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INJECTIVE PROPERTY OF GENERALIZED
INVERSE POLYNOMIAL MODULE

SANGWON PARK

ABSTRACT. Northcott and McKerrow proved that if R is a léft noe-
therian ring and F is an injective left R-module, then E[z~!] is an
injective left R[z]-module. In this paper we generalize Northcott and
McKerrow’s result so that if R is a left noetherian ring and ¥ is an in-
jective left R-module, then E[z~9] is an injective left R[z"]-module,
where S is a submonoid of N (N is the set of all natural numbers).

1. Introduction

Northcott ([3]) considered the module K[z~!] of inverse polynomial
over the polynomial ring K[z] (with K a field), and Northcott and McK-
errow ([1]) proved that if R is a left noetherian ring and E is an injective
left R-module, then E[z~!] is an injective left R[z]-module. In this pa-
per we generalize Northcott and McKerrow’s result so that if R is a left
noetherian ring and F is an injective left R-module, then E[z~°] is an
injective left R[z°]-module, where § is a submonoid of N (N is the set
of all natural numbers). Inverse polynomial modules were developed in
[4] [5] and recently in [2].

DEFINITION 1.1. Let R be a ring and M be a left R-module. Then
M(z1] is a left R[z]-module such that

z(mo + miz 4+ Mmpz ") =my + Moz + -+ +mpz T

and such that

1 n

rimo+miz™ 4+ Fmur™™) = rmo +rmiz ™t + -+ rmpz”
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where r € R.

Similarly, we also can define M[[z~!]], M[z,z~ '], M|z, 2z7!]], and also
M([z,z~1] as left R[z]-modules where, for example, M [[z,z~!] is the set
of Laurent series in z with coefficients in M, i.e., the set of all formal
sums ) 3, mgz® with ng any element of Z (Z is the set of all integers).

DEFINITION 1.2. Let R be a ring and M be a left R-module, and
S = {0,k1,kz2,- -} be a submonoid of N (N is the set of all natural
numbers. Then M[z~5] is a left R[z°]-module such that

¥ (mg + miz ™% 4 moxh2 .. 4 mnm_k")

— mlw—k1+ki + mzx—k2+ki RS mnx—kn—I-ki

“hiths — gp=kithe o gf ki+kieS

=0, if —kJ+k,¢S

where T

For example, if S = {0,2,3,4,5,---}, then mg +mox 2 4+maz 3+ -+
m;z~" € M[z~%] and if S = {0,1,2,3,4,--- }, then M[z~5} = M[z™1].
Similarly, we can define M[{z~%]] as a left R[z%}-module.

LEMMA 1.3. Let M be a left R-module and S = {0,k;,k2,---} be a
submonoid of N (N is the set of all natural numbers). Then

Hompg(R[z%], M) = M[[z™5]]

as left R[zS]-modules.

PROOF. Define ¢ : Homg(R[2z5], M) — M[[z~5]] by
() = f() + f(a*)z™h + faho)z™ + -
Then ¢ is an isomorphism. O

THEOREM 1.4. If E is an injective left R-module, then E[z=5]] is
an injective left R[zS]-module.
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ProoF. Let 0 — M — N be an exact sequence of left R[z®]-

modules. Since,
Hompg(R[z%], E) = E[[z~5]],

equivalently we want to prove that the following diagram

0 M N

Homa(R2%) )
can be completed to a commutative diagram. Note that
Hompges)(N, Hompg(R|[z®), E)) & Hompg(R[z°] ®pjzs) N, E)
Hompg,s)(M, Hompg(R[z%), E)) = Hompg(R([z°] ®pg(es) M, E).
R[z5)g(es) is flat. So if 0 — M — N is exact, we have
0 — R[z5) ®pjzs) M — R[z°]) @pps) N
is exact. Since E is injective we can complete the following diagram:

0 ——R[:L'S] B R[z5] M——R[ZS] ®R([zS5) N

»

E
Hompg(R[z%] ®gjzs) N, E) — Hompg(R[z®] ®g[,s) M, E) — 0 is exact.
HomR[zs](N, Hompg(R[z°], E)) — HomR[ms](M, HomR(R[:rS],E)) — 0

is exact. Hence, Hompg(R[z5], E) is an injective left R[z°]-module, i.e.,
E[[z~5]] is an injective left R[z"]-module.
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2. Main Theorem

DEFINITION 2.1. Given any module M and f € End(M) we say f is
locally nilpotent on M if for every x € M, there exist n > 1 such that

f*(@) =0.
The following Theorem 2.2 is originally due to Matlis and Gabriel.

THEOREM 2.2. If R is a left noetherian ring, and E is an injective
left R-module, and f € End(E) is such that E is an essential extension
of Ker(f), then f is locally nilpotent on E.

PROOF. Let K be the kernel of f and E be an essential extension of
K. Consider the direct sum K @ K @ --- of countable number of K's.
Choose (a1,az,-- ) E E®E®---. Then a; = 0 for all i > n for some
n. Since F is an essential extension of K, we choose r; € R such that
r1a1 € K. And choose r; € R such that ro(r1as) € K and so on. We
choose rx € R such that ri(rg—1---reriax) € K. Then

(rnTn-1---12r1)(a1,a2, - ,04,0,0,--- ) EKDK D+ -- .
Thus E@ E @ --- is an essential extension of K @ K @ ---. Since R is
left Noetherian, E® E @ - -- is injective, so is an injective envelope of
KeKo---. f M C E;,M C E;, are injective envelopes of M and
¢ : E; — Ey is the identity on M then ¢ is an isomorphism. So define
a map
$:E®E®--- — E®E®D---
(21,22, ) — (21,22 — f(21), 23 — f(@2), " ).

Then ¢ is a homomorphism, and @|xgke... = dxgoke.... S0 ¢ is an
automorphism of E® E @ --- and in particular ¢ is onto. Let z € E

and consider (z,0,0,---). Then ¢(z;, 2,23, ) = (,0,0,---) for some
(x1,$2,1:3,"')€E@E@~~-_ Then

Iy =,

z2 — f(z1) =0,

z3 — f(z2) =0,
and so on. So z, = f*"!(z) for all n > 2. But for some n, &3 = 0,
i.e., f*(z) = 0. Therefore, f is locally nilpotent. a

We now have our main Theorem.
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THEOREM 2.3. Let R be a commutative noetherian ring and S be
a submonoid, and E be an injective left R-module. Then E [z79] is an
injective left R[z5]-module.

PROOF. Let S = {0,k1,k2, -} be a submonoid. Then
Hompg(R[z%)], E) = E[[z~5]]
is an injective left R[z5]-module. Define ¢ : E[[z~5]] — E[[z~%]] by

o(f) =z f

for f € E[[z75]]. Then ¢ is not locally nilpotent on E[[z™5]]. So
E[[z~5]] is not an essential extension of Ker(¢). Let E be an injec-
tive envelope of Ker(¢). Then

Ker(¢) Cc E C E[[z75]).
Then ¢ : E — E defined by

$(f) = 2™ f,

for f € E is locally nilpotent on E. So E C E[z~5]. But E[z™] is an
essential extension of Ker(¢), so that E[z~5] is an essential extension
of E. Therefore, E = E[z—5]. Hence, E[z~5] is an injective left R[z"]-
module. (W
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