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ABSTRACT

We will investigate some properties of product smooth fuzzy topological spaces. We will show that a
projection map in product smooth fuzzy topological spaces need not be a fuzzy open map. Furthermore, a slice
need not be homeomorphic to the coordinate space which is parallel to it.

1. Introduction

A.P. Sostak [10,11] introduced the smooth fuzzy
topology as an extension of Chang's fuzzy topology [1].
[t has been developed in many directions {2-9]. In [5,8],
it was introduced the existence of initial smooth fuzzy
topological spaces as a generalization of subspaces and
products of smooth fuzzy topological spaces.

In this paper, we investigate some properties of
product smooth fuzzy topological spaces. In general
topology, every projection map is a open map and every
slice is homeomorphic to the coordinate space which is
parallel to it. We show that the above facts are not
satisfied in smooth fuzzy topological spaces.

But they are satisfied in stratified smooth fuzzy
topological spaces as an extension of Lowen's fuzzy
topology [7].

In this paper, let X be a nonempty set, /=[0, 1] and
1,=(0, 1}. For a1, ofx) = ¢ for all xEX. All the other
notations and the other definitions are standard in fuzzy
set theory.

2. Preliminaries

Definition 2.1[8,10] A function 7: /*—/ is called a
smooth fuzzy topology on X if it satisfies the following
conditions: B

(01) 0y==1)=1.

(02) (A ) 2 W) AN W) for each py, o &1

(03) A Vier m= Nier o) for any {“i}iErciX~

The pair (X, 1) is called a smooth fuzzy topological
space.

A smooth fuzzy topological space (X, 1) is called
stratified if

(S) W) =1 for each a< /.
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Let 7, and 7, be smooth fuzzy topologies on X. We
say T, is finer than (7, is coarser than 7)) if LW <
7(1) for all uEF

Definition 2.2 {5] Let 0 & Oy be a subset of /. A
function B: &x—1 is called a smooth fuzzy ropological
base on X if it satisfies the following conditions:

(B1) B(1)=1.

(B2) B AN )2 B N Bi), for all b, 1, E 6.

A smooth fuzzy topological base B always generates
a smooth fuzzy topology 7 on X in the following sense:

Theorem 2.3[5] Let §be a smooth fuzzy topological
base on X. Define the function 73: F*—1 as follows: for
each usr,

\/ { Aie,jﬁ('ui)} lf .u: \/[Eja ,uje @Xa

(k) =41

0

if £=0,
otherwise

where the first Vis taken over all families {1, € Oy

| H= \/le.l,ui}'
Then (X, 15) is a smooth fuzzy topological space.

Definition 2.4{5] If §is a smooth fuzzy topological
base on X, then 7 is called the smooth fuzzy topology
generated by 8. The pair (X, 73) is called a smooth fuzzy
topological space generated by a base B on X.

Definition 2.5[2] Let (X, 7) be a smooth fuzzy
topological space. A4 fuzzy closure operator is a function
C.: FX[y—F defined by, for each A€/ and r&,
CdA, = Nip| A<p, ol -p)=r}.

Definition 2.6 Let (X, 1) and (¥, 7.) be smooth
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fuzzy topological spaces and f: X—7Y a function.

(1) fis called fuzzy continuous if T(Uy<1,(f~' (1)) for
all uELY

(2)fis called fuzzy open if T.(A) < B(f(A) for all AEF,

(3) fis called a fuzzy homeomorphism if fis bijective
fuzzy continuous and f~' is fuzzy continuous.

Definition 2.7 Let (X, 7)= be smooth fuzzy
topological spaces and X a set and f: X—.X; a function ,
for each i &I The initial structure T is the coarsest
smooth fuzzy topology on X for which each £, is fuzzy
continuous.

Theorem 2.8[5,8] (Existence of initial structures)
Let (X, 7)1 be smooth fuzzy topological spaces and X
a set and f: X—X a function, for each i<l Let
0= {0=u=Ncx f1(v) | 5(v)>0, iEF}be given,
for every finite index set FCI.

Define a function B: ©,—/ on X by

ﬂ(au): \/ {lé'\F T,(V[) 1 MZ ré,\Fﬁ—l(vi)}

where the first Vis taken over all finite index subset
F of I Then:

(1) B is a smooth fuzzy topological base on X.

(2) The smooth fuzzy topology 7; generated by B is
the initial smooth fuzzy topology on X for which each
i€T, f; is fuzzy continuous.

(3) Amapf: (Z, t)—(X, 13) is fuzzy continuou iff for
each i&T, ff is fuzzy continuous.

Let (X, 7) be a smooth fuzzy topological space and A
be a subset of X. The pair (4, 7|,) is said to be a
subspace of (X, 1) if 7|, is endowed with the initial
smooth fuzzy topology on A for which the inclusion
map ¢ is fuzzy continuous.

Let X be the product [T, X; of the family {(X], ) |
i€T7} of smooth fuzzy topological spaces. The initial
smooth fuzzy topology 7=87 on X for which each the
projections ;: X—.X, is fuzzy continuous is called the
product smooth fuzzy topology of {t. | i€ T}, and (X, 1)
is called the product smooth fuzzy topology space.

3. Some properties of product smooth
fuzzy topological spaces

Lemma 3.1 Let X be a product of the family {X; |
i€T} of sets and, for each i< T, m,: X—X; a projection
map. For each A€/, i, j €T and L,E ¥, we have the
following properties.
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(1) T (AN =LA T(A).

(2) If Ve, Mx)) = o; for i€ F with each finite index
subset F of I'\ {j} and put a=/\ cr0, then:

(@) V.ed AN ,»gpn,-'l(ﬂ,,n(X) =a.

(b) N jerm (A)) = 0.

Proof. (1) Since /={0, 1] is infinitely distributive,
we have for all X¥E X,

A () A D) =V A ) ADE) | ) =)
=V AR A M) | 75(x) =x'}
=VAMNO AU | mx) =x'}
=2 AV M) | 7 =)
=AY A T A)(x)

AN mAE).

(2) (a) Since [=1[0, 1] is infinitely distributive, we
have
Ve N e (AN = N ief Viex A(m(x)))
=N i Vaexi Mx)) (mfx) =x7)
=N jer@;
=0

(b) For each ¥ €X, we have

(N ier T ANE) =V (Nier 5 (AN | mx) =}
=Viex(Nicrm (AN (FTT §})
=a. (by (2)

Hence 7 (Nicrmi'(A)) = 0t
O

Example 3.2 Let X ={x', 2%, ¥*}, Y={', y*} and
Z=1{z', 2%} be sets and W = XX YX Z a product set. Let
WX, m: W—Y and m: W—Z be the projection
maps. Define 4, €/, L, €/ and L, EF as follows:

A1) =0.5, A02)=02, L(3)=023,

20" = 0.4, 2,62 =0.7 and A (') = 0.6, A(z2)=0.1,

Then

\/ie{l.2.3}11(.xi)=0-59 Vie 121401 =07,
V ie 1‘2}213(21)=0.6.

From Lemma 3.1 (2)(b), we have the followings:

m(m(A))) =05, m(m5!(4,))=07,

T (A AT (A,)))=0.540.7=0.5,

(T (A4))=0.5, my(m53'(A,))=0.6,

T (A A HAL)))=0.5A0.6=0.5,

m(m3'(A4,)) =07, 7 (m51(43)) =0.6,



Some Properties of Product Smooth Fuzzy Topological Spaces

(75 () AT (A4))=0.7A0.6=0.6.

Lemma 3.3 Let (¥, 7) be smooth fuzzy topological
space and 3 a smooth fuzzy topological base on X. If
(X, P—(Y, 7 is a function such that S(A)= ALY
for all A& 6, then [: (X, 15)—(Y, ©) is fuzzy open.

Proof. Suppose that there exists u €/ such that
T4) > WAW)Y). Then there exists a family (4, € 6, |
U= VirA} such that

T 2 Nie rfA) > AAW)).

On the other hand, since (1)< i) or all A= 6,
we have

Nie BA)E Nierdfid))
<AV ={((A)) (by (O3) of Definition 2.1)
= qAV e A))
= qAu).

It is a contradiction. Hence f is fuzzy open.

Theorem 3.4 Let (X, 75) be a product space of a
family {(X, 7) | /€T of smooth fuzzy topological
spaces. Then the following statements are equivalent:

(1) A projection m: (X, 5)—>(X,, 7) is fuzzy open.

(2) For every p= A,rml(4) such thatV, ey,
A{x)=0; for each o<1 and i€ F such that a finite index
subset F of I'\ {j} and t(A) > 0, we have N\ pT{A)=
7(c) where =/ 04

Proof. (1)=(2) For every u= N,z '(A) such
that V,cy, A(x) = o for each finite index subset F of I”
\{j}, by Lemma 3.1 (2)(b), we have, for @=/N\ e .0,

) = TN e () =

Since p Gy, by Theorem 2.8, we have

N e pTA) = Bl =< To(p0).

Furthermore, since 7 is fuzzy open, we have

(W) = () = ().

Hence

N e rTA) < 7).

(2=(1) From Lemma 3.3, we only show that f(1)<
() for all A€ O,

Suppose that there exists vE @y such that B(v)>
T(m(V)). Then there exists a finite index subsetF of I'\/
with v= 1 (A AN e 77 Y(A)) (if necessary, we can

take A= 1) such that
BV) = G NN 2 T A>T V).

On the other hand, by Lemma 3.1(2), we have
V) = T (YA (A a7 (A
=AATN e ()
=A Ao
where V,ey, A{x)=¢; and o= N\,cpa. Since N oy
A< 7(@), we have
YW = 1A A Q)
=T(A) N ()
Z G AN jerTAD.

It is a contradiction.

Cl

Example 3.5 Example 3.2, we define smooth fuzzy
topologies as follows: for each AE F¥, u<1" and pEF,

1 if v=0or T, 1 ifu=6 or T,
7,0 = %if).:/ll, (=15 it u=h,,
0 otherwise, 0 otherwise,
1if p=6 or 1,
T,(p) = % if p=4,,

0 otherwise.

Then Gy ={0# v=A . 7 (4) | 7(A)>0} for every
finite index set FC {1, 2, 3}. From Theorem 2.8, we
can obtain a smooth fuzzy topological base B: @,—1.
We have

B A am (A2 Ty Ay A 13(13):3—1.

Since (7' (&) A 7' (A5)) = 0.6, we have 7,(0.6)=0.
Thus

ﬂ(n;(/l?)/\lq‘(l;))zinl (m (51 (M) ATt3 ' (A))=0.

Hence the projection 7;: W—X is not fuzzy open.

On the other hand, from Theorem 3.4 (2), we can find
the coarsest smooth fuzzy topology 7 on X for which
is fuzzy open Since

M (A) = 0.7, m(ms' ()= 0.6,
T AN T (M) =0.7A0.6=0.6,

we have o . .
T(A) < T(0.7), B(A) = T(0.6), ()N T(A)= 7°(0.6)
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for which 7 is fuzzy open. Then
1if 2=0 or T,
Lita=2a,,

2

()= th ifA=017,
2if 2=0.6,
3

0 otherwise.

Theorem 3.6 Let (X, 7) be a product space of a
family {(X, 7) | i€} of smooth fuzzy topological
spaces and (X, ©) be stratified. Then we have the
following properties:

(1) The product smooth fuzzy topological space (X, 7)
is stratified.

(2) A projection m: X—X; is fuzzy open.

Proof (1) It is clear from the following: for each @
el

A0) = B0 _
=V N iertA) Fo= N e ()}
=)= 1. (a=r" ()

(2) Since t(0)=1 for each €], it satisfies the
condition of Theorem 3.4(2).

Theorem 3.7 Let (X, T) be a product space of a
family {(X, 7) | i€} of smooth fuzzy topological
spaces and (X;, T) be stratlﬁed Then for every slice X
in X parallel to X | X —X, is a fuzzy home-
omorphism.

Proof. (1) Let X=X, XTI{y/ | i#j] be a slice.
Since i : X,—X; and m: X—JX; are fuzzy continuous, 7

i=m) 5, is fuzzy continuous. Moreover, T ; is
bijective.

We only show that 7| 3, is fuzzy open. Suppose that
there exists 4 /% such that

| 5 (10> 7] 5 ().

Then there exists v&F with u=i1(v) such that

7| 5 () = VP 5 ().

From the definition of 7, there exists a family {v,E
O | v="V exVi} such that

V= A e B> T | 5 (10). (A)

618

On the other hand, since each v,E Oy, there exists a
finite index subset £, of I'\ {j} with

Vi= T (A A (N iep 57 ().
Since m(x) =) for i#, then, for each x X-,
A ierdt (A)x) = (N icr ().

Put o;= (/N ;e A)(V). Let t=1i"(vy) for each k€K,
Then
| v(#k)(x’) V{mw) | x€ X,
_\/ {@ "(vox) | XE 7r(x) -"J((/J'k_l {(v)
=V {v(x) | xE X ﬁ(x) o}
=Vim (M))(X)/\(/\Iemﬂ (A | x€ X,
mx) =¥}
=V {A_'k/(n;/(x)) A(A iF.qu‘)(TG(x)) | xE€
= A'k/(x]) A( A iEFkA'i)(yl)
= /’Lk,(x’)_/’\ a;(
= (lk/ A ak )(x/)-

| (o=}

X, (=)

Hence ;| \,(,u,,) A ak Thus
oWl 5 (,Uk)) (A A ak)
= A N T %)
= 7(Ay) (T % )=1)
= (A N ( N icr).

From the definition of S, it implies 7(m| ;(14)) =
B(vy). Thus j
(| ()= Nian T 1) = N e BV

It is a contradiction for (A).
0
In smooth fuzzy topological spaces, a slice X need
not be homeormorphic to X from the following
example.

Example 3.8 In Example 3.5, let X= {(x,)?, 2% |

XEX} be a slice of X.

1 ifu=6 orl,
1.
lifu=u,,
5! M=t
12,257
)= 31fu 0.1,
Yt p=07,
4
0 otherwise.
where

w32, 2 =05, (3, %, 2) = 0.2, (2,2, ) =03.

Then the projection 7| ;: X—X is bijective fuzzy
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continuous. Since
29002 r(n (ﬂ))=o
3 5e ) { l’/i’ M

then 7| : 1s not fuzzy open. Hence X and X are not
homeomorphic.

Let {AEM | i€ be a family of fuzzy sets.
Define the product of {L,E/ | i€ as

- 1
I.gr)'i‘ ié\r 7 (Ay).

Theorem 3.9 Let (X, 7) be a product space of a
family {(X, 7) | i€T} of smooth fuzzy topological
spaces. Then we have the following properties:

(1) CA[Ler A, N=<IL=C, (4, ), for all A€ i and
re& i,

(2) If CfA, ¥ =A; for all L, EF7 and r &1, then
C(Ilicr A, =My A

Proof. (1) Suppose CTlizr A, 1)< T r Ci{A,, 7).
Then there exist x&X and t</, such that

(B)

ie l”
Since M Co{ A, #¥)(x)<t, there exists j& I such that

C,( I Z.i,r)(x)2t> [T C,(A,)(x).
iel” !

1l CTl_(li,r)(x)Slgl(CTI_(}.,.,V))(x)<t.

iel’ ‘

Put m(x)=x. It implies

Cy(A, PN <.

From the definition of Cy, there exists 44, < IV with 4,
<y and 7(l — )= r such that

C/,'(}\p ¥ )(X/) = [.l/(’C/) <t

On the other hand, we have

=i = mt A< ()
= Mepdm N e r”/'l(l:) = 7t,'](,ll,)
= C{IlerA, ,-)gm-l(‘u/)

because B
A= ' w) = am'(1- )

25(1-w)zr,

619

Hence
CTLe A, M= 77/'(,11/)(3’ )
=) <t.

It is a contradiction for (B). Hence
C{Ie pA, =Tz C,’(ﬂ,,, r).

(2) It is clear from the following:
r[l'f Fﬂfiécr(nn’t l’z'l’ F)

ST CofA, 1)

= nl(' ['A'l-

Remark 3.10 In Theorem 3.9, if each the range of
7 is {0, 1}, then the product of every fuzzy closed sets
is a fuzzy closed set in Chang's fuzzy topology [1].
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