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UNIFORM TV-DICHOTOMY FOR EVOLUTIONARY
PROCESS IN BANACH SPACES

C. Buse, Y. C. Seo and Y. M. Nam

Abstract. We study some properties of JV-dichotomy for evolution
ary process and generalize the theory of the uniform N-equistability 
using these properties.

1. Introduction

Throughout this paper, X is a real or complex Banach space and 
L(X) is the set of all bounded linear operators from X into itself. 
Let T be the set defined by 7、= {(t, 5) : 0 < s < t < oo). A mapping 
P : T —> E(X) is called an evolutionary process ([1], [6))迁 the following 
are satisfied :

(i) P(t)s、)P(s,to) = F(i,to) for all 0 < i0 <
(ii) P(t, t)x = x for all N £ X,

(iii) P(t, s) is strongly continuous in s on [0, 히 and in t on [s, oc),
(iv) there is a nondecreasing function p : [0, oo) — (0, oo) such that

||P(t, s)|| < p(t — s) for all (i, s) G T.

Let E줌>(X) be the space of X-valued functions f defined almost ev
erywhere on [to, oo) such that f is strongly measurable and essentially 
bounded, and let Xi (to) be the set Xi(io) — {x E X : P(-, to)^ £
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£^(X)}. If X2(t°) is a complementary subspace of Xi(io) then we de
note by Pi (to) the projection along X?(切)and 3(女))=I — Pi (to) the 
projection along X]0)).

We also denote :
3(私如)=P(私 tQPjto) and P2(^ to)=尸(私 *o)/顼拓).
In what follows we denote by N" the set of all functions N : R+ —> -Rm

satisfying the following conditions :
(i) N is nondecreasing on [0, oo),

(ii) N is continuous on [0, oo) and N(Q) = 0,
(iii) N(uv) < N(u) - N(v) for all > 0 and v>0.

EXAMPLE. Let N : R+ — R— = u for u e [0,1] and 
N(u) = u2 for u > 1. Then we know that N E

DEFINITION 1.1. (cf. [2], [3], [4]) An evolutionary process P is said 
to be :

(i) uniformly exponentially dichotomic (and we write P is u.e.d) 
if there are N& XlS > 0 such that

(1.1) 拔))끼 < Mi • exp[-^(t 一 s)] • ||Pi(s, 而)씨I

and

(1.2) ]|]%。, 女))께 > M2 •expS(t-s)] • |f, to)끼,

for all i > > io > 0 and x € X,
(ii) 2V-uniformly exponentially dichotomic (and we write P is N~

u.e.d) if there are A고, M2, % > 0 such that

(1.3) N시3(撰o)께) < Mi • exp[-j/i(t - s)] • N(||」Pi(s,&))께),

and

(1.4) MII3G 4)께) > • exp[i/2(t - s)] • N(\\P2(s, 女))에),

for all t > 5 > to 0 and x E X.

It is clear that the uniform exponential dichotomy is a particular 
case (when N(u) = w) of the 7V-uniformly exponential dichotomy.
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Lemma 1.1. Let : T be a function. If there exist positive 
numbers & 7)with r] > 1 such that

(1.5) Tjip{s + 8, to) < 9(禹甘))and

for all t > s > to > 0y then there are K,z丿 > 0 such that

(1-6) t°) M K . exp[~v(t -划以禹 t0),

for all t > s > to > 0.

PROOF. Let t > s> tQ >Q and n = [(t — s) - ^™1]. Then we have 

9(私 to) < H(p(s + n6,to) < r]~nH(p(s.tQ) = Jf-exp[-i/(t-s)] • 99(s,t0), 

where K = r)H and v = 8一丄, hv?. This completes the proof.

By the same method, we can also prove the following lemma.

Lemma 1.2, Let : T [0, oo) be a function. If there exist positive 
numbers 6)rj > 0, with X] e (0,1) such that

(1.7) + 奴 t°) N and

for cdl t > s > tQ > 0^ then there are K^v > Q such that

(1.8) to) > K exp[i/(i — s)]^(s, to)-

Lemma 1.3. Let g : R+ t R^_ be a continuous function on with 
inf{g(u) : u> 0} < 1 and x E X such that

(L9) 】V(||Fi(t, 姑)끼I) < g(t 一 s) • N시R(s, 如)께),

for all t > s > to > 0. Then there exist M> p > 0 such that

(L10) N(||Pi(t,to)께) < M.expl—gt — sj.AWPiGtoSII).
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PROOF. Since inf{^(u) : tz > 0} < 1, there is » > 0 such that 
g(5) V 1. Let n = [(i — s) • € N. It is clear that there is r e [0,5)
such that t = s + n6 + r. Hence we have

N(||R(撰 o)꾀I) = s + 湖)R(s + 泌业))끼 I)

< N(F(* — s 一湖))• N(|Bi(s + nS, to)||)N(P(6)) 

•M)・N(I|Fl(s + S —1)昼 o)||)
<

GV(P(5)) • (g0))”nv 시3(験。)쎄)

= MRS)) • exp(-z/n<5) • 1V(|成[(禹姑)께)

= N(P(5)) • exp[-i/(i — s)] • exp(z/r) • ]\「(||/%(&女))씨|)

= M・exp[—”(t-s)] - M||R(s/o)끼),

for all t < s < to 0, where v = - ln(g(8)) > 0 and M = N(P(S))
x exp(?;r) > 0. This completes the proof.

And we have the following corresponding lemma.

Lemma 1.4. Let h : [0, oo) —，(0, cx>) be a continuous function on 
[0, oo) with sup(/i(w) : u > 0} > 1 and x E X such that

(1.11) N에3(撰o)이I) > h(t 一 s)N(||F2(s,M)끼I),

for all t > s > tQ > Q. Then there exist A仁 pz > 0 such that

(1.12) N(||3(t,切께) > " .exp“(t - s)] • N(||瑚s,t°)께).

2. 7V-dichotomy for evolutionary process

Theorem 2.1. The following statements are equivalent:
(a) There exists N W N such that P is N-u.e.d.;
(b) The evolutionary process P is u.e.d.;
(c) For every N £ N the evolutionary process P is N-u.e.d..
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PROOF, (a) =부 (b): Let s > to o? W > 0 and x E X. From (1.3) 
we obtain

(2-1) MjTexp(“w) • lV(||3(s+ u,而)께) V N(||R(s, 女))께).

Since
lim M71 exp(i/iiz) — oo, 

21—>00
there exists 6 > 0 such that

(2-2) N⑵ • N시R(s + u, 切)찌I) < M||R(s, 姑)끼|),

for all s > to 0, u > 6, and consequently

(2.3) 2||R(s + % 如)께 < ||Pi(s,4)께

for all s > io 0, > 6 and x E X. On the other hand, if s < £ < s -j- 
나比 n

|旧佔兰0)께 = ||P 佔, s)R(s,Zo) 쎄
(2.4) M Af exp[3(t —s)]. ||R(s,to)께

< Mexp(M) • ||Pi(s,to)찌|.

From (2.3), (2.4) and Lemma 1.1, we obtain that there exist M[, l* > 0 
such that

||Fi(小o)께 < exp[-z/(iJ s)] • |]R(s,#o)끼

for all i > s > ^ > 0 and x e X.
Let t > s ~>t()> 0 and r] > Q such that TV(77) < M2- Then

MllRSo)쎄) > • M||P2(s，M)찌I)

> ||Fb(s, 切)：이I), 

and hence

(2.5) 113(*, to)이 2 께P2(s"o)제
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for all f > s > to 0. Since lim“T8 -峨 • exp(〃2^) = oo, there exists 
r > 0 such that

N시R(s + Mo肉 > M2) • N(||0(Mo)쎄)?

and hence

(2.6) ||3(s + 6, £0>|| > 2||/^(s,i0>||

for all s > io > 0 and x & X. From (2.5), (2.6) and Lemma 1.2, we 
obtain that there exist 诺 > 0 such that

II形(z, 而)께 > 她 exph，負 一 s)] • ||P2(s,to)에

for all t > s > to 0 and x E X.
(b) n (c): Let t > s > to > 0 and N C N・ From (1.1) it follows 

that

(2-7) N(||R佔, 姑)께) < N(M、exp[—- s)]) • N시R(s,圮씨|)

and from limu_^o N(u) = 0, there exists 5丄 > 0 such that

(2-8) 】V(||R(s + &，M)이I) < 刑V시R(s,M)께)

厶

for all s > io > 0 and x E X. On the other hand, it follows from (1.1) 
that

||R("o)께 < Mi||R(s,to)께

for all t > 5 > £o 0 and x £ X. Using Lemma 1.1, we obtain that 
there exist Mf,理 > 0 such that

Ml成L齢o)찌I) < •也*'exp[—"i佔 - s)] • N(||Pi(s,o)께)

for all t > s > io 0 and x E X. From (1.2) we obtain

M尸exp[-"阳一 s)} • ||3。,切)께 > I田2(s,拓)께
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for all t > s > to > 0, and hence

【V(M「iexp[-”2(t-s)D • IV시0(t,7；o)끼I) > IV시3(s*o)쎄).

Hence limu^o N(u) = 0. Therefore, there exists Ti > 0 such that

시R(s +丁"o)꾀I) > N(||3(s"o)께) 
厶

for all t > s > t0 0 and x E X.
By (1.2) it follows

A頌'113佔,姑)께 > ||3(s,to)쎄

for all t > s > to > 0, and consequently

A《|田2(収0)께) > 卩\73頌1)「1 • N세R(s,*o)께)

for all t > s > to 0 and x e X.
(c) => (a) is obvious.

Seo-Nam [5] proved the following theorem.

Theorem 2.2. The evolutionary process P is u.e.d. if and only if 
there exist Af, m > 0 such that

广8
(2.9) J |旧(以0)께也上 ||RSo)께 ,

(2.10) f ||3(以0)께如 < M • ||3(撰o)쎄 ,

JtQ

and

(2.11) m • ||R(私 而)께 < ||/如 + 1, 圮께

for all (t,to) C T and x E X.

Now, we are in a position to prove the main theorem in this paper.
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THEOREM 2.3. The evolutionary process P is N~u.e.d. if and only 
if there exist N C N and > 0 such that

广8
（2.12） / N（||R（s 如）께）血 < M • 斗旧（宇。）쎄）,

（2.13） 广]V（||P2（心））께）血 <M-7V（||P2（£:i0>||）,

Jto

and

（2.14） m0（||尸20如）께） < M||F施+ L如）께）

for all （i, io） £ T and x E X.

PROOF. The necessity is obvious.
For the sufficiency, let i > s + 1 > s > io > 0. Then we have

WPi（"o）께）. 广（N（PW）））-成

Jo
= /o Ml成（'，丁）3（丁，'0）께） • []V（P（"））「'血

< [ 心叩一7））.1四成1（7*0）쩨）.（1\「（的 — 7）））-亳7 
丿弋 一고

= [ N（||R（70o） 께）涉7
J t— 1

Z
8

IV시3（7, 而）께）d丁

MM.N（||Fi（s,M）제）.

Therefore

께） < M（/'（N（PW）））T血）t ・]V（||3（s,如）께）

for all i > 3 + 1 > s > io 0.
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If to s < t < s + 1, then

N시R(撰o)圳) < N(P(t — s)) .IV세R(s"o)시I) 

GV(尸⑴) “이&為圮께),

and hence

(2.15) N시而)끼I) 시R(s,0)끼I)

for all t > s > to 0 and x G X, where

H = max｛肱• (「N(PW))血)t, JV(P(1))).

Jo
Integrating (2.15) from s to f we obtain

(z — gv세R(m))께) V h/Lv시에)血 

Zoo
MIIRW, 如)께)如

< H ■ M ■ N^WP^s^xW).

(2.16)

Combining this a표d (2.15), we obtain

(2.17) N(||R(t, &))께) < M(H + 1) • (S s + I)"1 • N시R(s,M)찌|) 

for all £ > s > to 0.
It follows from Lemma 1.3, there are > 0 and > 0 such that

(2.18) 2V(||Pi(£, 圮께) < Mi exp[f« - s)] • N(||R(s, i0)x||) 

for a]], t > s > to > 0.
Let x E X and t > s > to + 1 > to > 0. Then we have

IV 시 3(5께) • 广 (1V(F(司 ))f血

Jo
= N세P2(s,to)께) •「(N(F(s — 7))厂1所

J 3-1
으 [ N시 3(丁, to)께)出- 

JtQ
WM・M||P2( 撰。)께).
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Therefore, for t > r + 1 > ?; > to

6心 制睥,而)에) 2 "T [\N(P(u)))~ldu

5보이丿 Jo
• N(\\P2(v + 1,t0)x\\)K • JV(||P2(r, 而)세),

where 】
K = AL-m- [ (1V(P(S))T血.

Jo
Integrating (2.19) from v + 1 to t, we obtain

(2-20) 广 MII3( 丁, 姑)께)心 >K(t~v-l)^ N(| 成2(饥 标)) 께) 

J 어」

for all i > v + 1 > v > to > 0.
Therefore,

K(—l) . Mils, 圮꿰) <「N(||3(7, 圮에)打

(N.N 丄丿 JtQ
< M ■ N(\\P2(t,t0)x\\)

for all i > v + 1 > ?; > io 0. Hence from (2.19) we obtain

(2 22) N시形($,如)께) >'K(t 一 祈 . (肱 + I)-1 • 7V(||P2(v,如)쎄)

' 2 7+ 1)3(1130 而)께)

for all t > v+1 > v >tQ > 0 and x E where K\ = K• [2(M + 1)]"1.
If < t < u + 1, then

N 세 R(w + 1,4) 끼 I) = 7V(||P(v + l,t)P2(t,to)^ll)

割(尸(。+ D • MII3" 께)•

Therefore,

（2 23） 再세尸2（負））께） > （M」P⑴）尸 • n（||R（0 + 1, 圮께）

' 2^・»（01））一「狄|成2（。,如）에）,



UNIFORM 2V-DICHOTOMY FOR EVOLUTIONARY PROCESS 249

and 

(2.24) M||R(撰o)께) > m • 1V(P(1))T • 】V(||P2(0,M)끼I) ■ (t - v)

for all 0 < to <*??</<?； + 1.
Combining (2.23) and (2.24), we have

(2-25) 1«113(以0)께) > K2{t —。+ 1，狄|阻(2槌o)께)

for all 0 < to < t; < t < t; 4~ 1, where

Ka = (m + 1) • [22V(P(1))]~1 > 0.

From (2.24) and (2.25), we have

【V시3(寧o)씨I) > K'(Z -v + iy N시尸2(心o)께)

for all t > s > to 0 and x G X, where Kf — min{K* K?}.
From Lemma 1.4, we know that there are M2 > 0 and 巧 > 0 such 

that

MIL%撰0)쎄) > M2exp[t/2(t 一 s)] - N시頌"))씨I)

for all f > s > to > 0 and x E X. This completes the proof.
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