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ABSTRACT

The first maximum point in the stability curve of liquid jet, ie., the critical point is
associated with the critical Reynolds number. This critical Reynolds number should be predicted
by simple means. In this work, the critical Reynolds number in the stability curve of liquid jet
are predicted using the empirical correlations and the experimental data reported in the
literatures. The critical Reynolds number was found to be a function of the Ohnesorge number,
nozzle lengh-to-diameter ratio, ambient Weber number and nozzle inlet type. An empirical
correlation for the critical Reynolds number as a function of the Ohnesorge number and nozzle
length-to-diameter ratio is newly proposed here. Although an empirical correlation proposed in
this work may not be universal because of excluding the effects of ambient pressure and nozzle
inlet type, it has reasonably agrees with the measured critical Reynolds number.
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the critical velocity and the critical Reynolds
number. The predicion of this critical
velocity or the critical Reynolds number is,
of course, of much practical interest.
According to Weber, the critical point in the
stability curve occurs due to the effect of
aerodynamic forces, which increase with the
relative velocity between the liquid and the
surrounding gaseous medium, i.e. jet velocity.
Other investigators reported that the
occurance of this critical point in the
stability curve is attributed to the initial
disturbance level, i.e. the onset of turbulence
in the jet. In addition, the others explain that
both mechanisms contribute simultaneously
to promote jet disintegration ; however, the
predominancy between the two mechanisms
has yet to be resolved™.

Main concern in this paper is the analysis
of the critical point, the first maximum in
the stability curve. Thus, for the details on
the transition, turbulent flow, and spray
regions in the stability curve, the readers
should consult the books™ and papersm’sl.

It has been known for a long time that the
Reynolds number based on the nozzie
diameter is the parameter that describes the
disturbance level of a jet flow. According to
the literature, for each stability curve, there
is a critical Reynolds number above which
the breakup length decreases rapidly®™.
Therefore the critical Reynolds number
should be predicted clearly with the proper
physical interpretation. The purpose of this
work is to review the critical Reynolds
number in the stability curve previously
reported for the liquid jet in air and to
suggest a general empirical correlation.

REVIEW OF CORRELATIONS ON
CRITICAL REYNOLDS NUMBER

The critical Reynolds number can be
predicted by theoretical consideration or
empirical correlations. The critical Reynolds
number cannot be simply obtained from the
Weber’s theory and the modified Weber's
theories such as by Grant and Middlemanm,
Sterling and Sleicher'” and Leroux et al®!
Rather, for given values of the parameters,
numerical methods must be used to obtain
the critical Reynolds number. If the
numerical plotted and
expressions, the
repetition of numerical calculations for each
case would be unnecessary. Thus a brief
review of empirical correlations on the
critical Reynolds number is presented.

09 observed the
modes of dripping, laminar flow, turbulent
flow and spray of different kinds of liquid
jets. They suggested the empirical formula
for the transition velocities from laminar to

results were
curve-fitted with simple

Tanasawa and Toyota

turbulent and from turbulent to spray regions
respectively. The expression for the critical
Reynolds number at which the jet changes
from laminar to turbulent flow was given by

StO.lZ ReCO.SB - 10 (l)
which may be rewritten as
Re. = 367 Oh™ @

where St, Rec and Oh are the stability
number, the critical Reynolds number and the
Ohnesorge number, respectively.

For the jets with fully developed parabolic
velocity profiles for a wide range of nozzles
and liquids, Grant and Middleman' developed
the following empirical correlation for the
cntical Reynolds number.



Re: = 325 Oh*® (3)

They argued that the critical Reynolds
number should be correlated with the
Ohenesorge number and the density ratio
between liquid and the ambient medium.
They, however, suggested the empirical
correlation as Eq. (3) with considering the
Ohnesorge number only. In addition, they
compared their empirical correlation with the
following theoretical equatioﬁ from Weber's
theory under their experimental conditions.

Re. = 40 Oh™*° 4)

They concluded that Eq.(4) couldn’t predict
correctly the position of the observed
maximum in their experimental results.

Phinney"” claimed that the Ohnesorge
number is not the only parameter to express
the critical Reynolds number, and particlular
study is required to relate the Ohnesorge
number and the critical Reynolds number.

On the other hand, McCarthy and Molioy™
in their review paper pointed out the
importance of nozzle geometry in determining
the critical point in the stability curve. They
tried to form a qualitative correlation
between the nozzle shape(i.e, the contraction
ratio, the nozzle length-to-diameter ratio, the
contraction angle and the smoothness of
nozzle interior) and issuing jet shape. They
concluded that the nozzle length-to-diameter
ratio(L/d) has a highly significant effect on
the initial jet velocity profile and subsequent
jet surface shape up to L/d values where the
shear stress and static pressure gradient are
fully developed.

Van de Sande and Smith"” proposed the
following expression for the critical Reynolds
number as only a function of nozzle
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length-to-diameter ratio.
Rec = 12000 (L/d)™® (s)

where L/d is the nozzle length-to-diameter
ratio. They reported that for convergent 3mm
nozzles, the critical Reynolds number for the
laminar-turbulent transition
reasonably predicted by Eq. (5).

From the experimental data of Arai et
al"™ on the disintegration of a liquid jet in

can  be

the atmospheric environment, the following
empirical correlations are derived here for the
different types of nozzle hole entrances.

For water and for sharp-edged inlet nozzle,
Re= 1997 (L/d)** ®)

For water and for round-edged inlet nozzle,
Re= 7325 (L/d)™**® ™

and for viscous liquids and for sharp-edged
inlet nozzle,

Re.= 542 (L/d)*™® 8

for viscous liquids and for round-edged inlet

nozzle,

Re,= 1546 (L/d)%%® )

It is evident from these equations that the
effect of the nozzle length-to-diameter ratio
on the critical Reynolds number shows the
opposite tendency between the sharp-edged
and the round-edged inlet types of nozzles
for both liquids.

To clarify this result more precisely, the
effect of nozzle length-to-diameter ratio on
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the critical Reynolds number for the different
shapes of nozzle inlet is shown in Fig. 1. It
is clear from the figure that the critical
Reynolds number is increased with the
nozzle length-to-diameter ratio for both
liquids and the sharp-edged nozzle. On the
other hand, for round-edged nozzle, the
critical Reynolds number is decreased with
the nozzle length-to-diameter ratio. This
means that the nozzle-inlet type is one of
the important parameters affecting the
disintegration of liquid jet, and hence, the
critical Reynolds number.

From the above discussion, it can be
summarized that the critical Reynolds
number may be expressed as a function of
the Ohnesorge number, nozzle
length-to-diameter ratio, the density ratio
between liquid and ambient medium, or the
ambient Weber number. In additon, the
effects of nozzel inlet type such as
sharp-edged, round-edged, re-entrant and
convergent nozzles on the critical Reynolds
number may be explicitly included in the

Critical Reynolds number (Re c)

Re, = 1546(L/d)°2*®
100 s

1 10 100

Nozzle length— to~ diameter ratio{L/d)

Fig. 1 Effect of L/d on Re. for the different
shape of nozzle : ----- Sharp-edged inlet ;
O =066 % 10°m?/s, A v =20X10"m?s,
Round-edged inlet ; @ v =0.66x%
10°m%s, A v=20%10"m%s

empirical correlation in any form. However,
the experimental data empioyed to establish
the emprical correlation in this study are
limited to data for the liquid jet through
atmospheric pressure and for the nozzles
with re-entrant, convergent and sharp-edged
inlet types.

ANALYSIS OF
REYNOLDS NUMBER

CRITICAL

Fig2 compares the predicted results from
Egs. (2), (3) and (4) discussed ealier along
with the various sources of experimental
data. It is clear from the figure that the
Weber’'s theory does not represent the
experimental data correctly. It can be found
that an increase in the Ohnesorge number,
(i.e. in the liquid viscosity) generally, induces
a decrease of the critical Reynolds number.
In addition, Fig. 2 suggests that the critical
Reynolds number cannot be expressed as a

function of Ohnesorge number only.
However, Eq. (2) by Tanasawa and
Toyota™ correlates the experimental data

relatively well as pointed out by No et al'®

The variation of the critical Reynolds
number with the nozzle length-to-diameter
ratio is shown in Fig. 3 along with the
correlations Eqs.(5~9). It is obvious that the
empirical correlations deviate largely from the
experimental data. It is well known that the
length-to-diameter ratio has a
remarkable effect on the initial jet velocity
profile of the issuing liquid jet, ie,
subsquently the development of the critical
Reynolds number. Fig.3 reveals that the
Jiquid jet may have either a flat initial
velocity profile or viscosity high enough to
rapidly relax the issuing velocity profile.
Hence the critical Reynolds number is likely

nozzle



inflenced slightly by the initial velocity
profileie, by the nozzle length-to-diameter
ratio.

Therefore, it is required to establish the
empirical correlation for the critical Reynolds
number including both the
Ohnesorge

effects of
number and nozzle length-
to-diameter ratio simultaneouly. It was not
possible to investigate the effects of ambient
pressure and nozzle inlet type on the critical
Reynolds number in this work due to the
lack of the experimental data to compare. In
obtaining an empirical correlation for the
critical Reynolds number, a power equation
was assumed as follows.

Rec. = C(Oh)" (L/d)". (10

The multiple linear regression and Gauss
elimination method was employed to obtain
the constant coefficients C, m and n in
Eq.(10). The results of these -calculations
give

Re. = 218 (OR) ™2 (L/)*®™ (11

It is clear from Eq.(11) that the relative
contribution of length-to-diameter nozzle
ratio to the critical Reynolds number is not
remarkable. The reason can be inferred from
the distribution of the critical Reynolds
number with length-to-diameter nozzle ratio
of Fig. 3.

The agreement with the predicted critical
Reynolds number by Eq. (11) and the
experimental data from the literature is
shown in Fig. 4. There were some
difficulties to determine the critical Reynolds
number in the data selection of the critical
velocity. In addition, there must be error due
to data reading from graphs of the wvarious
literatures.

Critical Reynolds number (Re

Critical Reynoids number (Re «¢)
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Re, = 3250h%%®

0.001 0.01 0.1 1
Ohnasorge number

Fig. 2 Variation of critical Reynolds number
with Ohnesorge number : -~ Tanasawa &
Toyota, ----Grant & Middleman, ~ — — Weber
; O Arai el al(1991), @ Arai et al.(1997), A
Grant & Middleman(1966), M Sterling &
Sleicher(1975), O Fenn & Middleman(1969),
Oleroux et al(1997), [J Mansour &
Chigier(1994), X No et al.(1998)
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Fig. 3 Variation of critical Reynolds number
with length-to-diameter nozzle ratio :
Van de Sande & Smith(1976), ----- Derived
egs. from data of Arai et al.(1991) ; O Arai
el al.(1991), AGrant & Middleman(1966), W
Sterling & Sleicher(1975), O Fenn &
Middleman(1969), AlLeroux et al(1997), [J
Mansour & Chigier(1994), X No et al.(1998)
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The Eq.(11) with obtained constants here
provides relatively a good correlation with
appropriate experimental data. To find out
the reliablity of Eq.{11), the test of
correlation significance level was
conducted"® It was assumed that the two
variables i.e. the measured and the predicted
critical Reynolds number are random.  The
correlation coefficient r of 0.89 between the
two variables for Eq.(11) was obtained. The
correlation between two variables are
significant with 33 degrees of freedom for
Eq.(11) at the significant level(a) of 1
%(i.e., the critical value is around 0.4304).

The data in this figure, reported by the
different researchers, are for jets through the
atmospheric environment and for nozzles
with re-entrant, convergent and sharp-edged
inlet type. Thus the resuit in this work is
not valid for jet formed by round-edged
nozzle inlet type and formed in the
environment with higher or lower than

atmospheric pressure. The tendency of the
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Fig. 4 Companison of measured critical
Reynolds number with predicted one by Eq.
(10) : O Arai el al(1991), @ Arai et
al.(1997), AGrant & Middleman(1966), W
Sterling & Sleicher(1975), O Fenn &
Middleman(1969), Aleroux et al(1997), O3
Mansour & Chigier(1994), X No et al.(1998)

data for the round-edged inlet type of nozzle
appears to be largely different from that of
other types. This is clear from the
comparisons between Eq.(6) and Eq.(7) for
water, and between Eq.(8) and Eq.(9) for
viscous liquids.

CONCLUSIONS

The critical Reynolds number in the
stability curve of liquid jet in the
atmospheric condition are predicted from the
empirical correlations and the experimental
datd reported previously. The critical
Reynolds number is found to be described by
a function of the Ohnesorge number, nozzle
lengh-to-diameter ratio, ambient conditions
and nozzle inlet type. An empirical
correlation for the critical Reynolds number
as a function of the Ohnesorge number and
the nozzle length-to-diameter ratio was
newly derived. The proposed correlation in
this study can not claim to be universal, due
to lack of the experimental data and failure
to explicitly include the effects due to
ambient pressure and nozzle entrance type
etc. However, it reasonably agrees with the
experimental data within a limited range.

For more precise correlation to predict the
critical Reynolds number, a systematic
evaluation of the role of the various factors
such as ambient pressure and nozzle inlet
type in the destabilization of ligid jet should
be conducted.
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