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Derivation and Application of Survival Functions for
Unthinned Forest Plantation'*
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ABSTRACT

In this study, 15 survival functions in integral and difference forms for forest plantation were derived
based on assumptions for the number of surviving trees and the differential forms of the mortality rate
model. Then, performance of the models was evaluated by fitting to remeasurement data of unthinned
white pine(Pinus strobus) forest plantation. As a result, three equations associated with a power
function of age, #’, are somewhat more suitable for describing the effect of self-thinning over time.
On the other hand, a general survival function for Japanese larch(Larix leptolepis) forest plantation was
derived in order to exam the effect of site quality on self-thinning procedures. The results indicate
that the Nain is negatively correlated with site index and, even though the same initial stand density
was assumed, the survival function curves differ in shapes associated with site index values.
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INTRODUCTION to use in predicting growth of stands with higher

With the assumption that no mortality occurs
in well-managed forest plantations, most of
growth models negiect the problem of mortality.

However, the assumption may not be appropriate
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initial density, because mortality in a dense stand
is one of key factors influencing the change of
timber growth.

To solve the problem, there have been efforts
among forest scientists to develop stand growth
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models considering stand mortality as the func-
tion of stand age, competition and suppression.
Drew and Flewlling(1977), Smith and Hann(1984),
and Tang et @l.(1994) used Reineke’s stand
density index(1933) or Yoda ef al’s 3/2 power
law of self-thinning(1963) in estimating the mor-
tality in pure even-aged stands. In these models,
mortality was assumed as the results of competi-
tion and suppression rather than stand age. How-
ever, Khilmi(1957), Minowa(1983) and Hara(1984)
interpreted stand mortality in a different way and
developed stand growth models describing de-
crease in the number of surviving plants as the
function of stand age for development of self-
thinning .

On the other hand,
their attention on relative mortality rate(RMR)
models.

some researchers focused

Assuming the RMR models as a con-
stant and hyperbola function of age, Clutter ef
al.(1983) derived two kinds of mortality func-
Clutter and Jones(1980) developed a mor-
tality function for slash pine plantation by ex-

tions,

pressing the RMR model as a power function of
age and the number of surviving trees. Piennar
and Shiver(1981) developed survival function for
slash pine based on assumption conceming the
RMR as a power function of stand age. In
developing the yield-prediction system for slash
Pienaar et @/.(1990) introduced the site
quality into the Clutter and Jones's model.

pine,

The objective of this study is to derive theo-
retical survival(or mortality) prediction equations
by analyzing basic forms of the RMK models and
to describe the self-thinning procedures in un-
thinned forest plantation. Also, to test the per-
formance of models, the survival functions are
fitted to remeasurement data of white pine(Finus
strobus) and data from vield tables of Japanese

larch(Lawix leptolepis).
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DATA

In developing the survival(or mortality) equa-
tions, we have used the data set from a perma-
nent plot of unthinned white pine reported by
Spurr et al.(1957).
the white pine plantation are summarized in
Table 1.
description of self-thinning procedures for planta-

The stand characteristics of

These survival data provide reliable

tion and were used, in this study, for parameter
estimates and evaluating model performance.

In developing the survival prediction models
related to age and site index, also, we have
used the data set from vyield tables of Japanese
larch plantation reported by Korea Forestry Re-
search Institute(1989). The average site index for
the 6 tables of Japanese larch plantation varies
from 10 to 20m. Each table has the same initial
density of 3000 stems per hectare when 4=

years,

SURVIVAL FUNCTIONS

Having promising properties of self-thinning,
the RMR model can be integrated to obtain a
corresponding survival function(or difference equa-
tion model) of the time course self-thinning for
forest plantation. For even-aged stands, the mor-
tality rate decrease to zero in a matured state,
while the number of trees finally reaches the
minimum asymptotic density({Nu.)(Li and Meng,
1995).

very large,

In other words, as stand age becomes

N should approach to Nu.. Therefore,
in the survival function, it is necessary to con-

strain N->Nyin when ¢—oc, The survival func-
tions over time can be achieved by replacing N
with two additional dependent variables, N - Nun
and InN - InNp.

Assuming the RMR as a function of age(?) and

Table 1. Summary of stand charactenstlcs for the unthmned whlte 1)me fore%t plant'ltmn

CAgebears) | 15 | 19w 29 31 | w |
71){3}1(@)7777 33 e 686 9.4 | 118 12.83 \”1;3‘9?”“ 15.24 \
Height(m) 549 | 671 881 | 10.97 | 12.8) L 1133 15.85 [
| - - - o P
No. of trees 1aca0 70 gig8. 1 6884, 1 5070.4 40277 3343.2 | 2013.8

(stems/ ha) 1

* N,=11860 stems per hectare wh(n {.:/ years

‘ 2826.8 | 2285.6
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the number of surviving trees(x), for a specified
stand where S/ is a constant, it can be expressed

as .
1 ax _ !
< di FUE, XD c e ()
where l_ de RMR at age t, x=N, or x=N
voodt

A\;nm, or v =InN lni\/;mn

As shown in Table 2, we proposed 5 expres-
sions of the RMR models
or an exponential {mnction of f

a constant, a power

and the more

complex form which is proportional to current

size(x), raised to some posilive power ¥, associ-
ated with a power or an exponential function of
£ All of five RMR models hould have a value
less than (), because the number of stems de-
creases with the development of stand.
to Table 2, Clutter et

developed the simplest {form of

al.(1983)

the survival

According

functions using an assumption that y==N and the
RMR model has constant values. Pienaar and
Shiver(1981), Clutter and Jones(1980), and Khilmi
(1957) also developed their own survival functions
as shown in Table 2. Including the 4 survival
functions already known through literature review,
we have investigated and compared the perfor-
mance of all 15 functions available from Table 2
in this study.

Using the combinations of columns and rows
in Table 2,
difference equation forms as the survival func-
in Table 3.
functions, we assumed that the initial condition

we obtained 15 integral forms and

tions as shown In deriving the

is N=Ny(N; indicates planting-survival density),

Table 2. Differential equations of RMR model to de

Assumptions of

RMR model Assumption |

AR A LRl A SETPHOR HESE igkel el @

The
Table 3 have the following logical properties :
DI &= N = N

DU b on0 N N

3) As b becomes very large, N will approach to

when (= #f. difference equation models i

O{group A) or Nun(groups B and (),
D If the mode!l is used to predict M at age &
and & and N are. then. used to predict N; at
will be

soiecthion from

age H(4 > 6o 0) . the results obtained
equal to that given by a suorie
hoto 4.

RESULTS AND DIS¢C: SSHON

I. Comparison of alternati.: : irvival func
tions

Using DUD method implemented in SASI 1985,
we performed a nonlinear regression analysis f{or
15 types of the survival functional forms listed in
Table 3. Theyv were fitted to the data of the
unthinned white pine forest plantation after Spurr
el «l.(1957). The number of surviving trees, N,
at | vears after planting was 11,860 stems per
hectare for all models. The results are shown in
Table 4, in which the goodness-of-fit is evalu-

atedd using the statistics of the residual mean
square, RMS, the standard error of estimate,
Se.., and the adjusted coefficient of determina-

tion, R.°. Also the observed and the predicted
values of time course survival trees per hectare
for the five equations of groups A and C are
plotted as functions of stand age in Fig. 1.
According to the fit statistics in Table 4, the
results indicate that all the equations possess a
the future number of
values of Al, Bl

potential  for estimating

surviving trees. However, R~

P
H
; Assumption 5

| l JA it
S get 'y
1 v dt
Clutter and
unknown unknown
Jones(1980)
unknown unknown vnknown
unknown unknown unknown

Group Definition of x ‘]i' dr «
voodt
A =N Clutter et «f. Pienaar and
) T {1983 Shiver(1981)
B 2 Nowr, unknown unknown
C = Ln{ N/ Noiw) Khilmi(1957) unknown
*and are constants independent of /. -0 and 0 for general case.
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Table 3. Integral forms and dlfference equatlon form% of the Surviv al functlons
Group Eq - ) Integrq]’ifiorm . I)lfference equ(ltmn mode
Al A/ M) AH 0 _ ]\”E ) I
A2 N=Ne Ken) N, = N ¢ o
A A3 N=Ne ") Ny=Nje ™
Sl !
Al N=(N, “+k(£~1,") " No= (N, “rk(t."=0 ")
- ol o
A N=(N,“Haet ) Ny = (1\'1 k(e ey
Bl N mm F (‘7\; - "\rnun )0 e "\r'_ rm + ( \1 mln )(‘ "
Bz N = Jvmm t (l\fn'“ i\rm:n )G e ]V‘._’ = "n 1 ( /\ [ nun )(‘ o o
B B‘S N= vam - (I\r\ff A”mm )f e ‘/VZ = ]\[“““ h ("Vl M‘/\’rnmn )‘ B
! 1
Bl N= Ivmm i < ( N 'x un) o k( tb —t b)) ‘ JVE =N e ( ( \’7 rnm PR f! i tl !J)) ‘
- 1 Ll
BS N=N min t ( ( )V mm ' *7k( eblie}”‘ )> L A/‘ h |vn| ! ( ( \l rm TR 6 - rl)) ‘
e ‘\/ €
C _ AT - "
1 N mm( A’mm ) v \/m“'(‘ "'me )
Cl N= Nmm( Nrm:n’) A"_’ = “\/mu‘ ( 17\7”“” )
. . . Ny v » B . N,y
C 3 N=N mm( j\rr}i:; ) No= Ny ( ]V;,l““' )
{ N ) N
C it o0 ke e (o 0 0 vk L
1 N= ]vmm ¢ \ o ’ A/v‘_’ - "\/mm el e )
ch ‘A In \\ Ve ,\) (x In \\ Yok w\)

N= Ivmm €

hectare)

lower than that of other
The equations, Al,
were derived from the assumption 1

and Cl are relatively
types of survival functions.
Bl and Cl1,
as shown in Table 2. Hence, it was concluded
that this kind of the differential of the
RMR  model others 1n
deriving the survival functions for white pine
While the definition of x in Table 2 does

not have anv effect on changing the accuracy of

form
Is not as suitable as

stands.

survival function.

On the other hand,
functions derived from the assumptions 4 and 5
of RMR model in Table 2

even though the survival

provide the best re-

* Nuin, b, ¢, and k are pdrameter& tu be estnnated from data ;

‘/\/‘_ - ‘\Jv1:\lr; e

Ny is planting-survival density(trees per

sults of fitting to the presen: data, the parameter
estimates for the corresponding functions derived
by nonlinear least square arne stdistically unsta-

ble.

rameter, k.

As the results, the estimated values of pa-
in the equations A4, A5, DBl B,
4, and ChH are too small to use

In all 15
paper.
and C3,

analvzed o this
B2 i

switabile to describe

survival equations

the six equations, A7, A3, Cl

are somewhat more

the time course of self-thinning for plantatior.
Among them. the three models. A2, B2 and
(2, ass=ociated with the power function of age

are generaliv the best i each group,
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Table 4. Parameter estimates and fit statistics for survival functions fitted to the unthinned white pine

plantation.
Estimated parameters Goodness of fit
GI‘OUD Eq. o T T 5
Nain k b ¢ RMS Syx R.2
Al 0.035399 §90741.68  831.11 0.9269
A2 0.003645 1.603834 313376.04  559.80  0.9668
A A3 0.022670 0.949401 424985.33  651.91 0.9550
A4 8.83116510™ 5.273961  3.311847 11185.18  105.76 0.9988
A5 1.33218810™  0.812867  17.027847 84811.82  291.22  0.9911
Bl 812.2070  0.04019 863747.18  929.38 0.8980
B2 2249.0427 0.000196 2.579237 73956.80  271.95 0.9921
B B3 2380.2905 0.079572 0.135673 151841.99  389.67 0.9839
B4 781.0515 8.851389107"°  4.672896  2.239285 9771.32 98.85 0.9990
B5  1557.5746 3.289615107%  0.332362  4.292943 12431.42 11150  0.9987
Cl 0.0001  0.001955 852722.96  923.43  0.9097
C2  2156.8581 0.00003 2.927499 48382.40  219.96 0.9949
C C3  2345.1263  0.097128 0.044725 127120.75  356.54 0.9865
C4 216.3602  3.008634107""  4.511942  7.657413 8352.93 94.09 0.9990
3.49327610™ 8.5 8259.76 90.%8 0.9992

1048.3934

Number of trees (Stems/ha)

0 S 10 5 20 28 3 35 40 45 50 55 60
Stand age (years)

(a) Group A

Fig. 1. Predicted number of trees using the
tation.

2. Effects of sites on self-thinning

To investigate the effect of site quality on the
time course self-thinning for plantation stands, a
separate survival function was fitted for each of
the six site index(SI) class of Japanese larch by
Table 5
shows the parameter estimates and their statis-

using equation(C2) as a base model.

tics by the class of site index.

According to the values of R* in Table 5. the
survival function(C2) was successful in estimating
the number of surviving trees, which accounted
for more than 99.9%(R°>0.999) of the observed

0.294403

survival

35850

12000

10060

8000
6000

4000

Number of trees (Stems/ha)

2000

0 5 1 18 M 25 30 3s 40 48 S0 55 60

Stand age (vears)

(b) Group C

functions in groups A and C for white pine plan-

variation in surviving trees, for each site index.

Parameters Nnn and & decrease exponentially
with site index. On the other hand, parameter &
increases exponentially with site index. The

simple correlation coefficients between SI and
parameters Nun, 4, and b were -(.9864, 0.9934,
and -0.9764, respectively.

Each parameter of the survival function(C2) was
hypothesized to be a power function of SI.
Then, a general self-thinning model applicable to
different site index for Japanese larch plantation

was developed as :
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Table 5. Parameter estimates and fit statistics for the survival function, (C2), fitted to the yield tables

of Japanese larch plantation in Korea.

Site index

Goodness ;f flt

Estimated parametes
(m) N N”"I‘, SR ,}f,,A,_, b,, RSS S“,’f e Rfﬂ,,,,,
10 826.9119 0.0067063 1.6758026 3486.688 28.2506 (.99929
12 756.8344 0.0151682 1.4277749 1109.718 12.5909 0.99979
14 699.7939 0.0272046 1.2539908 199.279 5.3355 0.99996
16 653.3062 (0.0420402 1.1262307 106.972 3.49092 (.99998
18 615.4453 0.0598748 1.0219575 219.429 5.5988 (0.99996
20 5%0.3653  0.074l1z2 - 0.9552907 A00.360 75626099992

Table 6. Parameter estimates and fit statistics of self-thinning model(2) for Japanese larch plantation.

. Asymptotic T
Parameter Estimate Std. Error Latio
@ 1588.586194  177.21304  8.9643
a 20299573 0.04280  -6.9847
hy 0.000202  0.00003  6.7333
h 1818439 0.26455  6.8737
b 3.188616  0.57781 5.5185
b -0.345176  0.07231 47736
X »‘f o0 [’(I“I '.'»Mr))
3000 pihS .
N= SI“ B L 2
Qg ( (aOSI‘") ) ( )

where ay, ai, k. &. &, and & are parameters to
be estimated.

Parameter estimates and the results of the
goodness-of-fit test of the self-thinning model
(2) are listed in Table 6. Also the predicted
number of surviving trees per hectare by site
index is plotted as a function of stand age as
shown in Fig. 2.

Based on Fig. 2, it was found that the mini-
mum asymptotic density(Nun) and shape of sur-
vival curve were different for each site. M is
negatively correlated with site index. With same
initial density, the better the site condition is,
the lower the N, is. In equation(C2), parameter
k is related to the mortality rate and parameter b
determines To
model(2), the parameters k and b are negatively

the shape of survival curve.
respectively,
That

means the surviving trees of stand growing in

and positively correlated with SI,

for Japanese larch plantation(Table 6).
good site decreases rapidly and the curve i1s more

concave than that of in poor site.

Goovdness 7()7frfitr -

Approx. .
Prob. T| n RSS Se . R
{+.00000
{1.00000
(+.00000 60 20193.02  19.34  0.99933
(+.00000
(0.00002
oo0ol0 oo o
3000 i 5
L o
§ B §1=t6m
§ 2000 O Sie18m
kS o Si=20m
£
% 1500
3
£
7 1ooo e
44444 — N
500
S 10 is 20 25 kil A5 10 I () A

Stand age (years)

Fig. 2. The number of surviving trees for 6 site
indexes predicted by the self-thinning
model(2).

CONCLUSION

15 survival functions in integral and difference
forms were derived for white pine forest planta-
tion based on 5 differential forms and 3 different
definitions of dependent variables(x=N, x=N
Nain, and x=IN  InNan) of the RMR model.
The performance test indicates that, the more
But,

the parameter estimates for the survival functions

complex a model, the better the results.

derived from the assumptions 4 and 5 were sta-
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tistically unstable and the estimated values of
the parameter, %4, mn the functions were too small
to use. The survival equations associated with a

power function of age{! ) were shghtly better
than the equahions with an exponential function
of agele”™. As a result, the three equations,
Al B2, and C2)

for descrnibing the time course of self-thinning of

were somewhat more suitable

untiinned white pine forest plantation,
Uv re-parameterize the equation(C2). on the

other hand, 1 general self-thinning model for
Japanese larch forest plantation was developed in
order to account for the effects of site quality on
self-thinming procedures, It was found that each
parameter of the equation could be defined as a
The

coodness-of-fit test showed that the mimmum

peaver function of - Sl results  of  the
saovmptotic densitv(Ngin) was negativelyv correlated
with site index and SI affects the shapes of the

survival function curves.

LITERATURE CITED

b, Clutter, J.L., J.C. Fortson, L.V. Pienaar,
(:.H. Brister, and R.L. Bailey. 1983. Tim-
ber management © A quantitative approach.
John Wiley & Sons. New York. 333pp.

2. Clutter, J.L.. 1980. Pre-
diction of growth after thinning in old-field

and E. P, Jones.

slash  pine plantations. U.S.1D.A. For.
Serv., Res. Paper SE-127.
3. Drew., T.L., and ].W. Flewelling. 1977.

Some recent Japanese theory of yield-density

relationships and their application to Monte-

rey pine plantations. IFor. Sci. 23 517-534.
{. Hara, T.
self-thinning in crowded plant
Annals of Botany. 53 [81-188.
Khilmi. G.IF. 1957. Foundations of the phyv-
sics of the hiosphere. Akademii Nauk SSSR,
Moskva(in Russian).

1984. Modelling the time course of
populations.

fal

1989.
Yields prediction for maimn species on un-

h. Korea [Forestry Research Institute.

12.

13.

. Remeke,

4. Spurr, S.H.,

AREHE A LROIA BEHEMOR HEE el S8t EH

covered forest sites. Research Notes No. 42.

Forestry Research Institute, Republic of

Korea. 23pp.{In Korean)

. Li, FLR., and L.B. Meng. 1995. Maximum

density hne and model of self-thinning for
plantation. J. Northeast Forestry University.
6(1)  1-7.

. Minowa, M. 1983. A theoretical approach to

forest growth model(I1) : Further discussion
on the self-thinning model. J. Jap. For. Soc.

65(1) © 135-142.(In Japanese)

. Pienaar, L.V., and B.D. Shiver. 198]. Sur-

vival functions for site-prepared slash pine
plantations n the flatwoods of Georgia and
northern Florida. South. J. Appl. For. 5(2) :
59-62.

. Pienaar, L.V., H. Page, and ]J.W. Rheney.

1990. Yield prediction for merchanically site-
prepared slash pine plantations. South. J.
Appl. For. [4(3) : 104-109.

L.H. 1933.
density index for even-aged
Agric. Res, 16 1 627-638.
SAS. 1985, SAS User's Guide : Statistics,
Version 5 edition, SAS Institute, Inc., Cary
NC. 956p.
Smith, N.J.,
growth

Perfecting a stand-
forests. J.

and D.W, 1984. A
model based on the self-thinning
J. For. Res. 16 330-334.

L.J. Young, B.V.
Hughes. 1957. Nine
thinnings in the Michigan white pine plan-
tation. J. Forestry, 55:7-13.

Hamn.

rule. Can.
Bamers,

and E.L. successive

. Tang, S.Z. C.H. Meng. F.R. Meng, and

Y.H. Wang. 1994.
thinning model for pure even-aged stands :

A growth and self-

theorv and application. For. Kcol. Manage.
70 1 67-73.

Yoda, K., T. Kira,
1963.
pure stands under cultivated and natural con-
Biol. Osaka City Univ. 14 : 107-

and K.
in overcrowed

H. Ogawa.
Hozumi. Self-thinning
ditions. J.
109,



