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Optimal Decomposition of Convex Structuring Elements

on a Hexagonal Grid
*Syng-Yup Ohn

Abstract

In this paper, we prescnt a new technique for the optimal local decomposition of comvex structuring elements on a
hexagonal grid, which are used as templates for morphological image processing. Each basis structuring element in a local
decomposition is & local convex structuring element, which can be contained in hexagonal window centered at the origin.
Generally, local decomposition of a structuring element results in great savings in the processing time for computing
morphological operations. First, we define a convex structuring element on a hexagonal grid and formulate the necessary
and sufficient conditions to decompose a convex structuring element into the set of basis convex structuring elements,
Further, a cost function was defined to represent the amount of computation or execution time required for petforming
dilations on different computing environments and by different implementation methods. Then the decomposition condition
and the cost function are applied to find the optimal local decomposition of convex structuring elements, which guarantces
the minimal amount of computation for morphological aperation. Simulation shows that optimal focal decomposition results
in great reduction in the amount of computation for morphological operations. Our technique is general and flexible since
different cost functions could be used to achieve optimal local decomposition for different computing environmenis and
implementation methods.

I. Introduction simple algorithms. But, it’s often inefficient to use a

large structuring element when an input image has a

Mathematical morphology is a powerful tool for image large amount of data. Also, some parallel architectures

processing and computer vision [1], [2], (3], 4], I5]. can only compute with structuring elements that fit inside a

Morphological image processing is based on the following
two basic operations called dilation and erosion. In the

below, A and B are subsets of E, whete EY is the
N-dimensional Euclidean or digital space.

Dilation:

A@DB={a+b|acA, b=B} ()
Erosion:

ABSB={c|c+tbeA for every beB} )

In the above, A pgeneraily rcpresents an image and B is
called a structuring element. Different image processing
operations could be achieved by choosing structuring
elements of appropriatc sizes and shapes, and putting the
dilation and erosion operations in chained sequences.

Dilation and erosion opcration can be implemented by
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3x3 window centered on the origin. Therefore, it is
desirable to decompose a large structuring element into a
scquence of dilation of smaller structuring elements. By the
chain rute for dilations [2], if structuring element B is

decomposed into By, B, ... B, ic
B=BM®B®D...DB. 3)

then the dilation of A by B can be computed by the
sequence of dilations as

(((ADB)DRB,)D...)PB, 4)

instcad of a single dilation by the original structuring
element. Generally, the amount of computation for the
sequence of dilations as in (4) is less than that for a
single dilation operation as AEPB  Similarly, the
erosion of A by B can be computed by

Also, the erosion of A by I can be computed by

(((46B)6B)YO...)O8, . (63



38

Since an erosion operation is defined as the dual
operation of a dilation operation, the decomposition for
erosion operations can be similarly obtained like the
decompeosition for dilation operations, and we will omit
the discussion on erosion operation.

Haralick and Zhuang first proposed methods for
decomposition of structuring elements [6]. They developed
algorithms for two-point decomposition of structuring
elements for Image Flow machine. Since then, many
researchers have developed algorithms and techniques for
the local decomposition of convex shaped structuring
elements for parallel image processing architectures, The local
decomposition consists of the set of local structuring
elements, which can be contained in 3X3 local window
centered on the origin. Xu [7] reported an algorithm to get
an optimal decomposition for Cytocomputer [8]. Park [9)
reported an algotithm to find an optimal decomposition
for four-connected MPP type machines. Kanungo [10]
proved that there exists a linear transformation between 13
primal basis digital convex polygons and the 8 edges of
an input digital convex polygen. In [11) and [12], we proposed
general methods for finding optimal decompositions of
convex structuring elements on square grid for different
types of pipelined or parallel processing architectures, In
this paper, we apply the method to the decomposition
convex structuring elements on a hexagonal grid. Much
research effort was done to the decomposition methods for
square grid. However, the decomposition on a hexagonal
grid is undeveloped and untouched. The hexagonal grid
has good geometrical properties [13] since a point on the
hexagonal grid has the same connectivity to all of its 6
neighbor points, and the hexagonal grid is preferred by
many morphologists. Our method is based on the
Shephard’s theorem [14], [15) for the decomposition of
Euclidean convex polytopes. We derived a set of linear
constraints on the lengths of edges of convex polygons
on hexagonal grid, which is also defined to be a convex
structuring element. This set of linear constraints will serve
as the necessary and sufficient conditions to decompose a
convex structuring element into a set of basis convex
structuring element. We define a cost function that
represents the total processing time or the cost to execute
morphological operations with a set of basis structuring
elements. The decomposition problem is formulated as an
integer programming problem where we seek to minimize
the cost (or objective} function, given the set of linear
constraints. The decomposition method is applied to local
decomposition of a convex structuring element, in which
each basis is a local convex structuring element or a
local basis in short. A local convex structuring element
is a2 small convex structuring element contained in the
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hexagonal window centered at the origin. Our method
results in the optimal local decomposition with respect to
the cost function, which in tum, represents the execution
time. For different implementation methods for dilation
operations, different cost functions could be defined.

This paper is organized as follows. In Section 2, we define
convex structuring element on hexagonal grid and discuss
the decomposition conditions for convex structuring elements.
In Section 3, we present a technique to find an optimal
local decomposition of a convex stucturing element.
Finally, Section 4 is our conclusion.

II. Decomposition of Convex Structuring
Elements on Hexagonal Grid

2.1 Hexagonal Grid
First, we define basis vectors « and B for hexagonal
grid as follows.

a=(0.1) ©®

~(1 43

The angle between a and Bisé;r-asshownin

Figure 1. The basis vectors ¢ and 2 generate hexagonal
grid. Any point (x, y) such that (x, ¥) =xa+ y5
where x” and 3" are integers, is a hexagonal grid point.
See Figure 2 for hexagonal grid. We will use x" and 3’
to denote two coordinates of hexagonal grid.

Each point on hexagonal grid has six neighbor point.
The hexagonal grid has the advantage that all neighbor
points of a point have the same form of contact with
the point, and the distances from a point to its atl
neighbors are same. In a square grid, we must
distinguish between strong mneighbors (horizontal or
vertical neighbors) and weak neighbors (diagonal
neighbors), and the distances to two types of neighbors
are different. {13}

Figure 1. Basis vectors of hexagonal grid.
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Figure 2. Hexagonal grid and chain code directions to six
neighbor points.

2.2 Convex Structuring Elements on

Hexagonal Grid

In our method, a convex structuring element on hexagonal
grid is represented using its boundary chain codes [20).
See Figure 2 for the different chain code directions.

Deftnition 1: The set of hexagonal grid points A is a
called a hexagonal convex structuring element, HCSE in
short, if the boundary of the image can be represented
as a chain code in the form of (9112939445 and
it has no holes inside,

See Figure 3 for an example HCSE £. The chain code
representation of the boundary of P is 0%13293%455%
starting with points and the lengths of edges of P are
e(P.0) =5, ey(P,1) =3, ¢,(P,2) =4,¢,(P,3) =3,
e(P.4) =5, eP,5) =2

Definition 2: Suppose the boundary of HCSE A is
represented as chain code sequence (129394956,
The length of the i th edge of HCSE A, denoted as
e( A.{), can be defined as the chain code length ¢; in
the chain code sequence.

Figure 3. Example HCSE P. The chain code of the boundary
of P is 051324334552 starting with points.

2.3 Decomposition of HCSEs

Definition 3: Two sets of points A and B are said
to be shape-equivalent and denoted as A=B if A= B,
for a proper vector £ where B, represents the translation of
B by vector ¢

Performing digital morphological operations on HCSEs
morphological
operations on convex polygons[23]. We have the
following Lemma on the relationships between the edges
of original HCSE and decomposed HCSEs. We avoid
rigorous proof of propositions in this paper and show

is similar to performing Euclidean

illustrative examples instead. Refer [23] for proofs of
Lemma and Propositions.
Lemma 1: Suppose P, { and R are HCSEs.

P=Q®R ®)
if and only if

P, i) = (@, i) + R, 7} , ®
for i=0, .., 5.
Figure 4 shows an illustra &(Q, i} + e(R, i) = &(P, {)

tive example of Lemma 1. In Figure 4, for 7 = 0, ..,

5 and P=Q4+ R Lemma 1 can be extended to #n

-terms:

Figure 4. Illustration of Lemma ?.

Proposition 1. Suppose that P and @, where %2 = 1,
w9, are HCSEs.

Pz, ... Do, (10)

if and only if for i = O, ..., 5,

AP.i) = 2 e(@.4) . an
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Proposition ! can be extended to a linear combination

form as in Proposition 2. In the following, 2,0,

represents  ggfold dilation of @y
Proposition 2: Suppose P and Q, where 2= 1, ..,
», are HCSEs,

P=0,QD... D2, (12)

if and only if, for /=0, .., §,

AP.i) = 2 2@ 1) - (13)

Propositions 2 provides the necessary and sufficient
condition for a HCSE P to be decomposed into
a @Qs, ..., a, Qs by considering only the shapes of
HCSEs.

So far we haven’t considered the positions of the
HCSEs. In this section, we discuss the relationship
between the positions of the HCSEs. In the following,
min (P) denotes the minimum x° coordinate of the
region occupied by the set of points P. Similarly,
min ,(P) denotes the minimum 3 coordinate.

Since P consists of the points which is the vector
addition of every points in @ and R, we have
Proposition 3.

Propositions 3: Suppose P, @, and R are HCSEs. If

P=QDR, (14
then

min 4(P) = min (Q)+ min y(R) ~

Extending Proposition 3 to a linear combination form,
we obtain Proposition 4.

Proposition 4: Suppose P and Qs where %2 = 1, ..,
#n, are HCSEs. If

P=5,0®... Pa,0Q, (16)
then
min (P) = glﬂk min (@) . an

min P) = glak min ,(Q;)
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From Propositions 2 and 4, the necessary and
sufficient conditions for a HCSE P to be decomposed
inte 2y @3, ..., a, Qs are as follows:

Condition 1. For ¢ = 0, .., 5,

dP.i) = 35 ae(Qu.i) . as)
Condition 2.
min x(P) = z:la;min x'(Qk) (19)

min 4(P) = glak min ,{Qs)

Condition 1 considers shapes only. If Condition 1 is
satisfied, P and 2,Q,P... Da,Q, arc shape-equivalent.
If Condition 2 is satisfied in addition to Condition 1, P
and @,Q,D... Pa,Q, are located at the same
position. Since Condition 1 and 2 are the necessary and
sufficient conditions, the space of solution #n-tuples of
(ay, ..., a, for Condition 1 and 2 contains all and only
ntuples {a,, ..., a,) such that a; Qs, ..., a, @,s is

the decomposition of P.

11I. Optimal Local Decomposition of HCSEs

In this section, we develop a technique to find the
optimal local decomposition of a convex structuring element
into a set of local convex structuring elements using the
decomposition conditions presented in Section 2. If a HCSE
consists of a subset of origin point and its 6 neighbors,
then it is called a local HCSE or a local basis, in short.

3.1 Local Decomposition of HCSEs

The set of all local basis contains 41 elements, and
the elements are denoted as Hy, ..., Hy Figure 6
shows some example local basis. Given HCSE F, the
solution space of m-tuples (g, ..., aq) satisfying
Condition 1 and 2 involving the set of all the local
basis represents all the z-tuples such that

P=aH,D... DayHy - (20)

The solution space thus obtained represents only and

all the feasible local decompasitions of F.

3.2 Cost Function
Suppose ¢, where &~ 1, ..., », is the cost or time
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to compute dilation of an image by structuring element
Q+ Then the total cost or time to compute the sequence
of dilation operations by a, @;s, ..., ¢, Q,s can be
represented by the cost function

2 arc @n

A dilation operation of input image A by structuring
element B can be executed by the union of the
translation of the input image as

J A, 22)

=5

where A, represents the translation of input image by

vector H3). On a plain von Neumann type computer
which has a CPU and a main memory, a dilation
operation can be implemented by first translating input
image by each elements in B and then ORing the
translated images. The computational complexity of the
implementation method is proportional to the number of
the translations of input image, which in tum, is the
number of elements in structuring element B. Thus the
cost function for the sequence of dilation operations by
structuring elements g; Q)s, ..., @, Q.5 is

PIRAN @3

where p, is the number of the elements in structuring
element @,

The implementation method presented in the above is
one of the many implementation methods. Different cost
functions can be obtained for different implementation
methods. If the cost of the dilation operations by a
implementation method is knows, the cost function for
the implementation method can be easily derived.

3.3 Finding the optimal solution s-tuple

Given a structuring element P, the optimal local
decomposition of P is determined as
aan @ ‘es @dququ s 24

where the #-tuple (g, ..., ay) minimizes a cost

function while satisfying Condition 1 and 2 involving all

the local basis. We wuse linear integer programming
technique {21], [22] to find the optimal solution #x-tuple.
The set of constraints used in linear integer programming
is the set of linear integer equations generated from
Condition 1 and 2 involving the set of all local bases.
The objective function to be minimized is the cost
function obtained by the set of all local bases. By giving
different cost functions, optimal decompositions for
different implementation algorithms can be obtained.

3.4 Decomposition Examples

Table 1 shows the optimal local decompositions of
example HCSEs in Figure 5. Figure 6 graphically depicts
the local bases that appear in the Tocal optimal
decomposition in Table 1. In Table 2, we compared the
cost for performing dilation by the original example
HCSEs and the cost for performing dilation by the
sequences of decomposed structuring elements shown in
Table 1. The cost for performing dilation represents the
number of translation operations of images required for
executing dilation, which in turn, is the number of
elements in the structuring elements involved in dilation.
In case of dilation by an original structuring element,
the number of translation operations is the number of the
elements in the original structuring element. In case of
ditation by the decomposed sequence tesulted from
optimal local decomposition, the number of translation
operations is the number of the elements in all the bases
contained in the decomposed sequence. The simulation
shows more reduction in the amount of computation
when using optimal local decomposition for larger
structuring elements.
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Figure 5. Example HCSEs.
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I1V. Conclusion

In this paper, we formulated a gemeral framework to find
an optimal local decomposition of convex structuring

elemenis on hexagonal grid. Optimal criteria for

decomposition vary widely depending on computing

environments and implementation methods. By choosing

different cost functions as

the object function for the

integer programming, our method can easily adopt a

variety of optimality criteria for different computing

environments and the implementation algorithms. Our

method gives the optimal

local decomposition which

guarantees the minimal computation for a morphological

operation. The optimal local

decomposition results can be

used for the implementation of time-critical applications

such as real time video processing or military target

recognition.
y
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Figure 6, Local basis in the decomposition of example HCSEs.

Table 1 Decomposition results

Example HCSE Optimal Local Decomposition
Py 2HoD2H 5D 2H1sB Hyo® Hyy B Hiz
P 2HsB2Hs
Py 3H,BH,B2H,;D2H

Table 2. Comparison of the numbers of the translation
operation of images required for dilation by

original structuring

elements and by decomposed

sequences of optimal local decomposition.

Example| Original Structuring
HCSE | Element

Decomposed Sequence by
Optimal Local Decompaosition

P 61
Py 15
Py 66

21
12
24
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