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ABSTRACT. The purpose of this paper is to show that if the Fatou set 
F(/) of a CF-meromorphic function f has two completely invariant 
components, then they are the only components of F(f) and that 
the Julia set of the entire transcendental function E\{z) = Xez for 
0 < A < , contains a Cantor bouquet by employing the Devaney and 
Tangerman’s theorem[10].

1. Introduction
The Fatou set F(JV) of a rational function R has at most two com

pletely invariant components, and if the Fatou set F(R) has two com

pletely invariant components, then they are the only components of 

F(R) [5, 15].

For any entire transcendental function, there is at most one com

pletely invariant component [2] and if the completely invariant com

ponent exists, then it is the only component of the Fatou set [11]. 

But it was conjectured by W. Bergweiler [6] that if a meromorphic 

function f has two completely invariant components of F(、f), then 

they are the only components of F(J) under the assumption that the 

Fatou set F(J) of a meromorphic function f has at most two com

pletely invariant components. In fact, Baker, Kotus and Lii [4] proved 

that a CF-meromorphic function has at most two completely invariant 

components.
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In this paper, we study some properties of the completely invariant 

components of the Fatou set of a CF-meromorphic function and of the 

Julia set of an entire transcendental function. That is, in Theorem 

3.9, we give a partial answer to the above question. Also, in Theorem 

4.5, we prove that the Julia set of the entire transcendental function

(之) = Xez for 0 < A < | contains a Cantor bouquet [8, 9, 1 이 by 

employing the Devaney and Tangerman’s theorem [10].

2. Preliminaries
Let / be a map of C into C, where C denotes the complex sphere 

C U {oo}. We denote by fn the n-th iterate of /, that is, /°(之) = z 

and fn(z) = /(/—1 (之)) for n € N. The maximal open set F(f) on 

which the family {fn : n > 1} of iterates of f is defined and normal 

is called the Fatou set of f and its complement J (J) = C \ F(f) is 

called the Julia set of f.

A set S is called completely invariant with respect to the mero

morphic function f if fn(S) C S for all n € Z, where f~k{z) = {w : 

fk(w) = 之} for A: € N

Now, we introduce the notion of periodic points [5, 6, 7, 15] which 

play an important role in the iteration theory.“

A point 之o 三is called a periodic point of f if /n(^o) = 之o for 

some n > 1. In this case, the smallest n with this property is called 

the period of zq. A point zq is called preperiodic if /허(之()) is periodic 

for some integer t > 1. In particular, a periodic point of period 1 is 

called a fixed point. For a periodic point zq of period n, (/")'(之0)is 

called the multiplier, or eigenvalue of z(). If zq = cxd, the multiplier 

is defined to be (g『n)'(0), where g is the conjugation of f with the 

inversion map 之사一> ：.

A periodic point zq is called attracting, indifferent, or repelling 

according to the modulus of its multiplier is less than, equal to, 
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or greater than 1. A periodic point of multiplier 0 is called super

attracting. The multiplier of an indifferent periodic point is of the 

form e27rm, where 0 < ce < 1. We say that zq is rationally indifferent 

if a is rational and irrationally indifferent otherwise. If zo is a peri

odic point of period n, then a = {zq, f (zq), … , /n-1(^o)} is called a 

cycle of length n.

The zeros of /' and the multiple poles of f are called critical points 

of f and the images of critical points are called critical values. We 

denote by Cf and by C； the set of all critical points of f and the 

forward images of 6}, respectively.

A point w G C is called an asymptotic value for f if there exists a 

path ct : [0,1) —> C such that lim—i a(t) = oo and limt—i(/oa)(i) = 

w. The path a is called a critical path for w. We denote by sing(/-1) 

the set of all critical and finite asymptotic values of f and (finite) 

limit points of these values.

A function f is said to be a critically finite function or CF-function 

if the set sing(/-1) is finite.

There is a considerable relationship between the Julia set and pe

riodic points of a meromorphic function.

Theorem 2.1. [6, Theorem 3] If f is a meromorphic function, 

then J(/) is perfect.

Theorem 2.2. [3, Theorem 1] If f is a meromorphic function, 

then J(f) is the closure of the set of repelling periodic points of f.

Let E7 be a component of the Fatou set F(jf) of a function f. Then 

U is called periodic if = U for some m E N. In this case, 

the class C = {[Z, /([/), • • • , is called the periodic cycle. If

/n(L『) 羊 fm(U) for any n 于 m, then U is called a wandering domain.

R. Goldberg and L. Keen [13] proved the following theorem.
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Theorem 2.3. A CF-entire transcendental function has no wan

dering domains.

A similar result was obtained in [11] as follows;

Theorem 2.4. Let f be an entire transcendental function. If 

there exists a finite set {tzi, • • • , aq} of points such that

/ : C \/-1{(2i，•••，物}-今호 \ {位1, •••，사”

is a covering map, then f has no wandering domains.

The following classification of periodic components of a Fatou set 

was initiated by Baker, Kot us, and Lii [4]. In the case for rational 

functions, it seems to have been given by Sullivan [16].

Theorem 2.5. [4, Theorem 2.2] Let f be a meromorphic function 

and U a periodic component of F(f) of period p. Then we have one 

of the following possibilities ;

(1) U contains an attracting periodic point zq of period p. Then 

fnp(z) —今 zq for z E U as n oo, and U is called the immediate 

attractive basin of Zq .

(2) dU contains a periodic point zq of period p and fnp(z) —> zq 

for z E U as n —今 Then (/p)'(之o) = 1 if 之o 三 C. ( For z()= oo, we 

have (g洪)'(0) = 1 where g{z) = l//(l/g).) In this case, U is called a 

Lean domain.

(3) There exists an analytic homeomorphism(/): U —> D, where D 

is the unit disk such that(/>(fp((/= e27raz for some a € R \ Q. 

In this case, U is called a Siegel disc.

(4) There exists an analytic homeomorphism ♦ U -스 A, where 

A = {z : 1 < \z\ < r},r > 1, such that (/>(fp((/= e27raz for 

some Of £ R \ Q. In this case, U is called a Herman ring.
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(5) There exists 之o 仁 dU such that fnp(z) —>: zq for z E U as 

n —> oo, but fp(z()) is not defined. In this case, U is called a Baker 

domain.

Note that the case of an immediate attractive basin is sometimes 

further distinguished on whether the attracting periodic point con

tained in it is superattracting or not. If this is the case, then U is 

called a Bottcher domain, otherwise U is called a Schroder domain.

Remark 2.6. Eremenko and Lyubich [11] showed that a CF-entire 

transcendental function does not have Baker domains. Also this result 

was generalized to CF-meromorphic functions [6].

3. Completely invariant components
For a (CF-)meromorphic function /, the following properties which 

were shown in [4] and [6] are used in the proof of Theorem 3.9.

Lemma 3.1. [4, Lemma 4.1] Let U be a completely invariant 

component of F(J). Then the number of components of dU is 1 or 

co.

Lemma 3.2. [4, Lemma 4.2] If U is a completely invariant com

ponent of F(f), then dU = J (J).

Lemma 3.3. [4, Lemma 4.3] If there are two or more completely 

invariant components of F(f), then each is simply connected.

Theorem 3.4. [4, Theorem 4.5] If f is a, CF-meromorphic func

tion, then F(J) has at most two completely invariant components.

Theorem 3.5. [6, Theorem 12] A CF-meromorphic function has 

no wandering domains.

Theorem 3.6. [6, Theorem 7] Let f be a meromorphic function 

and let C = {UoJUi, Up-i} be a periodic cycle of components of 

F(f).
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(1) IfC is a cycle of immediately attractive basins or Lean domains,

then Uj nsing(f~1) 羊 0 for some j 6 {〔),!,••• ,以一 1}. More precisely, 

there exists j e {0,1, • • • — 1} such that Uj Pl sing(/-1) contains

a point which is not preperiodic or such that Uj contains a periodic 

critical point (in which case C is a cycle of Bottcher domains).

(2) If C is a cycle of Siegel discs or Herman rings, then dUj is 

contained in Un>o{/n(^) : 之 6 sing(f~1)} for all j e {0,1, • • • ,p— 1}.

Remark 3.7. From the previous theorem, the number of cycles of 

immediate attractive basins and Lean domains does not exceed the 

number of singularities of /-1.

A boundary point w of a domain U is said to be an accessible point 

of dU if there exists an arc a : [0,1) —> 17 such that lim—i a(i) = w.

Lemma 3.8. [4, Lemma 4.4] Suppose that f is a CF-transcen

dental meromorphic function, and that F(f) has a simply connected 

completely invariant component U. Then oo is an accessible point of 

dU.

We end up this section with the proof of the following theorem.

Theorem 3.9. Let f be a CF-meromorphic function. Suppose 

that Ui and U2 are two completely invariant components of F(f). 

ThenF(f) = U1UU2.

Proof. Assume that W = F(f) \ (L『i U U2) 羊 0. For each j = 1, 2, 

dUj = J (J) by Lemma 3.2 and 00 is an accessible point of dUj by 

Lemma 3.8. So there are two arcs 引j C Uj such that 7, —今 00. Let p 

be a pole of f. Then 7； = /-1(7j) ―今 p and since Uj are completely 

invariant, 7； C So p is an accessible point of dUj. Also by Lemma 

3.3, each Uj is simply connected. Thus we can find two cross cuts Tj 

of Uj such that each of which has one end at p and the other at 00.
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Then T = I\ U 丁么 forms a Jordan curve in C which separates C \ T 

into two components D and E.

Note that W is not connected by Theorem 3.4. Let V be a com

ponent of W. Since F(f) is open, we have that dV C J (J).

Now take two points6 Tj where Q are not p and oo. Then 

we can join (i and ⑤ by an arc 8 which passes a point w e dV in 

D (or E). So we can choose a point fed such that C V for 

sufficiently small e > 0, and then Be($) meets L『i or L^. But it is 

impossible. □

4. Dynamics of Entire Transcendental Functions
Whether the Julia set J(ez) is the whole plane or not was a long 

standing open question which was conjectured by Fatou [12] in 1926. 

It was first proved by Misiurewicz [14] in 1981, surprisingly simple 

argument without using any sophisticated theorems.

Theorem 4.1. [14] The Julia set J(E) of E(z) = ez is the whole 

plane.

Many authors studied about the Julia sets of entire transcendental 

functions, notably, Fatou [12] showed that the set of periodic points is 

dense in the Julia set J(f) of an entire function /, and Baker, Kotus 

and Lii [3] extended this result to show that J (J) is the closure of 

the set of repelling periodic points. Furthermore, the Julia set of a 

CF-entire transcendental function is the closure of the set of points 

whose orbits tend to infinity. Also R. Devaney showed that the Julia 

set of E\(z) = Aexp(g), 0 < A < j, contains a Cantor bouquet by 

constructing a homeomorphism [8].

In this section, we give another proof that J(E\), 0 < A < j, con

tains a Cantor bouquet by employing the Devaney and Tangerman’s 

argument.
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For a quadratic polynomial, there are basically two types of Julia 

sets : one is a Cantor set and the other is a connected set. For' a 

CF-entire transcendental function, there is a similar dichotonomy : 

either the Julia set is the entire plane or it contains a Cantor bouquet

[6].

Now we consider the definition of the Cantor bouquet [8].

For 7V 6 N, let 分니 = {으 = （昌o, 昌1厂 * *） I 囚 三 幻 I이 으 N} be the 

set of all sequences of integers between —N and N. Then, with the 

product topology, is homeomorphic to a Cantor set. The shift 

map a : 分n —> 分]、q is defined by c「（5o? 昌i, 昌2, • • •） = （昌 1, 昌2, 呂3, • … ）•

For a （7F-eiitire transcendental function E, we call an invariant sub

set Cn C J（E） a Cantor N-bouquet if there exists a homeomorphism 

h : 乞川 x [1, oo） —-> Cn such that

（1） 7「o hr1 o Eo h（으 t） = cr（으）, where tt : 分니 x [1, oo） —今 is the 

natural projection map,

（2） limt—。。h（으, t） = oo,

（3） limn-H>oo（Sn o 九）（으, t） = oo if t 斗 ]..

A Cantor TV-bouquet is similar to a Cantor set, but the components 

are curves tending to infinity instead of points. The invariance of Cn 

requires that E（h（으, 1）） = h（a（으）, 1）. Hence the set A of points 九（昌, 1） 

is an invariant set on which E is topologically conjugate to the shift 

map. We call A the crown of Cn- The curve 九（으, i） for t > 1 is called 

the tail associated to 으.

Let C]幻 be a Cantor 7V-bouquet and suppose that Cjq C Cat十i C 

• • - is an increasing sequence of Cantor JV-bouquets. Then the set

C = （J Cn

N>0

is called a Cantor bouquet.
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Now we recall the specific conditions guaranteeing that the set of 

points whose orbits remain inside a given exponential tract T, defined 

below, is a Cantor bouquet.

Let 乃 be a CF-entire transcendental function and D be an open 

disk in the plane which contains all of the critical and (finite) asymp

totic values. Put T = Dc.

Theorem 4.2. [10, Theorem 1.1] (1) Any connected component 

T of £,“1(r)is a disk whose closure contains oo.

(2) E* : T —今 T is a universal covering map.

We call a component T of E~1(T) an exponential tract.

Proof. We claim that E : E,-1(r)—> T is a covering map. Let 

z € int(r)and let B be an open disk about z in I\ For w e E"1 (z) 

and 6 G B, choose a simple path 7 in B connecting z and b. Since 

之 is not a critical value, we can define a local inverse E石1 for E on 

a neighborhood of z which is uniquely determined by the condition 

乃게之) = w. Since B does not contain singular values, we can ana

lytically continue E~r along 7 to b.

Define a map

사 : jET^z) x B — E-^B)

by 자(w, b) = By the Monodromy theorem, 씨 is well defined,

and also it is one to one and onto since it is the inverse function. So 

씨 is a homeomorphism and 꾀乃—i(r)is a covering map.

Since T is a punctured disk in C, any component T is either a punc

tured disk or a disk. If T is punctured at 00, then E is polynomial, 

and if it is punctured at cz 구 00, then E has a pole at a. But these 

are impossible since E is entire transcendental. Thus T is a disk, and 

hence E\t is a universal covering map. □
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Now we assume that there is a disk which is disjoint from the 

exponential tract T such that 乃 : T —> is a covering map and that 

T is contained in a sector S. Then we may fix a ray ((r) = re애0 

which is disjoint from S and defined for r > p.

Let 7/(r), J € Z, denote the preimages of〈(r) in T. We may choose 

the index j in the natural way so that 的 and 乃十！ are adjacent for 

each j. Then 7j(r) —> oo as r —> oo and the curves 乃 and 乃十1 bound 

a strip which serve as a fundamental domain for E\t- Let Tj be the 

fundamental domain bounded by jj and and let Wn = U사=_NTj.

We say that E\t has an asymptotic direction 9* if 7j(r) is C1- 

asymptotic to a straight line with direction 0* for each curve 引j defin

ing the fundamental domains. So if E\t has an asymptotic direction 

0*, then each of the curves 的 which lies in Wn meets a circle of 

sufficiently large radius at the unique point.

An exponential tract T is said to be hyperbolic if there exist positive 

constants 2?i, ct, and C such that

⑴ | 乃⑵|>C•艾

(2) 四⑵|>心.艾

(3) |퍄(乃'(刀)|<,€—_

for all z in Wn such that E(z) lies in and |히 = r 之 2?i.

We will prove Theorem 4.5 by employing the following theorem 

and lemma.

Theorem 4.3. [10, Theorem 3.3] Let E be a CF-entire transcen

dental function. Let T be a hyperbolic exponential tract on which E 

has an asymptotic direction 이*. Then for each N

人川 = {之 e WN\Ej(z) e WN for all j > 0}

is a Cantor N-bouquet. Consequently,

Jt(E) = {z : E\z) eT for all j >0}



DYNAMICAL PROPERTIES ON THE ITERATION OF (7F-FUNCTIONS 11

contains a Cantor bouquet.

Lemma 4.4. [10, Lemma 2.3] If both z and」E\(之) lie in W^, then 

Re(Ex(z)) > 2Re(z).

Theorem 4.5. The Julia set JofEx(z) = Xez, 0 < A < 1/e, 

contains a Cantor bouquet.

Proof. Clearly 0 is the only singular value for E\. Let D be the 

unit disk and let T = Dc. Then 0 e D and

= {z : Re⑵ > ln(l/A)}

is the only exponential tract T and is contained in the sector S = {z : 

| arg끼 < 7r/2}.

Fix a ray(；(i) = te", t > 1. Then it is disjoint from S and 

consists of curves 乃 for all j G Z, where 7j = {77 + (2j — 1)ttz : 

rj > ln(l/A)}. Clearly, each 乃 is C^-asymptotic to 0* = 0. Then we 

denote by Tj the fundamental domain bounded by the curves 7, and 

十 1, that is,

Tj — {z \ Re(之) > ln(l/A), (2j — 1)7「< Im(之) < (2j + l)7r} .

Now we claim that T is a hyperbolic exponential tract. Take a 

positive real number R± larger than (27V 十 1)7「and let r > R±. Then 

for z e Wn so that E\(z) G Wn and \z\ = r, we have

\Ex(z)\ = AeR")> 九的2_(27…)… .

Also since Re((E\(之))) > 2Re(之) by Lemma 4.4, we have

I arg(E*'(之))| < arctan
(2』V + 1)7T
Re(_E( 수)

< arctan
,(2 川+1)7T 

2y/r2 — (2N + I)2%2
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Since the arctangent is bounded, we may choose the positive real 

numbers C and a which satisfy the following inequalities (1) and (2). 

Indeed, a is taken so that ra is sufficiently close to 1.

(1)

(2)

AeV/r2_(2T\『+l)27r2

Ct
C>er

(2TV + 1)7t 
arctan ——그========= 

2y/r2 — (27V + l)27r2

So T is a hyperbolic exponential tract which has an asymptotic direc

tion 0* = 0. Thus by Theorem 4.3,

KN = {z e Wn\E{(z) e WN for all j > 아

is a Cantor 7V-bouquet and

Jt(Ex) = {z : E{(z) e T for all j > 0}

contains a Cantor bouquet. □
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