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Buckling Stability of Timoshenko Beams on Two-Parameter Elastic
Foundations under an Axial Force
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Abstract

The paper presents a stability analysis of uniform Timoshenko beams resting on
two-parameter elastic foundations. The two-parameter elastic foundations were considered
as a shearing layer and Winkler springs in soil models. Governing equations of motion were
derived using the Hamilton's principle and finite element analysis was performed and the
eigenvalues were obtained for the stability analysis. The numerical results for the buckling
stability of beams under axial forces are demonstrated and compared with the exact or
available confirmed solutions. Finally, several examples were given for Euler-Bernoulli and
Timoshenko beams with various boundary conditions.
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Fig.2 A finite 7th element under an axial force,
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Table 1.

frequencies Q2.

Comparison present results with ones in other references for nondimensional lowest three natural

Boundary Condition L{ Both Hinged Hinged - Clamped
Beam Types~_Parameters- 1T Exact |Ref.(12) | Present ] tError tExact|Ref.(12)| Present Error
—— - (%) : resent | " (y)
Kw/7r4=0.0 9.87 9.87 9.86956F0.004 15.42 15.42] 15.4180 0.01
K$/7[2=0_0 39.48 39.49 39.4779\‘ 0.005| 49.96 49.99] 49.9636| -0.007
2_ 88.83 88.94| 88.8256| 0.005| 104 25/ 104.43] 104.246 0.004
=0.0 |
Qlm ! i Mt I Mt
Kw/7T4=0.0 6.24 6.24) 6.24201) -0.03] 13.01 13.01! 13.0064 0.028
Ks/ﬂ2=0.0 36.40 36.41| 36.3967) 0.009 47.35 47.38I 47.3526/ -0.005
Euler- Q/7l’2=0.6 85.81 85.93| 85.8137; -0.004) 101.54 101.73] 101.540 0.0
Bernoulli Ld—‘—L“—’L——— + —
Beam Kw/n'4=0.6 9.87 9.87| 9.86956, 0.004;, — 15.09] 15.0868 0.02
Ks/nzzo_o 37.19 37.20% 37.1910! -0.003) — 47.99) 47.9658 0.05
Q/7r2=0.6 86.15 86.27| 86.1535| -0.004] — B 102.02 101.827{ 0.18
T
Kw/7Z'4=0.6 — 13.96) 13.9577 0.016‘ — ] 18.48| 18.4786 0.008
Ks/ﬂ2=1_o — 72.11| 42.1047, 0.013] — 52.21| 52.1930 0.03
Q/,z-zzo.s — 91.21] 91.0995, 0.121} — 106.47] 106.287 0.17
J — 1
Kw/7r4=0.0 8.21 8.22| 8.21469| -0.06/ 10.63 10.63] 10.6266 0.03
Ks/7r2=0.0 24.23 24.31| 24.2281] 0.008] 25.62 25.71 25.6160 0.015
Q/r*=0.0 41.54 41.96] 41.5417 -0.004| 42.03 42.46) 42.0314) -0.003
Kw/7r4=0‘o 3.47 3.47) 3.46648 0.10 7.32 7.33] 7.32426) -0.058
Ks/7z'2=0.0 19.22 19.31] 19.2209] -0.005| 20.93 21.03| 20.9312] -0.006
Timoshenko Q/7r2=0.6 35.08 35.48; 35.0793] 0.002] 35.70 36.16| 35.7459] -0.129
Beam 4
K,/ =06 8.21 8.22] 8.21469| -0.057] 10.46 10.49] 10.4806] -0.197
K3/7l'2=0.0 20.59 20.67| 20.5856; 0.002] 22.20 22.30| 22.2068 -0.03
Q/7T2=0,6 35.86 36‘2135.8568 0.009{ 36.50 36.90) 36.5041] -0.011
l
Kw/7l‘4=0_6 — 12.64] 12.6382| 0.014] — 14.42| 14.4188 0.008
K5/7r2=1.0 — 28.10} 28.0258 0.26] — 29.34! 29.2476 0.315
Q/7Z'2=O_6 — 46'31 45‘92101 0.904§ — 46.71 46‘2772; 0.93
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Fig.7 Buckling load depending on shear
foundation parameter for hinged-hinged

boundary condition.
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Table 2. Nondimensional lowest three natural frequencies, £ for four boundary conditions (Euler-Bernoulli &
Timoshenko).

Boundary Condition
Both Hinged | Clamped-Free |Hinged-Clamped|Clamped-Clamped

Beam Types Parameter
Q/n*=0.0| 9.86956 351601 15.4180 22.3728
K, /n*=0.0] 39.4779 22.0342 49.9636 61.6705
K /r*-00| 888256 61.6961 104.246 120.900
Euler- Q/n*=05| 9.86956 3.51601 15.4180 22.3728
Bernoulli | K,/n'=0.0| 394779 22.0342 49.9636 61.6705
Beam K/r%-05| 888256 61.6961 104.246 120.900
Q/n*<05] 9.86956 5.80909 15.1443 22.0986
K,/n*=05] 375818 19.3256 48.3046 60.2035
K /n’=0.0| 86.6046 58.9387 102.234 119.069
Q/n?=0.0| 821469 3.18869 10.6266 13.0748
K, /n'=00] 242281 13.8755 25,6160 26.6924
K /xt=00] 415417 29.9222 42.0314 426488
Timoshenk Q/n°=05] 821469 3.18869 10.6266 13.0748
"“;:a;" ° K,/n*=00| 242281 13.8755 25.6160 26.6924
K /n*=05| 415417 29.9222 42.0314 42.6488
Q/n*=05| 821469 5.15705 105122 12.9933
K,/ rt=0s] 212404 11.3125 22.8103 23.9795
K,/r*-0.0 36.8673 26.0099 37.4859 38.1856
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