ € Co(f), Ta = identity).

4. The product formula for Nielsen root number

Consider the commutative diagram

LN

EFE ——

0| |»

f

B —— B

which satisfies the following conditions;
(i) (E,p, B) satisfies that E.(C E) is n-dimensional manifold
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such that dim(E — E.) < dimE — 2.
(i) (E',p’, B') satisfies that for a € E',p'(a) € B',a € U C F,
(xx) and p'(a) € V C B’ such that U,V are homeomorphic to
Euclidean space.
(ili) dimE = dimE’, dimB = dimB’ (hence the dimensions
of all fibres are equal). And the orientations of the base
spaces, total spaces and fibers are compatible.
We consider the root index for f, f and f, with respect to these ori-
entations.

THEOREM 4.1. Let {10_6 F;(f) and p(Ao) C Ao € F:—z(f_'),b € Ao.
Then ind(f; Ao) = ind(f; Ao) - ind(fo; Ao Np~1(b)).

PROOF. Suppose we are given a continuous family of commutative
diagram.

E I, B

Find a fibre homotopy such that fo = f and the roots of fi, fi lie in
Euclidean part of E, F, B. Then

ind(f; Ao) = ind(fo; Ao) = ind(f1; A1)
= ind(fi; A1) - ind(f1,,; A1 N p~ 1 (Br))
= ind(fo; Ao) - ind(fo,,; Ao N p (b))
= ind(f; Ao) - ind(fss; Ao NP~ (b)) O

Now we find the fibre homotopy. First we note that for f there is
a homotopy f; such that fo = f and I's(fi) C B.. We may assume
that T'z(f1) is finite. Then by Homotopy Covering Property, there is
homotopy f: : E — E such that fo = f covering fr. Let b € Ta(f1).
Consider f, : p~1(b) — p~*(f(b)). Then we find a homotopy f{ such that
fo = fp and Te(f]) C (p~1(b))e- So there is a homotopy f; (1 <t < 2)
such that the restriction to the fibre p~1(b) is the previous homotopy f;.
Then the map fo satisfies the claim.
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Let A, -, A, denote all essential root classes of f: B — B'. Then
the essential classes of f lie over Ay U---UAs. Foranyi=1,---,s, let

Ci = #{A € T,(f) | ind(f;A) #0, p(4) C Ai}.

Then N(f;a) = Cy +---+Cs and N(f;a) = s.

Consider an essential Nielsen class A € T',(f). Let p(4) C A; and
let b; € A;. Consider the set A Np~1(b;). How many Nielsen classes of
the restriction f|,-1(,) = fp, are contained in AN p~1(b)? According to
Lemma 3.5, we have the next lemma.

LEMMA 4.2. The two points 2o, 21 are Nielsen related as roots ot f
iff there exists a loop 1 based at by € B such that fu is contractible and
Ts : Vi (f) — Vk(f) carries Ag into A1 (4 € ker fy).

COROLLARY 4.3. ker fy is acting on the set I'(fy,) by T3. And two
classes Ao, A1 € T (fs,) belong to the sarne Nielsen class of A € T',(f)
iff they lie in the same orbit of the above action

Ta: Vi (foo) — Vi(foo), Talla)k] = [(Tu(a));@ € ker fy].

Now we discuss the product formula of the Nielsen root numbers of a
fibre map.

THEOREM 4.4. a) If N(f;@) =0, then N(f;a) = 0.

b) If N(fs;a) = O for all b lying in an essential class, then N(f;a)
=0.

c) If N(fp;a) = 1 for all b lying in an essential class, then N(f;a)
= N(f; ).

PROOF. If the assumption of a) or b) is satisfied, then every class

of f is inessential. The assumption of c¢) implies that C; = 1 for all
i=1,--+,s. O

THEOREM 4.5. Suppose we are given & commutative diagram which
satisfies condition (**) and N(f;a) # 0.

E_1 F

It

B#B'
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Then the formula N(f;a) = N(f,;a) + - + N(fs,;a) holds iff the
following two conditions hold;
(a) Nk (fo;a) = N(fo;0). _
(b) For any class A € T',(f) such that A C p~'(A;), ANp~i(b;) is a
single class of fy, = f|p-1(s,), bi € As.

PROOF. Under the assumption (b), for A; € T'4(f) the action on
Vi (fp,) is trivial (i.e., Tz = identity). Then we have

C,;=NK(fbi;a), i=1,---,s.
So

N(f;a’)=Cl+"‘+CS:NK(fbl;a)'f‘""l-NK(fbs;a)
:N(fb17a)++N(fbs,a) 0

If moreover the Nielsen numbers of all restriction to fibre are equal to
Ni(f»,;a), then above product formula gives

N(f;a) =s- Nk(fe,;;a) = N(f;a) - Nk (fp,;0),
that is, N(f;a) = N(f;@) - N(fs; a).
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