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ABSTRACT

A new modeling and analysis technique for one-dimensional distributed parameter
cystems is presented. First, discretized equations of motion in Laplace domain are derived
v applying discretization methods for partial differential equations of a one-dimensional
structure with respect to spatial coordinate. Secondly, the z and inverse z transformations
zre applied to the discretized equations of motion for obtaining a dynamic matrix for a
Lniform element. Four different discretization methods are tested with an example.
I'inally, taking infinite on the number of step for a uniform element leads to an exact
c¢ynamic matrix for the uniform element. A generalized modal analysis procedure for

eigenvalue analysis and modal expansion is also presented. The resulting element dynamic

raatrix is tested with a numerical example. Another application example is provided to
cemonstrate the applicability of the proposed method.
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Table 1 Three examples of one dimensional structures represented by equation (1)
Dynamic model Equation of motion Definitions of parameters
/ Torsi vibrati te
Mz t); V dra ﬁ=.._1._M
_C% - _L—;__J _C ox GJ 0 ! torsional angle
~ < Mz, ) +dMe(x.t) oM _ a g M : torque
Olrt) \ ! ox ot 1 : polar moment of inertia
Blx.t)+dBlz.t) GJ : torsional rigidity
x dxr
— e
\\ P=0 x
%/T,,/ Longitudinal rod vibration svstem
i w(x, )+ au—(r"tldl‘ ﬂ=_l_.p
!/ dx ox FEA u : longitudinal displacement
A u(x, 1) | | ety 2PED) gy 0p —m %u f : force
\v\,\ oz ax o m : mass per unit léngth
Py =— = e E EA  : longitudinal rigidity
s
NP EX))
8x
()
v tring vibratio t
ay(z.t) aT(z)
r(x)+ 2 de
“\ Y Tes 9y _ 1 f u 1 lateral displacement
PNyt | aty(nt) ox T
< ! i Y e AV dx 2 f : lateral force
5 w(z.t) ‘: —gf =p—%t‘2! o : mass per unit length
; l 5 = T : tension
x x + dx
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Table 2 Discretized equations of motion by four
discretization methods

Discretization method

Discretized equations

FDM (forward Ups1— U,=aF,
di‘terence method) F,.,—F,=bU,
BDM(backward Upi1— Up=aF, 1,
di‘ference method) Fpi1— Fy=0U,,,
FRBM(mixed forward Upir— Up=aF s,

anc backward
_difference method)

Fn+1—Fn= bU,

Un+1_Un=%(Fn+l+Fn)
Bl. vi(bilinear method) b
Fn+l_Fn=§(Un+l+ Un)

2 4 & st ol e BT

Un+1_Un=_§'(Fn+l+Fn) (3-1)

F,,H—Fn=§(u,,+l+ U, (3-2)

A7 g=hA, b=hs’Bold hE A A 2"E
olitald W Z7|(Stepsize) EA A Zolg ¢
olgt & @ ¢/N (371 N& Fold A2de o
g o]z} Jig)ez AoHEh 4 (3-1), (3-2)d
A #AE AAZAE U0 =U), (O)=F2 1 z
HE £ ALt o33 2o

2{ (4~ ab)z—(4+ ab)}

{ g((:;} = W- ab)22—2§2+ ab)z+4—ab
74
(4—ab)z*~2(4 + ab)z+4 ~ab (4)
4az

(4— ab)z* —2(4+ ab)z+4— ab {FUO}
2{(4 — ab)z— (4 + ab)} 0
(4—ab)z*—2(4 + ab)z+ 4 — ab

(D8 O o 2 ABIW BeH 2 AHE
de & At

{ U,,}= cos (gn) 744_—05-51—?((@-;)- Uy

F, sin(gn) @ o { F"}'
1—ab sinlg) cos (gn)

q=cos l(4-’_01)) (5)

n=1,2,...,N

2 (5)E #F AAAAMY IFE o3t d9 H
A9 e AMFste Ao o AW AEY
(forward difference method, FDM), &% &9
(backward difference method, BDM) ¥ &% =t
¥ (mixed forward and backward difference

M1 61 ¢ Mz Oz

Fig. 1 Coordinates system for a uniform torsional
shaft element
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Table 3 Response formulae by four discretization methods

Discretization
method Response formula
FDM { U,,}an[ cos(un) sin(vn) ]{ Uo} R=V1—ab, u=cos‘1-}3
F, sin(wn) cos(un) || Fy|’ v—tan ', w=tan ‘b
BDM { U,,} [ qos(un) sin(vn) { Uo} R=V1— ab, u=cos”‘71§
F, R" | sin(wn) cos(un) || Fy v=tan ~'a, w=tan "'b
ab sin(pn) smﬁgn!
FBM [ g”}= cos () + 5" ~5in () %sin(p) { go} p=cos '(1+ ab)
" b sin(pn) cos(pn) —-22 .ab sin(pn)
sin(p) 2 sin(p)
U] coslem e sin@m ) g L A+ab
BLM F 4—ab sin(g) F g=cos ‘(4Eaby
n sin{gn) oy 4—ab
4—ab sin(g cos (qn)
Table 4 Element dynamic matrix by four discretization methods
D:srcr:z&zoaénon Element dynamic matrix ( D° )
cos _ 1 VI=ab u= -1l
FDM Sin(UN) RNSin(UN) , R 1~ldb, u COS_1 R
R sin (¢N) sin(wN) — cos *(2N)1 cos (ulN) v=tan ‘e, w=tan b
sin(vN) sin (uN)
cos ___RY ST . — -1l
BDM Sin('UN) Sin(UM , R=vV1 ab, u COS R
{ sin (uN) sin(wN) — cos («N)} cqs(uM v=tan "'a, w=tan 'b
R"sin(uN) “sin(vN)
. 1 1 __ab
FBM ‘Sﬂaﬂ[ tan (pN) ) sin(p) sm(pN) , b=cos 1(l—i— )’
e 1
sin (6N) tan(DN) 2 sin (1))
: ~1
_(4—gb)sin(q) |1 . eoe -
BLM A=edsin tan(fM Smgq]") a=cos (42,
sin(gN) tan(gh)
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Fig. 2 Numerical model for example 1

Table 5 Specifications for the torsional shaft model
in numerical example 1

Length 18 m
Diameter 2 cm
Shaft
Density 8000 Kg/m’*
Shear modulus 80 GN/m*
Polar moment of inertia | 0.00363 Kg-m®
Disk
Location Left-end
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Fig. 3 Direct driving point frequency response function at the left end of the shaft for FDM

and BDM (N =1000)
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Fig. 4 Direct driving point frequency response function at the left end of the shaft for FBM and BLM
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(a) Direct driving point frequency response at the

> A 2 F 8
(DY AA A28 B4 UG AN
T4A BAE W 2o Y80
10 X)U=0 (14)
E 4714 Ut ZS4HUES ondt 4 (1423
éﬁ AFAE o PYHE THEE & AA
& dg & ok &
10° det{ D(s)} = (15)
10“0 500 1000 1500 2000 25‘00 3060 3500 ai?l/q D(S)\E So“ %@- ‘Z-:%s‘;}-}’:i ELQE
Frequency (Hz) 250l XFHO o] 7iEe IH{HA A 3§
%

left end of the shaft (N=1000)

Magnitude (m/N)
=
&

107
2190

2205 2210 2215 2220

Frequency (Hz)

2195 2200 2225

(b)

Zoomed view in the vicinity of the third mode

(N=1000)

— FBM
s& ——— BM

\

ab \
& \
sab N
= \

2t \\ ]
4N {
\&\

om* O Ty > 2
10" 10? 10° 10* 10°

Number of Elements
Relative error of the third natural frequency
with changing N for the shaft element

Fig. 5 Comparison of FBM and BLM

(c)

4. Qi E DE oA

&

41 7x| 2H
A (13) d¥d F5AH FEE olgdstod 4

110/32 28X SSHEX/A 9 F A 1 35, 1999

289 & Qo @A 4 (159 B

-
tifo
o M ul

ROrr A4y o o oo o

= b2 o] s¥o] HRsg IHHeEEs F
THAE 4 (14)9 HYgFe2H dA AR
Ak, THUEE §§ AFEES AT THA

293 gol A gt webd 24E RE
FHE7 £Y AL otk

4 (15)8 AL 7 AsAE vlaY 3R
HolAe B2 sygel Bastth A (15)9 44
Mol vlgo] s YLz £ANS At PEo

KT Fapol+ (Successive

22 uEs 8838 €3
bisection method)& &4 WFo AP E U

so Hgagch 27138 A ALY I F
S$e % BHY ALE B 2EHE AHY

#ASHE o) gaY

K

42 c BZo)| ofst Fulg Hof oA

N2d P8 D(s)E soll dg sinh B cosh
2 Jegdz Jerg s #¢ & 359 ¢
&4 Pz Edol shesith =@EAM IRHEHE
dutAQ o PHe HEHE b 2 Hux
A (orthonormality condition)2 L3 EF EF3

g 4 p?,
w{i%ﬂlpm}m=&%i=Lz ..... oo

4 (16)9 AN BEFI) A GeF Pol L&
Bl U AL FEA

dD(s) —_—[dil d‘;z (17)
ds dy dy
o 71 A
s _1  Gla _ 2a¢
dy=dp= s tanha? (1 sinh2a ¢ )
7 1 _ Gl ___at
dp=dn= s sinha/# (1 tanha ¢ )



HAd 298 J1gel A% 1344 d5A19 = @Y

34 BA8S e o] & & ﬂt}(m.

_ S b

Hi= {IXs)) ~t= ;}0 oy (18)
13:17],‘5

P=UU;, i=1,2,..,» (19)
gehe s SF ¥4 P oL 2ol AN
dol 4 & Yk

Hijw)= { Dja)) ‘= > L (20)

=0 JW—S;

5| s

Jol AXE FRF % FIL JUHAME
23 ‘29 g 2A Hm2 Ay AN Ty 9
A Rt 2 24 2 "ok

43 N7 2 siM
4 18)el s 9 BEeks ue
&3 1S AAE 9 & Uk

mlo
0::5
QL
B
£

CiH=L""{ H(s) )

Z P,»e s,t, =0
=0 (21)

0, K0
Mabs FRHELS DAY 4o 2 AHE A
g 4 st

)= clt—dfDar (22)

HALoZ & (22)d Folz £4 S ¥ I
< A o ‘T‘U]‘7H-4 S48 ¥ F fl28g A
T MM E fMY 84AF T m=
= X2 3¢ 2 (modal truncation error)7} A

BHA At

44 FXofH 1: 7 &

Hy 33HAMNY FIdF A e ZHA
2 LAYHE FIddg. J8x I Ia49E
2 zZFsE A 4 (A7 FoiR AR A&
ol &5 gt A AL HE A rHI IH
He 7] ARAE F UESES AT F AU
Addd Z4E9H 9 I/FAE o] §8 BT &
—lvﬂ g &' g A Fig. 62
Eogol g8 dolz FaF $H FFE HY
F AN E 7Y RETE a#EATH
Fir 7904 E 2] (21) 9 A& ol&3A A4
2R3 EE HoFT Ao,

of i R
r>' mim Nl
m[o ra ol ok
2 r$L' AN

Magnitude (m/N)

0 05 1 15 2 215 3
Frequency (Hz)

35 4 45
x 10°

Fig. 6 Direct driving point frequency response
function at the left end of the shaft by

modal expansion

Displacement(m)
o

L

&

IS

005 0.1
Time(sec)

(a) Wide view

o

x10°

0.15

Displacement({m)

Time(sec)

(b) Zoomed view

4 " . . " . L " L .
0 0005 001 0015 002 0025 003 0035 004 0045 005

Fig. 7 A typical impulse response computed by

modal expansion

R ASNEZEEXA/A 9 A A1

%, 1999¥/111



N

F &

Rotor

Flexible coupling.

Alternatar

Fig. 8 Numerical model for example 2: 6-MW
Turbo-alternator

Magnitude (mN)

0 50 100 150 200
Frequency (Hz)

Fig. 9 Direct driving point frequency response
function at the left end of the turbo-
alternator.

4.5 $TX|ofx} 2:6 MW E|E 27 |(Turbo-Altemator)
2 ooAE Ay W U 284 HaAs)

Hal Hoh AAAHA FAo HL&E ot HE
Y A5 Aug gAAIC”, 24P A
oA FAZE ol R AR UHA U o
714€ Fig. 8o E<Q nigt 22 EHE EA7)
(turbo-alternator) ®9] BEd E EAE Teis
Aok Fol N2 63749 247 A}
o g8 F5 3L A (13)& AHEstoq AA

AN2"E FAAY. A ANAHE A F RE
o2 ZYHo] J|futAE FA0 2 714710 (reduction
gear)ol 9§ 3 AEE AYE(transmission ratio) o] tk
202 olg FAYFNA di-g3td FHsAt.  Fig. 9
= dgsA Pz < e 1?_01-’1‘—3’_ At
dojz Futy ¢ ‘?-r‘)ﬂ*i &= AFF7t 7
£ FH Ao 2 XS & F ;JF}.

5. < Y HE

E dFdAME 1348 FZ2RE9 dY(exact)st?
23 E(closed form) ¢ AFHAE F317]1 93 &7

112/ 722 USSEEX/A 9 A 1 &, 19994

Fgol g z HG ol § PSS AT I B4
of thal AESIRT. 47FA o4t WS A&
Ae AS 288 Aol 9T AAE 4T dH
47kA oldst Wy F EY AEWH(FBM) R 44¢
b AEH(BLM) Tte]l AA EAldl A& stsEE
sttt £ FBM % BLMAIA ol3t& 7i4
Ng& A 33 dLsjd FEFE FAd3A 2o
V3 840 & BLMO o AFAE o1 &3y
LT F5H PEL AU HAFHeE 4
ol TEA BFE o1& dHAd N2y &
48 2 2t Y JYE AgsALen o
FAd. F 7HA FAAAE T FA ‘“%
o AEA4E AT & AJgd. & AFddAE
A9 FE2EY T =M ¥EY AFAE '734?'5}
oy T4 S B 23}Y +2ERE #F
He¥ 5 suth

g s

MO

(1) Meirovitch, L., 1975, Elements of Vibration
Analysis, McGraw-Hill, Inc.

(2) J M., 1988,
Turbomachinery, John Wiley & Sons.

(3) Lee, C.W., 1993, Vibration Analysis of
Rotors, Kluwer Academic Publishers.

(4) ol &AL ZAS AAY, 1997, “o]Ats 7]
Holl g AKAY A T A @ ‘2";
7, FAAEFANFTEIHA, A7 H, A1 5,
135~142,

(5) Lancaster, P., 1966, Lambda-matrices and
Vibrating Systems, Pergamon Press.

(6) ol&%&, 1998, “A& 2 A dd AAY HE
A% 33 gy #3455 3dHA, A 8
d, A 3 &, pp. 383~391.

(7) #39, 9432, 1998, "4 FA 3
o AF EA 2 %A gqA” dFLE
Z, A 8 @, A 3%, pp. 392~398.

(8) Rao, J.S., 1983, Rotor Dynamics, John Wiley
& Sons, Inc.

(9) Padmanabhan, C., Rook, T.E. and Singh. R..
1995, "Modeling of Automotive Gear Rattle
Phenomenon: State of the Art,” SAE Paper
No. 951316.

Vance, Rotordynamics of

=

3 dyd a2z
5383



