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MARCINKIEWICZ-TYPE LAW OF LARGE NUMBERS
FOR DOUBLE ARRAYS

Duc HuN HONG AND ANDREI I. VOLODIN

ABSTRACT. Chatterji strengthened version of a theorem for martin-
gales which is a generalization of a theorem of Marcinkiewicz proving
that if X, is a sequence of independent, identically distributed ran-
dom variables with E|X,,]? < 00,0 < p<2and EX; =0if1 <p <2
thenn~/? 3" | X; — Oa.s. and in LP. In this paper, we prove a ver-
sion of law of large numbers for double arrays. If { X;;} is a double se-
quence of random variables with E| X3P logt | X1 [P < 00,0 < p < 2,

. oS (Xij—ai . .
then limvn—co —-—‘i—z—ﬂ(—l—i-i’—) = 0 a.s. and in L?, where a;; = 0 if
mn}e

0 <p <1, and a; = B{X;;|F;] if 1 < p < 2, which is a generaliza-
tion of Etemadi’s Marcinkiewicz-type SLLN for double arrays. This
also generalize earlier results of Smythe, and Gut for double arrays
of i.id. r.v's.

Let N denote the set of positive integer. And we note < the lexico-
graphic order on N x N, i.e., (3,7) < (k,!) if and only if either ¢ < k or
t=kand j <l. And let .7: be the o- ﬁeld generated by the family of
random variables {Xy|(k, 1) < (4, 7)}.

To prove the main theorem, we need the following lemma.

LEMMA. Let {X,;} be a double sequence of random variables W1th
E[X;;|\Fi;] = 0. Given any € > 0, we have

(1) {{2%3le2sz|>6}<‘ LYY Ex

1gjsn k=1 1=1 =1 j=1
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Proof. Let Spn = 330,370 Xij. And let Y, = max{|S;] : i =
1,---,m}, foreach j =1,--- ,n. If g is a o-field generated by {Xi;11 <
i<m,1<35 <1},

E[Suloi-i] = E[Ski-1+ Xu+ -+ Xuloi_i]
= E[Syi1]oim] + E[Xuloi1] + -« + E[Xu|oi_1]

= Ska-1)-

Since E[Xillal—l] = E[E[Xillfml]lo'l—l] =0 by hypothesis, which im-
plies that {Sk, 01}, is a martingale. Hence {|S)|, o}, is a submartin-
gale for each k = 1,--. ,m, which follows that {¥}?,0,} is a nonnegative
submartingale. Applying Theorem 3.3.4 and Corollary 3.3.2 [8], we ob-
tain the inequalities

P {max|5ij| > e} = P{max sz > 62}
1sigm 1<5<n

1<j<n

1
< ;Eynz
4 m n
2
s € Z Z EX;
i=1 j=1
which gives us the desired results. O

THEOREM 1. Let {X;;} be a double sequence of random variables
such that either E|X[Plog® [X|P < 0o, 0 <p <2, p# 1 and P{|X,;| >
z} < P{|X| >z}, 0 < z < o0 or E|X|log™ |X| < oo and P(|X,;| >
z|Fy;) < P(|X| > z|F;) a.s. Then

@) lim i1 2y (Xij — ay)

mVvn—oo mnp?

=0 a.s.

where a;; = 0if0 < p <1, and a;; = E[X;;|F;] if 1 <p < 2.

Proof. Let F be the distribution function of X and let X/, = X;;1{}X;;]

< (zg)ll'} with I the indicator function, X} = Xj; — XJ;, and let d; be

the number of divisors of k. Denote by Sp, = >21%, Y7 Xij, Sh, =
> i1 D51 Xi;- By using the fact that } r_; dx = O(nlogn), we obtain
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the inequalities

DD PXy# X} < idkp{‘Xl>k'x%}

i=1 j=1

(7,+1)P
(3) = Z(Em) / dF(z)

i=1 k=

e (1,+1)P .
< Zzlogz / dF(z)

< cEle”log | XIP < o0,

where c is an unimportant positive constant which is allowed to change.
Hence by the Borel-Cantelli lemma

211 Z;L=1(Xij - Xz{j)

T =0 as.
(mn)>

(4)

Since I4(-) — E[-|F;;] is a contraction on L?, we obtain

o ?il 2‘;1 Xz’; - b Xz{j Fij
ZZP{ 1 s ((2,;2;);_, [X4175) >€}
ZZ BEL S 1((2k2z),, X51FD)

0 o 2k 2 y 11T )2

= c; ; Zizl ;i=1 E((;:;Jl)% E[XZ],‘FL]])
00 2k o /72
<c ; 2oiz1 2(:21;)5%7()(1])

2, B(X})
5o B
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If we use the fact that > ;° . | —% O(—“Es—),

(i+1)?
> / 2dF ()
k=1
(z+1)% .
3 & 5 / 22 (2)

k=i+1
1
oo log i (i+1)P
cz —i’b_—l /1 2?dF (x)
=0 (’L + 1) - b
< cE|XPlog" | X P < oo,

E(XL)?

IN

o0 00
i=1 j=1

6 < i(

=
"l

IA

which follows easily by summation by part. It follows that

S (XL — EIX}|F)

(6) (2k2l)11_) — 0 as.
And
. S
o (262 (mn)?
< ISl L o 1Sl
(2k2t)r  Een<Tl (mn)s

where S}, = >0, 30 (X, — E[X[;|Fi;]). From Lemma we obtain, for
any € > 0,

P{Tu|>¢ < P l?‘?" +P{ max 'S"ml > <
(2k21)p 2 2 <imeb (mn)?f 2

2l <n<al-1

k=1 ol-1

™ < pfLisl el o5 S B
= et 72T e &4 2kzl>»

Since 372, S, P{|Tiu| > €} < oo from the inequalities in (5), by
Borel-Cantelli lemma, we obtain

(8) Tkl — 0 as.
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Hence (6) and (8) give us

(9)

S 5 (X ~ BXGIF)

- a.s.
(mn)?
Combining (4) and (9), we get
(10) 2ic1 23Xy = BIX[|Fy)) 0 as
(mn)?
Suppose that 1 < p < 2. Since i
>im1 251X — E[X5|Fy)) _ 2im 25 (X — BIXGIF))
(mn)? (mn)>
> E[X}1F4)
(mn)"

it remains to prove that the second term of right-hand side converges to

0. By Markov’s inequality

(2:2)?

00 o0 " lE' X// E] o0 e 0]
ZZP{ZZ Z] il | Fij) G}S%ZZ

A ']
S S EIX!
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If we use the fact that Y ;_, ',?f = O(n'"5 logn), we obtain the fol-
I3
lowing inequalities

© & Tk, T EIXY ;
ZZ 145 1l 7 S CZZ (ZJ)Z%J

k=1 1=1 (2k21)» i=1 j=1

A
(9}
[]s
| &
3
T
=
g
&

A
o
s I
o~
;
h-]
-
(o}
o
.
g
T
=
Q.
)
—_—
8
p—

IN

c/1 |z|” log™ |z|PdF(z)

CE|X11|p 10g+ |X11|p < 00.

IA

If follows that

)
Y2 2 E| X"||fu
.,

(11) 0 as
(22}
But
, S S EIXGIFS] T T BUXAIF)
K = max_ 1 1
2:1%:5:?;:‘ e (2+2))
2k+1 21+1
12) < E(IX"|| F
(12) < (2k+121+1) 2_1:; 1 Fial:

Since Y 70, o2, E|T},| < 0o, Ty, converges to 0 which implies by (11)

2oim1 e E[IX”I | Fiy)

(mn)?

— 0 as.
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Therefore the equation (2) holds for 1 < p < 2. For 0 < p < 1, by using

the fact that ) ;2. ; % = ﬁh) we can show that

it 2 1El Il Fil

(mn)>

— 0 as.

by the argumeﬁt similar to the case 1 < p < 2. Hence by (10)

Z;:l Z}L; Xij

: —0 as.
(mn)?

Now for p = 1, we note that
EX35|1Fy) < BIXI{|X| > i5}Fy].
In the identity

(mn)™! Z Z(Xz'j - E[Xi;|Fi;1)

= (mn)” ZZ X451 F))
+(mn)~ ZZ X5} + (BIXj1Fy) - BIX5F9)],

the first term on the right converges a.s. to 0 by (9). Since (mn)™!
S > Xl — 0 as by (4), it will be enough to show that (mn)™

w1 2 (BIXL|Fi) — E[X3;5|Fy5]) — 0 as. We note that by the
stronger hypothesis for p = 1

|B[X;|Fi] — B[ X1 F35]| HX”IJ-",J]

2E(IX|H{|X] > i7}|Fy].

And using the fact that [ X|I{|X]| > n + 1} < |X|I{}X]| > n}, we
see that both E[|X|I{|{X| > n}|F,),n = 1,2--- and E[|X|I{|X| >
n}Fin],n =1,2,--- are positive super-martingale. Since every positive
super-martingale converges a.s., limy_o, E[| X|I{|X| > k}|Fiz] = Y exist
as. But [V < limy.o B{|X|I{|X] > k} = 0 so that Y being non-
negative must be zero a.s. and similarly limy_.o, E[|X|I{|X]| > k}|Fr1] =
0 as.

<
<
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Now, noting that

EI\X|I{|X| > ij}1Fu) > E[IX|{|X] > (4 + E)HFign},
k=0,1,2,.--,
E(IX|I{IX]| > HFu] = E[X|I{X] > (@ + k)j}HFem; H,
k=0,1,2,--,
we have
ZZE[IX"lfu
< min {mz E(IX1{|X| > j}lfu],nZE[lXU{le > i}lfn]} -

If mVvVn — oo, then either m — oo or n — oco. Without loss of
generality we assume n — 0o0. Then

(mn)‘IZZE|X”|H.7:“ < ZEHX{I{[X|>1'}|.7-'1]~]-—>O a.8.
j:l

i=1 j=1

The theorem is thus completely proved. O

THEOREM 2. Under the same conditions of Theorem 1, we also have
LP-convergence.

Proof. We first consider the case 1 < p < 2. In the identity

D oimn 251 (Xis — E[X5|Fi5))

(mn)jl"
_ Xt (X — EIXG|F) ZZ L o (XT = E[XEIF5)
(mn) (mn)? ’

the first term on the right hand side converges in L?. For

© = RS, T (X, - BXLF))
D T F A

k=1 =1 (282
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which implies £ K= BG40 12 and

(2¥2")
2
, Yoy 2 B(XG) Zz— S,
g =  max P
pole (mn)i (2k21)v
2k 1

159 1
22
(2k+121+1)

g2 2=t

—-»0

by (5) again, which implies the first term converges to 0 in L? and hence
in LP. For the second term,

S0 S B BRI e 5 g
=1 j=1

o S " P
manEIXIJI

= -—ZEIX P —0 asn— oo,

IA

where the first inequality comes from Essen-Von Bahr inequality.
Consider now the case 0 < p < 1 and note that

27;1 Z?:l EIXiJ| Zz— Z; 1E' Zz 123 1E]Xz{;

(mn)? = (mn)? (mn)?

We already show that in the processes of the proof of Theorem 1 that
the two terms on the right hand side converges 0.

The proof for p = 1 is as before except for one small detail. In the
identity

Yoy i (X — EX5|Fy))

(mn)

_ 27;1 ?:1(Xz‘lj - E[Xz{j‘fu n 121 1 X” [X” l}—u])

mn (mn)
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the first term on the right converges in L? to 0 as before and the second
converges to 0 in L*. Since

| 2im 2= (X — BIXG|Fy]) 2oit1 21 BIXG — BIXG|Fy)|

J

mn - (mn)
_ 2SR T X
- (mn)
_ 2L BIXY
- (mn)
= 2y Xyl
=1

and the last term goes to 0 as n — oo, by the fact that E|X;;| — 0 as
j — o0o. The theorem is thus completed. |

REMARK 1. The generalization to r dimensional array of random
variables can be obtained under the condition

E|XP(log* |XP)" ™ <00, for 0<p<2.

References

[1] Chatterji, S. D., An LP-convergence theorem, Ann. of Math. Statist. 40 (1968), .
1068-1070.

[2] Chung, K. L., A course in probability theory, 2nd ed., New York-London Aca-
demic Press, 1974.

(3] Esseen, C. and Von Bahr, B., Inequalities for the rth absolute moment of a sum
of random variables, 1 < r < 2, Ann. Math. Statist. 36 (1965), 299-303.

[4] Etemadi, N., An elementary proof of the strong law of large numbers, Z. Wahrsch.
Verw. Gebiete 55 (1981), 119-122.

[5] Gut, A., Marcinkiewicz laws and convergence rate in the law of large numbers
for random variables with multidimensional indices, Ann. of Probab. 3 (1978),
469-482.

[6] Hardy, G. H. and Wright, E. M., An introduction to the theory of numbers, 4th
ed., Oxford Clarendon, 1960.

[7] Smythe. R. T., Strong laws of large numbers for r-dimensional arrays of random
variables, Ann. of Probab. 1 (1973), 164-170.

[8] Stout, W. F., Almost sure convergence, New York-London: Academic Press,
1974.



Marcinkiewicz-type SLLN for double arrays

Dug Hun Hong

School of Mechanical and Automotive Engineering
Catholic University of Taegu-Hyosung

Kyungbuk 712 - 702, Korea

E-mail: dhhong@cuth.cataegu.ac.kr

Andrei 1. Volodin :

Research Institute of Mathematics and Mechanics
- Kazan State University '

Kazan 420008, Tatarstan, Russia

E-mail: volodin@math.uregina.ca

1143



