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Efficient Computation of the DFT and IDFT in
Communication Systems Using Discrete Multitone
Modulation

Antoni Fertner, Mattias Hyll, and Anders Orling

Abstract: The Discrete Fourier Transform (DFT) and the Inverse
Discrete Fourier Transform (IDFT) are commonly used in signal
processing applications, in particular in digital communication sys-
tems using the multi-carrier modulation principle. In such systems
an IDFT is computed at the transmitier end, and a DFT at the re-
ceiver end. This paper examines a technique of computations, for
which only negligible differences appear between the DFT and the
IDFT calculations while the number of arithmetic operations re-
quired is substantially rednced. This offers significant advaniages
for the design of an IDFT/DFT processor for Discrete Multitone
(DMT) systems.

Index Terms: Discrete Fourier Transforms, Fast Algorithms, DSP
Applications, Commmunication Systems.

L INTRODUCTION

The transmission of high-speed data can be accomplished
through the use of Discrete Multitone (DMT) modulation. The
modulating/demodulating process is implemented very effi-
ciently using the Inverse Discrele Fourier Transform (TDFT) for
modulation and the Discrete Fourier Transform (DFT) for de-
modulation [1]. An efficient method for mapping the DFT and
IDFT computations to a computing device is presented. Her-
mitian symmetry of the transmitted sequence in the frequency-
domain, imposed by the DMT protocol, may be exploited to ef-
fectively reduce the number of arithmetic operations. The Her-
mitian symmetry yields a rcal transmitted waveform in the time
domain. Hence, the DFT of a 2N-point real input sequence can
be obtained from computation of one N-point complex data DFT
at the receiving end. In Section II , we demonstrate that an al-
gorithm having the same structure can be used at the transmit-
ting end, (o generate a 2N-point real oulput sequence directly
from the N-point complex sequence. In Section I we demon-
strate that the standard FFT algorithm is preceded and succeeded
by identical data manipulations which yield the DFT and IDFT.
This simplifies the actual implementation, which is discussed
further. The conclusions arc presented in Section IV.
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II. COMPUTATION OF THE 2N-POINT REAL IDFT
OF AN N-POINT COMPLEX SEQUENCE

We assume the [ollowing definition of the DFT/IDFT pair
throughout the paper:

2N-—-1
Xp= Y w, WL, k=0,1,---,2N -1, (1)
n=0
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where Wyn = e—1%%

The algorithm which permits the efficient computation of the
DFT of a real sequence is widely known in literature [2], [3].
The sequence is arranged so that even samples form the real
part and odd samples the imaginary part of a complex sequence
of haif the length. This sequence is then transformed using the
standard FFT routine. A similar algorithm can be derived to
generate a 2N-point real output sequence directly from the N-
point complex sequence at the transmitted end. Forced Hermi-
tian symmetry implies that

Xngr = Xy_g- 3
Introduce the complex series v,
Un = T3y +J - Tantls (4)

wheren = 0,1,--- , N — 1, and the real series,.r,, , is the IDFT
of Xk .
The real part of v,, may be expressed as

2N-1
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After straightforward manipulation one obtains

N-1
1 ) o
Re{vn} = 5N E (X + Xnp) - WR™™ (6)

k=0
Similarly, the imaginary part of v, may be expressed as
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Consequently, computation of the series v,, involves one N -
point IDFT

—

N—
1 S
Un = Z_; Xy - wghn, (8)

where the X sequence is expressed as
X"r —_ 1 Y ok .7 - #* _ /‘—k'
Sk = 2(1 kXN _g) 5(—Xk — X)W av- ()

Hence by simply separating the real and imaginary parts, i.e.,
assigning the real part of the resulting series, vy, to the even-
numbered samples, and the imaginary part to the odd-numbered
samples, we obtain the desired real sequence ., .

Since the DFT and IDFT are half as long as the original se-
quences the algorithm requires N/2 - (logs N + 1) complex mul-
tiplications and N - (loga N + 2) complex additions, whereas
executing the standard FFT requires N - (logs2N — 1) complex
multiplications and 2N - (log22 N — 1) complex additions [2],
[3].

I, IMPLEMENTATION

The algorithm described in [2], for the efficient computation
ol the DFT of a 2N-point real sequence, and the algorithm de-
scribed by (8) and (9) fall into a common scheme, which may
be summarized as follows:

I. manipulation of the input block data,
2. cxecution of the standard FFT routine,
3. manipulation of the resulting output block data.

However, the IDFT can be expressed in terms ol the DFT [2]—[4]

IDFT(Xy) = —[DFT(X)]".

2N (10)

therefore Step 2 requires executing the standard FFT routine,
while the complex conjugates can be directly incorporated into
data manipulation Steps 1 and 3.

In the case of transforming the real sequence, the input data
manipulation consists of arranging the sequence so that the even
samples {orm the real part, and the odd samples the imaginary
part, of a new complex sequence. In the case of transforming the
Hermitian- symmetric sequence, the input data manipulation is
described by (9), cxcept for the additional complex-conjugate
following from the property, (10). This results in

G o 1 o - j i - -k
X = SO+ Xvo) - %(xk — Xn_p) W (D

The output data manipulation in the case of transforming the
real sequence according to [2] consists of computing:

(- 1 e j o - ;

Xf = 5(Xi + Xno) = S0 = Xyoa) - Why, (12)
where X, is the DFT of the N-point complex sequence created
[rom the real sequence, z,,. Comparing (11) with (12) reveals
that they exhibit identical structures,

Real

W "1 Complea
Camplex o N-RFT - W I B
DFT Mo Real IDTT

dala 1n datr our

M Manipulanan
» 1nput/ourpor . L3
[ I YR o] dlata block

[DFT b
data m data out

Fig. 1. Block diagram of the proposed DFT/IDFT algorithm. Multiplexer
position '0’ corresponds to calculating IDFT: multiplexer position *1” -
to calculating the DFT.
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Fig. 2. Struciure of the input/output data manipulation block.

The output data manipulation resulting from the transform-
ing of the Hermitian-symmetric sequence consists of rearrang-
ing the sequence, so that the real parl of a complex scquence
is assigned to even samples, and the imaginary part to the odd
samples, i.c. the same operations as the inputl data manipulation
for transforming the real sequence, but executed in reversed or-
der. A conceptual block diagram for the resulting structure is
shown in Fig. 1.

The idea of the proposed approach is to reduce the size of the
standard FFT routine while applying identical data manipula-
tion scheme for computing DFT and IDFT in DMT application.
The structure of the “manipulation block™ of Fig. 1 is described
by (11) and (12) and illustrated in Fig, 2. The FIFO (First In
First Out) and LIFO (Last In First Out) blocks are buffers which
provide read-out sequences for data in direct and reversed order.

The relevant blocks of the implementation struclure are: a
computation device, a data manager. a controller and a buffer
or set of buffers, which are shared between the computation de-
vice and data manager as illustrated in Fig. 3. The computation
device performs the calculations. The data-manager block ma-
nipulates input and output data. The controller synchronizes the
process by sending control signals to all participating blocks.
The data-manager block collccts the data appearing sequentially
at the input indicated by the controller. If the DFT input is
selected, the input sequence 1s real and the samples appear at
the system sampling frequency. The data manager forms com-
plex numbers from two subsequent samples, and stores these in
the shared buffer. If the IDFT input is selected, the input se-
quence is complex and is stored directly in the shared buffer.
The data-manager also outputs the already computed DFT from
the shared buffer to the selected output. If the IDFT output is
selecled, the data manager forms a real sequence from the com-
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Fig. 3. The implementation structure of the proposed DFT/IDFT algo-
rithm.

puted complex sequence. If the DFT output is selected, it puts
the numbers dirccily to the output. Another function of the data
manager 1§ (o handle the digit-reversal properties of the FFT
algorithm. This can be done without cost in terms of storage
arca and latency, if every second DFT or IDFT is comiputed
with digit-reversed input data, and the others, with naturally-
ordered input data. The implementation of a function of this
nature would typically be done with either a standard DSP clup
or chip set, or with an ASIC chip specific 1o the application.
If an ASIC implementation is chosen only minor extensions 10
the data path is required, and for a DSP implementation, a DSP
suited to butterfly operations should perform the manipulation
operation.

IV. CONCLUSION

The method for the efficient computation of the DFT (IDFT)
of real-valued sequences is very well known and is often re-
ferred in technical literature. It permits the size of the DFT to
be reduced thus saving a number of arithmeltical operations. In
this paper we have presented an algorithm exploiting the hermi-
tian symmetry imposed by the DMT communications protocol.
The proposed algorithm enhances the efficiency of the FET al-
gorithms by reducing the size of the FFT by a factor of two with
only a small number of additional computations. The fact that
the algorithm at the transmitting and receiving cnd has the same
structure, significantly reduces the cost of a DMT transceiver.
An cfficient method for mapping the DFT and IDFT computa-
tions to a single computing device is presented in this paper.
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