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In this paper, we obtain the relations among the categories such as Seq, Conv and Top by using various

functors between them.
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. Introduction

Convergence spaces, defined by axioms of
Binz, have been studied from various points of
view (Binz, 1975). In first countable topological
spaces, one can restrict oneself to sequence in
studying convergence and continuity. However,
for more genera spaces it seems to be
assumed that sequences are not enough. But it
appears that in some senses sequences are
adeguate for all spaces considered up to now
in analysis. With this consideration, segquentia
convergence spaces have been studied from
various point of view.

In this paper, we obtain the relations among
the categories such as sequential convergence
spaces, convergence spaces and topological

spaces. For genera categorical background, we
refer to Adamek et al., (1990).

. Main Results

Let Top be the category of dl topological
spaces and continuous maps between them and
Conv be the category of all convergence spaces
and continuous maps between them (Binz, 1975).

Definition 2.1

If A is a subset of a convergence spaces
(X , ¢), then the closure of A in (X , c)
is the set A= {xeX |thee is a filter
containing A and converging to x}
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Proposition 2.2 (Kim, 1975)

For any convergence space (X , c), the
falowings hold :

A
= 9
3) AUB= AUB

SIS
Q| *

Definition 2.3

A subset A of a convergence space
(X , c) is said to be closed in (X , c) if
A=A.

Corollary 24 (Kim, 1975)

For any convergence space (X, c),
{A | A is closed in (X ,c)} is the family
of closed sets for some topology on X .

The topology defined by { A ‘=X | A is
closed in X} is cdled the topoogy
induced by the convergence space X . And
if f: X—Y s a continuous map in Conv,
then f: X —Y is adso continuous in the
induced topologies. Thus, we can define a
functor r: Conv — Top by
(X, ¢) = (X, r(c)) ,whee r(c) is the
topology induced by X and z(f) = f.
Conversely, we can also define a functor o :
Top — Cov by w (X, 7)= (X, «(7)),
where w(7J) is the convergence structure
defined by @ (J)(x) is the set of al filters
converging tox and w(f) = f.

Proposition 2.5
) rrw=1
2 ) (X,¢c)=w-r(X, c)e (X, 0
= w (X, J) for some topology JonX .
Proof. 1) Let (X, T) be any topoogical
space. We will show that z°w(J) = 7.
Note that Aerz-w(7) iff any filter

converging to some point of A contains A
itself. Thus, if A3 and F is any filter
converging to xe=A, then N, &F and
A e N, . Hence, AeEeF i.e
Acsr-w(J). Convesdy, lg x&A
Then N, is a filter converging to X . Thus
A = N, . Since this is true for al xeA ,
wemust Ae 7.
2) (&) Since, ¢c= w(7)

T w(7)= w(7)
= c (=) r(c) is atopology on X and

w-° (€)= w-

w-° rt(c)=c

Remark. For a convergence  space
X,¢c), c(X) Cw(r(c))x).

Theorem 2.6

The functor 7 is a left adjoint of w .

Proof. We will show that for each
(X,c)e Cowv, (1x, (X, z(c))) is
w-universal map. First of al, it is easy to
see thaa 1,: (X, ¢c)—w- (X, ¢c) is
continuous. Let ( X , ¥ ) be any topological
space and f: (X, c)—=(X ,w( 7)) be
any continuous map.

Then z(f)=f: z(X, c)= (X, z(c)) —
(X L o( T )= (X ,dw(T)) is
continuous. Now, since 7 = z(w( T ))
by definition, f: (X, z(c)—=( X, T)
is continuous. Hence 7 is a left adjoint of .

Proposition 2.7

The functor @ is full, fathful and
embedding.
Proof. Let f: w(X, T)—aw( X , T)
be continuous.
Thenz(f) = f: (X, T)—=(X , 7 ) is

continuous by proposition 25. Thus, @ is
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full. Faithfulness is immediate from the
definition of @ .

Let o(X, T)= w(X ', T)

Then r(w(X, T)) = c(w( X , T ).
Thatis (X, 7)= (X', 7).

Hence w is embedding.

Remarks

1) By Proposition 2.7, we may consider that
Top is a full subcategory of Conv.

2) The functor @ is not dense.

Le X = {1, 2,3}

Lee c() ={F. Foo Fuab c(2

={Fi1, F2. Fasta n d

cA={F1. Far Faal where

Fi={AcSX |ieA}, Fi,

={ACSX |ijeA}.

Then (X , ¢) is a convergence space. But
there is no topdogy I on X such that
X, w(F)) = (X,c). Hence @ is nat
dense.

Proposition 2.8

The functor 7 is faithful and dense.

Prodf. Faithfulness is immediate from the
definition of z. Let (X, T ) be any topoogica
spaces. Then (X, w(J))e Cowv and
X, w(7)) = (X, (w(7))) = (X, 7).
Hence r is dense.

Remark. The function 7 is neither full nor
embedding.

Le (X ,c) be the convergence space
given by the previous remarks and (X , c')
be the convergence space gives by

c (x) = F(X), where F(X) is the set of
al filters on X .

Then 1, : (X, z( ¢ ))— (X, z(c)) is

continuous, because r(c) is the indiscrete
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space. But 1, : (X, ¢ )— (X, c) is not
continuous, so r is not ful. Also
(X, ¢)= z(X, ¢) but (x, ¢)=(x, ¢,
S0 r is not embedding.

Let Seq be the category of al sequentia

convergence spaces and continuous maps
between them (Park, 1996).

For X € Seqand A € X, let
A = {xeX | thee is a sequence
< X,> in A converging to X }.

Proposition 2.9

For any sequential convergence space X
and A, B € X , the fdlowings hald :

)y A A
= 9
3) AUB= AUB

N e
SRs

Proof. 1) and 2) are trivial. For 3), suppose
thaa xe= AUB. Then there is a sequence
< x,> in AUB converging to x . If A

contains infinitely many terms of X, , then
xe A o if B contains infinitely many

terms of X, , then X e B.

Hence AUB < A U B. The converse is
trivial.

For a sequential convergence space X and
AcX, A
A = A . Hence by the above proposition,
the family { A< X | A is closed in X }
is a topoogy on X, caled the topology induced
by the segquential convergence space X.

is said to be closed if

Proposition 2.10

For a sequential convergence space X and
A < X, A is open in the induced topology if
and only if for any sequence < X ,>

converging to a point p in A there exists an
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Nog & N such that X, €A for all
n= ng.

Proof. Suppose that there is a sequence
< X ,> converging to p < A such that for
al natura number N, there exists an n = N
with X, & A . Then we can construct a
subsequence < X, > of < X ;> with

Xsy €A 16 Xgn € A °.But since

< Xgm > converges to p, pE A ‘.

This is a contradiction, since A = A °.

Conversely, let p& A °. Then there is a

sequence < X , > in A ° converging to p.
If pe A, by assumption, there exists an
Nge N such tha x,€A for all

n= ng.

But this is a contradiction, since x ,& A °©

fo adl neN. So pe A° e

A S A ° Therefore A © is closed, and
hence A is open in the induced topology.

Theorem 2.11

Let f: X—>Y be a sequentidly

< be induced

topologies on X and Y respectively. Then
)for A SX , f(A)ST(A)

2f: (X, 3)—= (Y, T) is continuous

continuous map and I and

Proof. 1) is trivial, For 2), le¢ U be open in
(Y, I ) and < X,> be a sequence in
pe f (V).
Then f ( x,) converges to f (p) € U.

X which converges to

Since U is open, there exists an ny, € N
such that f ( x,) & U foral n= ny.
Hence x , & f " '(U). so f *(U) is

open in (X , ). Hence f is continuous.

Thus, we can define a functor s @ Seq
—Topby z5(X, 5) = (X, 7,(3)),

where 7,(3) is the topology induced by
X and z4(f) = f .
also define a functor @ws: Top — Seq by
o ws(X, T) = (X, ws(F)) where

ws(7T) = {(<Un>,X)| Up,=X, XeX}.

Conversdy, we can
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