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We introduce the condiional Yeh-Wiener integral, verify the existence of Yeh-Wiener integral, and obtain

inversion formulae for condiional Yeh-Wiener integral.
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Using these, we can evaluate conditional Yeh- Wiender
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. Introduction

Let R? is two- dimensiona Euclidean space,
p and g some fixed positive real numbers.
Let Q be the set defined by

Q= {(s,t)eR? : 0<s<p, 0<t<q}

And Let C,(Q) be the collection of all

real valued continuous functions X defined on
Q such that x(0,t) = x(x,0) = 0.

We can construct the Yeh-Wiener measure
(C,(Q),y,my ) space such that a set of
points

I = {(So, %), (So» 1) ==+, (S0 tn) 1o+ (Sm s t) }

satisfying 0 = gy<s;<---<s,<p and

0 = ty<t<--<t,<q.

Lee B (R™)be the ¢- algebra of Bord
set¢ E in the mn-dimensional Euclidean space

R™, # .. o- algebra of ses.

{ XECZ(Q) : (X(Sl’tl),"',X(Sm,tn))EE }i
where, EeB (R™).

F = U?mn, where the union over all
partitions of Q. This & is an agebra of
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subsets in C,(Q) .

We obtan the - algebra y o
Caratheodory measurable subsets of C,(Q)
with respect to the outer measure induced by
the probability measure on F .

A read valued functional F on C,(Q) is
said to be Yeh-Wiener measurable if it is

y - measurable (measurable trans formation
from  (C,(Q),y) into (R, B (RY)).
Its integral with respect to m,, if it exists, is
caled its Yeh-Wiener integral which is

denoted by EY(#) , we write
y =
EY(F) fCZ(Q)?(X)dmy(x)

We say that & is Yeh-Wiene integrable
or my- integrable when the Yeh-Wiener
integral of %, EY( %), exists and infinite.

The Y eh- Wiener measur ability and
Y eh-Wiener integrability of a complex vaued

functional on C,( Q) are defined in terms of
its real and imaginary parts.

Definition 1.1 Le (C,(Q),y,m,) be

Yeh-Wiener measure space, X a real valued
Y eh- Wiener measur able functiona on

(C,(Q),y,my). Define  a  probability
measure P, on (R',B (R')) determined

by X as follows :
P.(B)= my(X *(B))

for every Biin B (R").
This P, is caled the probability
distribution of X .

Theorem 1.1 Le X and Z be the rea
valued Yeh-Wienea measurable functions on

(CZ(Q)ymey)
with EY(|Z[|)<oo. Then there exists a
B (R')- measurable and P, - integrable

the Yeh-Wiener space

function f on R' such that
fx_l(B)Z(x)dmy(x): | f(wydp,(w)

for every B in B (RY).

If f andg are B (R")- measurable and
P, - integrable functions on (R*,B (RY,P,)
which satisfy this
f(w) = g(w) for ae w in(R',B
(RY).P.

expression then

(Proof) Let a set function ¢ on B (RY)
be

ue)= [ zdm,(x)
fo evey B in B (R'). Then y is the
finite signed measure on B (R') and y is
absolutely continuous with respect to P,.
vaued B (RY)-

measurable and P, - integrable function f
such that

There exists a red

#(B)= [ f(w)dP,(w)
for every B in B (R'). Hence
fXVI(B)Z(x)dmy(x)= fo(w)dPx(w)

for every B in B (RY).
By the hypothesis,
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[ fdr(w) = [ g(wdP,(w)

for every B in B (R?), and hence

f(w) = g(w) for a.e. w in (R',B
(RY ,P).

II. Conditional Yeh-Wiener Integral

We introduce the definition of conditional
Yeh-Wiener integra and evauate conditional
Yeh-Wiener integral for two Yeh-Wiener
integrable functional.

Definition 2.1 Let X and Z be the real
valued Yeh-Wiener measurable functions on
the Y eh-Wiener measure space

(C.(Q,y,my) with E'(|Z])<o.  The
equivalence class of B (R')-measurable and

P, - integrable functions f on R! satisfying
[ zeydm,)= [ f(w)dp,(w)
X Y(B) B

BeB (R')is caled the

conditional Yeh-Wiener integral of Z given
X and is denoted by EY(Z | x).

for every

We wuse EY(Z]|X) to mean edther
equivalence class of al functions f or a

version in it depending on the contex t.
Thus we have

fxw(B)Z(x)dmy(x)= [ E@ 10w, (w)
for every Biin B (RY).

*
The notation " = means that the

existence of one side in an equality implies
that of the other as well as the equality of the
two.

Proportion 2.1 Suppose that X and Y
are two measurable transformations from

(C(Q.,y) into (R'B (R")) with
E'(|Y])<eo. Then for an
measurable transformation g from (R',B

arbitrary
(RY)) into itself, we have
EY((g-xY) =~ ijg(W)Ey(Y | X ) (w)dP, (w)

(Proof)
defined by

Let x be a set function on y

#(@®)= [ Ye)dm,(x)

for every Bey.
For the real valued random variables g + X
an Y on (CZ(Q)!y!my)

E'((g*x)Y) fcz(@g(x (x)) Y(x)dm, (x)

1 s

S 19X 0 Y00 d)

[ gtwdu X Hw)

For every A<B (RY)

e XTHA) = (XN (A))

= fx,l(A)Y(X)di(X)

= [ EYCY IX)(w) dP,(w)
Hence,

_d%(_P-X\N)_: Ey(Y|X)(W)

We have



E'((g-0Y) £ [ g(WE'(Y]X)(w)dP,(w)

Now we introduce some properties for the
proof of following theorems.

Suppose that X and Y ae two
measurable transformations from (C,(Q),y)

into (RY,B (R"Y)) with EY(]Y])<co, and
P, is absolutely continuous with respect to
m on (R*,B (RY).
Let J " be afunction on R’ defined by
3%E) = 12¢ , for £ (w- a,W+0q)
@ 0 ., for Ee(w- a,w+a)
for every weR', ¢>0.

Substituting J ! for g in proposition 2.1,
we have

LImE((3 2+ X)Y)

. w dP, (x
= Lim ij.J Y(X)EY(Y | X)(x)% dm(x)
Here EV(Y|X)(x)% is m- integrable
on R.
Then there exists a version of
E'(Y | X dP, h that
(Y| X) am_ Suc
dP,(w) _ . w
EY(Y | X)(w) dm - LQLTEV((Ja'X)Y)

for ae. we (R',B (R, m). And, by the

linearity of EY,
EY(e™™Y)= EY((cosux)Y)+ iEY((sinux)Y)

Applying proposition 2.1, we have

EY(e'™Y) = leei“WEy(Y | X)(wW)dP (W)
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for every uesR?®.

Suppose that X and Y
transformations from

Theorem 2.1
are measurable

(C,(Q,y,m,) into (R',B (R")) such that
EY(]Y[)<co, ad P, is absolutdy
continuous with respect to m on (R',B

(RY).

Then there exists a version of

EV(Y | X d, h that

(Y I X) gy, sud
dP,

EY(Y () (w) -2

= Lim2 zf(_ N J#L)s 1WEY(e YY) dm(u))

n—0
for ae. we (RY,B (RY),m).

(Proof) For every ueR?!,

dP, (w)

EY(e'™Y)= leei“WEy(Y|X)(W) T

dP,(w) . .
E'(Y | X)(W)% is m- integrable
m
on R'.
Here E’(e'™ YY) is Fourier transform of the

m - integrable function EY(Y | x)(w)w .

Thus the proof is established.

Theorem 2.2 The measurable transformations
X,Y,ad P, ae a in theorem 21. And

E'(e'™Y) is an m-
1

suppose that

integrable function of U&=R”™. Then there
. dP,
exists EY(Y | X) q such that
m
dP, (w)
y XN
EX(Y [ X)W 4 =
1

_ 4L - iuwpy iux
or ije E’(e ™" Y)dm(u)
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for ae. we (R*,B (RY), m).

(Proof) For every ueR!

dP, (w)
dm

EY(e'™Y)= ijei”WEy(Y | X)(w) dm(w)

Let u be a set function on B (R') defined
by

#(8)= [ E'(Y [ X)(WdP,(w)

for every B =B (RY).

Since, E’(Y |X) is P,- integrable on
R', u is a finite signed measure on (R*,
B (R"Y)) which is absolutdy continuous with
respect to P, .

Since, EY(e'™Y) is an m- integrable

function of U on R, we have

Mu(w) L oty eivyydm(u))

dm 277,' R

for ae. we (R',B (RY), m).
And then

e~ gy |y (w -

dm dm

We can evaluate conditiona Yeh-Wiener
integral for Yeh-Wiener integrable function
conditioned

by X (x)=x(s,t) for x=C,(Q where
Q=1[0,s] x[0,t] for some fixed positive rea
numbers s and t.

Let  Y(x) = fotfos{x(u,v)}zdudv, we

can evauate E'[Jy (x(s, ) {x(u,v)}*],

EV(Y | X)(w).
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