Transaction on Control, Automation and Systems Engineering, Vol. 1, No. 2, December, 1999 99

Fuzzy H” Filtering for Nonlinear Systems with
Time—-Varying Delayed States

Kap Rai Lee, Jang Sik Lee, Do Chang Oh, and Hohg Bae Park

Abstract

: This paper presents a fuzzy H™ filtering problem for a class of uncertain nonlinear systems with

time-varying delayed states and unknown initial state on the basis of Takagi-Sugeno(T-S) fuzzy model. The
nonlinear systems are represented by T-S fuzzy models, and the fuzzy control systems utilize the concept of the

so—called parallel distributed compensation. Using a single quadratic Lyapunov function, the stability and L, gain

performance from the noise signals to the estimation error are discussed. Sufficient conditions for the existence of

fuzzy H” filters are given in terms of linear matrix inequalities(LMIs). The filtering - gains can also be directly

obtained from the solutions of LMIs.
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1. Introduction

Recently, stability analysis and systematic design are
among the most important issues for fuzzy control
systems. There have been significant research efforts on
these issues. With the development of fuzzy systems, it
is known that the qualitative knowledge of a system
can also be represented in nonlinear functional form. On
the basis of this idea, some fuzzy models based fuzzy
control have appeared in the fuzzy control field [1]-[6].
These methods are conceptually simple and straight-
forward. The nonlinear system is represented by a
Takagi-Sugeno(T-S) fuzzy model. And then, the control
design is carried out on the basis of the fuzzy model
via the so-called parallel distributed compensation(PDC)
scheme. Since uncertainties are frequently a source of
instability, Tanaka et al. [b]16] presented stability: analysis
for a class of uncertain nonlinear systems and method
for designing robust fuzzy controllers to stabilize the
uncertain nonlinear systems. However, their design method
has to predetermine the state feedback gamns before checking
the stability condition of the closed-loop system. It is
well known that observer or filter design is also a very
important problem in control systems. Ma et al. [8]
presented the analysis and design of the fuzzy controller
and fuzzy observer on the basis of T-S fuzzy model using
separation property Tanaka et al. [9] also presented
systematic design method of the fuzzy regulator and
fuzzy observer on the basis of T-S fuzzy model.

The H” filtering approach is concerned with the
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design of filter which ensures that L, induced gain
from the noise signals to the estimation error signals
will be less than a prescribed level. In H™ filtering, the
noise sources are arbitrary signals with bounded energy,
or bounded average power, which renders this approach
insensitive to the noise statistics, and thus very
appropriate to applications where the statistics of the
noise signals are not exactly known [10]-[14]. Since
time delay is frequently a source of instability and
encountered in various engineering systems, the H™
control problem for delayed systems has received
considerable attention over the last few decades [15]-
[18]. However for a fuzzy control system, there are few
publications on H” filter design for delayed systems.

In this paper, we design a fuzzy H” filter for
nonlinear system with time-varying delayed states. To
design a fuzzy H™ filter, the nonlinear systems are
represented by T-S fuzzy models and the PDC is
employed. A sufficient condition is derived such that the
closed-loop system is exponentially stable and L, gairi
of the input-output map is bounded. Based on the
derivation, we obtain a sufficient condition, which is
given in terms of LMIs, for the existence of fuzzy H”
filters for T-S fuzzy model. And the filter gains can be
directly obtained from the solutions of LMIs.

II. Problem formulation

The continuous fuzzy dynamic model, proposed by
Takagi and Sugeno, is described by fuzzy IF-THEN
rules which represented local linear input-output relations
of nonlinear system. Consider a nonlinear system with
time-varying delayed states that can be described by
the following T-S fuzzy model with time-varying
delayed states:

Plant Rule 1
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IF 2z,(f) is My and ... and z.(H is M,
THEN ()= Ax(D+A 4x(t— d (D) +B 1 u(d)
WD = C 2D+ Cyua(t— dy(D)+ D ()
ed=Cux(d), x0)=x, i=1,2,..,7 o))
D=0, tel— max(d;(9),dx(H),0]
where M; is the fuzzy set, ()= R” is the state
vector, ¢(H< R” is the continuous initial value function,
w() € R? €L,(0,7) is the square-integrable noise
signal, ¥»( € R™ is the measurement, e(d € Rfs the
signal to be estimated, #» is the number of IF-THEN
rules, 2;~z, are some measurable system variables,
ie, the premise variables, and all matrices are constant
matrices with appropriate dimensions, d(#,i=1,2, are
the time- varying delays with following assumptions:

0<di(H oo, d(D<F; <1, i=1,2. (2

The final output of the fuzzy system is inferred as
follows:

I

W) = D)) (An(D+ A gt dy(D) + B ()
WD = Zha()C,x(D+ Coapt— do(8) + Dyl )

D = L hda(D) Cald 3)
H0) = x, (=D, tel— max(d(D,dy(1),0]

Il

where
wiz(9) = Mz
I(2(D) = wl=(D)] Fwld)
2D = [21p 2o - Zwp)©
where M ;( zjy is the grade of membership of z{(#) in
M. It is assumed that
wlz(9)) = 0,

lezrz(t)‘ﬂ 0

for all £ Then we can obtain the following conditions:
h{z(8)) = 0,

gl By = 1

for all ¢ As a fuzzy H™ filter of the fuzzy system (1),
we consider the following structure:
Filtering Rule I :
IF 2z,($) is M, and ... and 2,(9 is My

i:1,2,...,7 (4)

i=1,2,...,7 5)

THEN X()=F,%()+G3(8 #0)=0 (g
w)=CxD, i=12,...7

Whe;’e the matrix F; and G; are to be determined. The
final output of this fuzzy filter is

Il

D

e(D

S RGFFD+G D) H0=0, (7
3 hi2D) €D,

H

From (3) and (7), we obtain the following estimation
error system

W) = AR+ A()a(t—di())
+ Ay (2)x(t— dof D) + B2 w(d

€0) = [xf 1" ¢cO=[eHT $(»"1" (8
t € [— max (d, (D, dyD),0]

ot = TR
with the following notations

AR = B BrlO)na) By,
U= 3 D)) Cs,

A1) = 2 DD hz() A,

A,(2) = 2 DD h20) Ay,

B() = X RhDh(0) By, O

where ¢D=[xD—-x@)T xT(DIT, e(D=e(H— e(,

N F,‘ Al-—Gl-Cy]—F,' . _GiGyd!
Aif: ] AZ”ZI :l,

0 A; 0
A, =1[A%Y AT, (10)

A,
B,=[(B\,—-GD,)" BI]1" C,=I[C; 0L

For givén ¥, we define L, gain y-performance of
the system (10) as the quantity
T T
INEGIR =% YR CIR
0 0
) 11
+ el R+ 3, [ | R

for all 750 and all weL,[0 71, where ||| denotes
the Euclidean norm. The  weighting  matrix
R;i=0,1,2, in (11) are measure of the initial state
uncertainty at ¢< 0 relative to the uncertainty in w(9.
A large value of R; indicates that the state at #<0 is

very close to zero. In the case of filtering problems for
the systems with no time delays, the performance
measure of (11) is replaced by

Fneotar = 21 [ lwolar = Ru) — (12)

This paper addresses designing fuzzy H™ filter (7) for
the system (3) such that the closed-loop system is
globally exponentially stable and achieves L, gain 7 -

performance (Globally ES- 7).

II. Robust fuzzy H™ filter design
Our first result deals with the problem of analysing if
a given fuzzy H™ filter as in (7) provides a globally
exponentially stable error dynamics and satisfies the
performance constraint of (11).
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Llemma 1 :
there exist matrices

Consider the unforced system of (8). If
P>0,S;>0 and Sg> 0,

positive scalar a satisfying the following inequalities

and

050, i=1,2,..,7 (13)
Q534+025<0,  iir, (14)
where
A P+PA;+58+ 5 PA, PA,,
25 = A, P -8, 0
A,.P 0 — 38y 5

i,7 = 1,cdots, »

S

It

0 0 00
, Slz[
0 511+522 0 all

(1 - Bi)Szi: i=1,2,

I

Szi

then the equilibrium of the unforcéd system of (8) is
globally exponentially stable.
Proof : Define a Lyapunov functional

t

w078 ;x(Ddr, (16)

t—d(#)

V(L= PED+ 2,

where P>0 and S;>0. Then there exist positive
scalars 6; and &, such that &IIdI* < V(& 0 < &lidl*.

If there exists scalar @ > ( such that V(¢ 6 < —elidl,
then the unforced system of (8) is globally exponentially
stable[19]. using

Ve, o< TP+ TOPEWD

3 DTS (D —x(t—d( )T Saa(i—d($)) (D
1= V(4 0),
and assuming the zero input, the condition V,(¢, 9
< —alldl is equivalent to
(T AT (9 P+ PAD+ 5+ 51
+275() Ay (2) PL(D) +x3(8) Ayr(2) PE(D)
+EN(HP A1 (x4 (D + T (DP Ay (2)x 4 (D)
— 25D Spuxa(D—25() Spxa(d) <0,
where x 2(0)=x(t—d{$),i=1,2.

This is equivalent to the existence of P>0 ‘satisfying

Az PA (2 PA(2)
A,7@P -3, 0 |<0. (19)
A5 @P 0 - 3
where Ap(2)= A" (P+PA(D+ 5+ 5

By using the Schur complement [20], it can be easily
shown that the inequality (19) is equivalent to

1
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Z‘hi(z( D) h(2(H) 2%
= , (20)

+ DILR(D) (D) @+ 25 <0,

Thus, if (13) and (14) are satisfied, then the unforced
system of (8) is globally. exponentially stable. [ |
Lemma 2 : Consider the system (3) with assumption
(2), and let R;>0,i=1,2, be a given initial state
weighting matrix and >0 a given scalar. Given a fuzzy
H” controller of the form of (7), then the corres—
ponding closed-loop system is Globally ES- y for all
weL,[0, T], if there exist matrices P> 0, S;;>0 and

S > 0, and positive scalar « satisfying the following

inequalities
0k, i=1,2,..,7 1)
QP+QF0, iy (22)
Si—7rR=0, i=1,2. (24)
In here
Q7=
AT, p+PA;+8+ 3 PA,, PA, PB; C7;
A\TlvP -8, 0 0 -0
A\TZ,yP 0 - Szz 0 0
B P 0 0 —7I 0
Ci 0 0o 0. ~I
ii=1,2,..,7 (25)

where S, S; and S, i=1,2 are given by (15).
Proof : The positive definite matrices P, Sy and S,
and positive scalar o satisfying (21) and . (22) also

satisfy the inequalities (13) and (14). Using a Lyapunov
functionals (16), (17) and the following condition

(D= V(& D+ &7 (D e(d—Pw™uw(d=<0, (26)
(21) and (22) are obtained. From (17) and (26) .-
T T
Ve(DIdt— 7 | Nlw(dl*dt <
J ’ ‘ J o @7

o ,
PO+ 2 [, #(DS a(Dde
because V(& T)>0. It follows from initial condition (8)
that '
T T
Jo 1eCoNat= 2L [ (Dl *dt+ ] Roxo
+ g}lfiﬂ (DR x(DdA<ET(0)PL0) — P TRy +
g f id‘mxT( DS (Ddr — ¥ g‘ f iﬁ.xR DR (1) dr (28)
<x (I, LIAL IL17—7 R}
¢ o
+ 2 [ OIS PRI

Thus if (21)-(24) are satisfied, the closed-loop system
is Globally - ES- 7. ‘ [ |
The next Theorem 1 presents a solution to the fuzzy



102 ICASE : The Institute of Control, Automation and Systems Engineering, KOREA Vol. 1, No. 2, December 1999

H™ filtering problem for the uncertain T-S fuzzy model
with time-varying delayed states in terms of LMIs.

Theorem 1 @ Consider the system (3), and let R;> 0,¢
=0,1,2, be given initial state weighting matrices and
y> 0 a given scalar. Then there exists a fuzzy H™
filter (7) such that the estimation error system (8) is
Globally ES- 7. if there exist common matrix X 0,
Z>0, Sy>0 and Sp >0, and matrices W, Y, ¢
=1,2,...,7, and positive scalar @« satisfying the
following LMIs:

0:¢0, i=12,....7 (29)
O+0;<0, ii<r, (30)
X+Z-7Ry <0, (31
Si—7R; <0, i=1,2. (32)
In here
0=

¥, T; XA, —-Y.C, U;cC"

Tr. A ZA, 0 ZB;, 0
ATX AYZ -3y 0 0 0| (33
-CTL, Y, 0 0 ~ 8y 0 0
Uy BY? 0 0 710
Ci 0 0 0 0 -I
,7=1,2,...,7
where
Ui=W+ W, Ty=XA-YC,-W,
A;=ZA;+ATZ+ S 1+ Sp+al, (34)

Z7;;'=XB1,4— YD,, Si=1-82Ss i=1,2.
Furthermore, filter gains are given by
Fi=X7'W, G=Xx7ly; (35)

Proof @ Let P= diag{X,Z}, where X and Z are
symmetric positive definite matrices to be found
Denoting W,=XF; and Y,=XG,; i=1,2,...,r, and

considering (10), it can be easily shown that (21)-(24)

are equivalent to (29)-(32), respectively. [ ]

It has been seen that the filter design problem of the
fuzzy system (5) can be transformed into a linear
algebra problem. This set of LMIs constitutes a finite—
dimensional convex feasibility problem. There are
several efficient algorithms to solve the above convex
LMIs problem [22]-[23].

Remark 1 : Consider the system (3) with no time
delays, ie, x(¢—d|(0) =0, x(¢—dy(H)=0, andlet B> 0
be a given initial state weighting matrix and a given
scalar., Then there exists a fuzzy H™ filter 7> 0(7)
such that the estimation error system is Globally ES-
v, if there exist common. matrices X > 0, Z> 0, and
matrices W, Y,i=1,2,...,7, and positive scalar @ sat-

isfying the following LMIs:

040, i=1,2,...,7, - (36)
PG+ DEC0,  iKr, (37
X+2Z-7Ry<0. (38)
In here
¥, Ty Uy Cf
oi=| s 2 ZBy 0| i1o . ()
U3 BYZ =41 0
C; 0 0 -1
Ui=W+ W, Ty;=XA~YC,~W,

A=7A+A{Z+al, U;=XB,-YD,,

Furthermore, observer gains are given by (40).

IV. Design example
We will design a fuzzy H™ filter for the following
nonlinear system;

(D = —5.125x,(0) = 0.5%,(t— d(H) — 2x5(D
—6.7x5(8) —0.2x,(¢t— d()
—0.67x3(t— d( ) + w(?)
% () = x,(D
D = 25(H~=0.01xy(t— (D) +0.1w(d
e(f) = 2x()
where time-varying delay is
d(H=1+0.5cos (0.12).
x1(P is estimated using a fuzzy H™ filter and assume
that x,(# is observable. It is also assumed that
x(Hel~1.5 1.5], x(Hel—-1.5 1.5].

Using the same procedure as in [6], the nonlinear term
can be represented as

—6.7255 () =My - 0 - 250y — (L= M) - 15.075 x5(4).
By solving the equation, M, is obtained as follows:

2
My (y()) = 1_952-_(;5)

2
Malnd) = g

My and My, can be interpreted as membership

functions of fuzzy set. By using these fuzzy sets, the
nonlinear system can be presented by the following
uncertain T-S fuzzy model

Plant Rule 1 : IF x,(#) is M, THEN}
x()=Ax(D)+ A 4x(t—dD)+ B w(d)
W) = C,x()+ C yyx(t—d() + D, w(?)
e(H=Cux(D,

Plant Rule 2 : IF x,(H is M, THEN}
(D= Ap(8)+ A x(t— d(D) + B (D)
W= C,x()+ Cyx(t—d(H) + D ,,u(d
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e( )= Cox(9

where
x(D=[x1p xan]”,
—~5.125 —2] [—0.5 —0.2}
, &=

A1=|:
1 0

—5.125 — 17.075j

0 0
[—’0.5 —1.71}

A 4=

Azz[
1 0 -0 0

Bllth:[l O]T, C1:C2:[2 0],
Cy=C,=[01], Cu=C,,=00 —0.01].
D, = D,=[0 0.11"

1

Let y=10, 8i=$,=0.8, and Ry=R,=R;_diag(0.5,
05) then filter gains obtained from Therrem 1 are

—13.163 —104.031 —14.092 —107.002
| || |
—7.128 —164.618 —11.598 —163.492
—22.460 124.823 —45.325 115.887
Gl = > G2 = }
15.600 148.726 —6.180 144.510

Also, consider the system with no time delays. The

filter gains obtained from Remark 1 under the same
conditions are

—5.441 —3.597 —5.658 —3.631

| s

—2.209 —44.428

[—14.720 0.605 }

—1.464 —44.925

4.348 6.045
G1:

s

42.054 2.947 —98.870 139.773

The simulation results of nonlinear systems with time-
varying delays and with no time-varying delays are
shown in Fig. 1 and Fig. 2, respectively.

Here the solid lines are results of the behavior of the
designed filters which are not considered initial
uncertainty, ie, R;= diag(100,100), 7=0,1,2. For these

simulation, the noise signal w(®) is

w(H=0.1- cos{(xD)

'
-] — — Considering initial uncertainty
ot consideriong imitial unceftainty
T T

Fig. 1. The simulation result of nonlinear system with
time delays.

Fig. 2. The simulation result of nonlinear system with
no time delays.

and the initial value of the state is assumed by
[x () =L (H1T=[—-1 —117, ¢=<0.

The designed fuzzy H® filter estimates the states of
the nonlinear system without the steady state errors.

V. Conclusion
In this paper, we have developed fuzzy H™ (filter
design method for nonlinear systems with time-varying
delayed states and urknown initial states described by
Takagi and Sugeno fuzzy model. We have obtained

sufficient conditions for the existence of fuzzy H”
filters such that the estimation error system is globally

exponentially stable and achieves L, gain y-perfor-

mance. The filter design has utilized the concept of
parallel distributed compensation and the filter gains can
also be directly obtained from the LMI solutions.
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