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ON EXTREMAL ELLIPTIC K3 SURFACES
QIANG YE

ABSTRACT. In this paper, we first classify the possible configura-
tions of fibrations which are not semi-stable on extremal elliptic
K3 surfaces. Then we give a complete list of extremal elliptic K3
surfaces whose singular fibers are all not of type In.

0. Introduction

Let C be a smooth projective curve over an algebraically closed
field of characteristic 0, and X an elliptic surface over C. By this we
mean the following: X is a smooth projective surface with a relatively
minimal elliptic fibration

f: X —0C.

In this paper, we also assume:
(¢) f has a global section O, and
(¢2) f is not smooth, i.e., there is at least one singular fibre.

To every (Jacobian) elliptic fibration X there is a group of sections
®(X) with the distinguished section O as zero. Up to a finite group,
®(X) is identified with the relative automorphism group of the fibra-
tion.

Due to a formula of Shioda-Tate we have the basic inequalities

0 <rank® < p(X) -2

where p is the Picard number and the discrepancy in the upper bound
is related to the degree of reducibility of the fibres.
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DEFINITION 0.1. An elliptic fibration X is called extremal if and
only if p(X) = hb1(X) (mazimal Picard number) and rank ®(X) = 0.

Let f : X — P! be an extremal elliptic K3 surface. A fibration f
is called semi-stable if each singular fiber of f is of type I, [7]. Here
we call a fibration unsemi-stable if it is not semi-stable.

In [6], R. Miranda and U. Persson have classified possible semi-
stable fibrations. The determination of all semi-stable fibrations has
been done in [7] and [1]. In this paper, we first classify all possible
configurations of unsemi-stable fibrations (cf. Theorem 2.4). Then we
calculate the possible Mordell-Weil Groups for Case(A) (cf. Theorem
3.1), i.e., the case where each singular fibre of f is not of type In.
Finally, by using the method in [1], we will precisely determine which
cases in Table 1 are actually realizable (cf. Theorem 0.4).

Let i, denote the number of singular fibres of f of type I,,. Similarly
we define i}, i1, 44, v, 1v*, 121*, 3¢* (cf. [5]). Then we have the following

Theorem 0.2.

THEOREM 0.2. Let f : X — P! be an extremal elliptic K3 surface
with deg J # 0. Then

degJ = Z n(in + ir,)
n>1
=6 (in+1y) + 4(6 + w0") + 3(ii + 64i*) + 2(iv + 4¥) — 12.
n>1

REMARK 0.3. From [5, Lemma 3.1 and Proposition 3.4], we know
that the second equality in Theorem 0.2 is replaced by “<” in general
cases, for example, the fiber type (IT*,II*, I, I,1;) (cf. [11, Lemma
3.1]). Thus it (Theorem 0.2) justifies their naming “extremal”.

THEOREM 0.4. Let f : X — P! be an extremal elliptic K3 surface
and each singular fibre of f is not of type I,,. Then there exists exactly
11 fiber types as given below (table 1). In particular, Mordell-Weil
Group is uniquely determined by the fiber type of f.
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Table 1
i | the fibre type | MW(f) | § | the fibre type MW(f)
1 (rmnrny 1 (o) 7 | (IV*IV* IV*) Z/32
21 (II*I1I*,1IV) (0) 8 | (IV*1V* I3) 0)
3| (r,1v+Ig) (0 9 | {vyn,n) (0)
4| (IIr*111*,I3) | Z/2Z2 |10 (I3, I, IT) Z/2Z
5| (IIT*, IV* I}) (0) 11 (13,13, 1) 222 7/22
6| (1Ir*,1;,1}) Z/2Z :

All the above 11 fiber types are realizable.

REMARK 0.5. At the same time, and independently, I. Shimada and
D. Q. Zhang present a complete list of extremal elliptic K3 surfaces
[9]. But our method is different and without the help of computer.

This paper is organized as follows. In Section 1, we introduce some
basic notation and theorems which will be used in the paper. In Sec-
tion 2, we first prove Theorem 0.2. Then we give the combinatorical
classification of the possible unsemi-stable fibration (cf. Theorem 2.4).
In Section 3, we calculate all possible Mordell-Weil Groups for Case(A)
(cf. Theorem 3.1). In Section 4, we prove Theorem 0.4.

ACKNOWLEDGEMENT. I would like to thank my advisor Professor
D.-Q. Zhang for introducing me to this subject, lending his precious
manuscript to me and many enlightening instructions during my prepa-
ration of this paper. I also wish to express my sincere gratitude to
Professor J. Conway and Professor N. Sloane for their helpful corre-
spondences.

1. Preliminaries
(a) Lattices

Let L be a lattice, i.e.,
(¢) L is a free finite Z module and |
(#4) L is equipped with a non-degenerate bilinear symmetric pairing

(x)-
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The determinant of L, detL, is defined as the determinant of the
matrix I = ((z;, z;)) where {z1,...,z,} is a Z-basis of L (r= the rank .
© of L):
detL = det({z;, z;)).

We define the positive- (or negative-) definiteness or the signature of
a lattice by that of the matrix I, noting that these properties are
independent of the choice of a basis. An lattice L is called even if
(z,z) € 2Z for all z € L. We call L unimodular if detL=1. Let J be a
sublattice of L. We denote its orthogonal complement with respect to
(;) by J*.

For a lattice L, we denote its dual lattice by LV. By using pairing,
L is embedded in LV as a sublattice with the same rank. Hence the
quotient group LV/L is a finite abelian group, which we denote by G ;.

For an even lattice L, we define a quadratic form ¢; with values in
Q/2Z as follows: '

gr{z mod L) = (z,z) mod 2Z.

LEMMA 1.1. Forj=12,let Aj = A(1);®---® A(r;); be a lattice
where each A(3);is of Dynkin type A,, Dg or E..

(1) Suppose that ®: Ay — Ay is a lattice-isometry. Thenry = r2
and ®(A(i)1) = A(i)q after relabelling.

(2) Let B(6) = E7 & Dg & Ds, B(10) = Dg & D5 & Ds, B(11) =
D¢ ® Dg @ Dg.

Then we have

(2) B(6) C E7 & Dy is an index-2 lattice extension.

(i7) B(10) C D5 & D13 is an index-2 extension, B(10) C Dg @ Dyp
is an index-2 extension and B(10) C Dz is an index-4 extension.

(4i7) B(11) C Dg ® D12 is an index-2 extension, B(11) C Dyg is an
index-4 extension.

Proof. We observe that

|det(4,)| = n + 1, |det(Dy)| =4, |det(Ee)| = 3,
|det(E7)l = 2, |det(Eg)| = 1,

and for an index-n lattice extension L C M one has

| det(L)| = n?| det(M)|.
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Then (1) comes from {1, Lemma 1.3}, and (2) can be obtained by an
easy calculation. _ (N

DEFINITION 1.2. (The lattice D) [3] For n > 3,

Dy = {(z1,%2,..,&n) € L™ : 1 + -+ + Tp is even }.

REMARK 1.3. From Lemma 1.1, we know Dg® Ds® D5 C Dygis an
index-4 extension. Thus Dyg/(Ds @ Ds & Ds) maybe Z/4Z or Z/2Z @
Z/2Z. In the following Lemma 1.4, We shall prove that, D1g/(Ds &
Ds® Ds)=Z/2Z & Z/2Z.

LEMMA 1.4. For any lattice-isometric embedding i: Ds & Ds &
Dg — Dhg, we have

DIS/(DS & Ds @ Ds) = Z/2Z D Z/2Z.

Proof. We denote A@ B®C =Ds®Ds® Dgandleti: AOB®
C — Dsg be a lattice-isometric embedding. For one generator e of
the lattices A, B or C, we assume that i(e) = (z1,Z2,...,18) € Dis.
Since 2 = (e, e) = (i(e),i(e)) = Z,}il z? and z; is integer, we have

CLAIM 1.5. There are exactly two coordinates of i(e) which are
non-zero and each of which is 1 or —1.

Thus by relabelling the coordinates, we may assume that one gen-
erators e; of A satisfies

i(e1) = (1,1,0,...,0) or (1,-1,0,...,0).

Then we can use the connections among the generators in Dynkin
diagram of Dj to get the possible coordinates of the generators ey, ey,
es, 4, €5 of A. After a simple calculation, we find that, by rebelling
the coordinates, we may assume that

i(A) C (x1,x2, 23, T4, 5,0,...,0) N Dig := Ly.

On the other hand, we know L; is a Ds type lattice and ¢ is lattice
isometry, thus we get
i(A) = Ly.
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By using the same method, we may assume that
i(B) = (0,..,0, z¢, z7, .., 210, 0, «,0)N Dyg = Ly
and
i(C) = (0,..,0,z11, wy@18) N D1g := L3.

Here we will use the orthonormal conditions among i(A), ¢(B) and
i(C).
A direct computation shows that

Dig/(Li® Ly ® L3) =Z/2Z & Z/2Z.
Thus we prove the Lemma 1.4. a

By using the same idea as above proof, we get
THEOREM 1.6. Form = Zle n;, we have
Drn/(®5-1Dy,) = &, Z/22Z
for any lattice-isometric embedding i : ®%_, D, — Dp,.
(b) Mordell-Weil lattices of elliptic surface
Given an elliptic surface f: X — C, let F, = f~1(v) denote the
fibre over v € C, and let
Sing(f) = {v € C|F, is singular}.
R = Red(f) = {v € C|F, is reducible}.
For each v € R, let

my,—1

E, :' f-l(V) = eu,O + Z ,Ufu,ieu,'i (/J"I/,O = 1)

=1

where ©,; (0 < i < m, — 1) are the irreducible components of F,,
m,, being their number, such that ©, ¢ is the unique component of I,
meeting the zero section.

Here we denote

E(K) = the group of sections of f,
and

NS(X) = the group of divisors on X modulo algebraic equivalence.
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THEOREM 1.7. (cf. [10, Theorem 1.1, 1.2, 1.3]) Under the assump-
tions for the elliptic surfaces in Introduction, we have

(1) E(K) is a finite generated abelian group.

(2) N(X) is finitely generated and torsion-free.

(3) Let T denote the subgroup of NS(X) generated by the zero
section (O) and all the irreducible components of fibres. Then, there
is a natural isomorphism .

E(K) = NS(X)/T,

which maps P € E(K) to (P) mod T.
THEOREM 1.8. (cf. [10, Lemma 8.1]) For any P, Q € E(K), let

(P,Q) = —(#(P) - 9(Q)) (%)

where o(P) (resp. ¢(Q)), satisfying the condition:

(1) ¢(P) = (P) mod Tq, and

(2) w(P)LT. :

Then it defines a symmetric bilinear pairing on E(K), which induces
the structure of a positive-definite lattice on E(K)/E(K)¢or-

DEFINITION 1.9. The pairing (%) on the Mordell-Weil group E(K)
is called the height pairing, and the lattice

(E(K)/E(K)tor, <) ))
is called the Mordell-Weil Lattice of the elliptic curve E/K or of the
elliptic surface f: S — C.

THEOREM 1.10. (Explicit formula for the height pairing) [10, The-
orem 8.6] For any P,Q € E(K), we have

(P,Q) = x + (PO) + (Q0) - (PQ) - Y _ contr,(P,Q),

veER

(P,P) = 2x + 2(PO) — ) _ contr,(P).

vER
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REMARK 1.11. Here x is the arithmetic genus of S, and (PO) is
the intersection number of the sections (P) and (), and similarly for
(QO),(PQ). The term contr,(P,Q) stands for the local contribution
ar v € R, which is defined as follows: suppose that (P) interests ©,;
and (Q) intersects ©,, ;. Then we let
(=471 Hix1,j21,

v

contr, (P,Q) = {

0, otherwise

where the first one means the (4, j)-entry of the matrix (—A; ). Fur-
ther we set »
contr,(P) = contr,(P, P).

Arrange ©; =0,; (: =0,1,--- ,m, —1) so that the simple components
are numbered as in the figure below.
Figure 1

I
I

6 Op-1

©o | | | |

For the other types of reducible fibres, the numbering is irrelevant.
Assume that (P) intersects ©,; and (Q) intersect ©, ; with 7 > 1,
j > 1. Then we have the following table: the forth row is for the case
i < j (interchange P, Q if necessary).

Table 2
7 A | Er | A | Es Ap1 Dot
type of F, ITT I [ IV [ IV* | I(b > 2) I (b > 0)
e L4 (o] % [Ty
contr, P,QGE<) | - | - |+ | 2| & {%31’—”1 2:1
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THEOREM 1.12. (cf. [5, Lemma 3.1 and Proposition 3.4]) For an
elliptic fibration m: X — P!, we have the following formulas:

degJ = Z n{in + %),

n>1

and if furthermore deg J # 0, then we also have

degJ < 6) (in + in) + 4(é1 + iv*) + 3(idi + 46*) + 2(3v + i) — 12.
n>1

2. The possible configurations of the unsemi-stable fibra-
tions ‘

We shall prove Theorem 0.2 in the present section.

Let f: X — P! be a (relatively) minimal elliptic surface over P!
with a distinguished section O. The complete list of pessible fibers
has been given by Kodaira [4]. It encompasses two infinite families
(In,I;,n > 0) and six exceptional cases (II,II1, IV, II* IIT* IV*).
And they can be considered as sublattices of the Neron-Severi group
of X and as such they have rank (= r(F)). If e(F') denotes the Euler
number of the fiber as a reduced divisor, we can set up the following
table.

Table 3
L | In(n21) | Li(n>0) {IT | IIT | IV | IV* | III* | IT*
e| 0 n n+6 2 3 4 8 9 10
r} 0 n—1 n+4 0 1 2 6 7 8

LEMMA 2.1. (cf. [5, Corollary 1.3]) In all cases 0 < e —r < 2.
Moreover,

(1) e — 7 = 0 <= the fibre F' is smooth, i.e., of type Ip;

(2) e — r = 1 <= the fibre F is semi-stable, i.e., of type I, n > 1;

(3) e — r = 2 <= the fibre F is unstable.



1100 Qiang Ye

In the following discussion, we denote

Q1] := nin+ Y (n+6)ir

n>1 n>1
+ 633 + 1046" + 94ds* + 8iv® + 4iv + 3iii + 24
Q2= (n—V)in+ ) _(n+4)i,
n>1 n>1
+ 48 + 8™ + Téii* + 6iv* + 2iv + did.

Q3] i= 3 i+ 2(Y 05 + i + 44"+ 60i” + 0"+ dv + i+ 8d).
n>1 n>1
Q4] := 6 (in +3) + 4(id + iv”) + 3(di + 444™) + 2(év +47) — 12.
n>1

(Q5) = it + iv + i4i + 4.

It is easy to see [Q1] = 24, [Q2] = p(X) — 2 and [Q1] — [Q2] = [Q3].
LEMMA 2.2. Let f: X — P! be an elliptic surface over P! with
p(X) = a(< 20). If degJ # 0, then we have
(1) [Q4] — degJ = 6(20 —a — [Q5]).
(2) 0<[Q5) <20—a.

Proof. By Theorem 1.12, we have

[Q4] — deg J
=[Q4 - Y _nlin+17)
n>1
= Q4] — 24+ Y 60}, + 65§ + 104" + Qiia™ + 8iv™ + 4iv + Bidi + 24
n>1
=6 in+120)in +ii" + iid" + v*) + 6[Q5] — 36
n>1 n>1

= 6([Q3] — [Q5] - 6)
= 6(20 — a — [@5]) > 0.
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Proof of Theorem 0.2. In this case, a = 20, by Lemma 2.2, we get
the result. il

LEMMA 2.3. Assume X is an extremal elliptic K3 surface with an
unsemi-stable fibration f : X — P!. Let m be the number of singular
fibers of f. Then

(a) 2(e(F) —r(F)) = 6.
(b)) 3<m<5.

Proof. Since X is K3 surface, ) e(F) = 24. Also since X is ex-
tremal, Y r(F) = p—2 = 18. This proves (a). (b) follows from
Lemma 2.1 and our definition of unsemi-stable fibration. 3

In the following discussion, we denote F; (i=1,2,3) as the singular
fiber of f which is not of type I,,.

THEOREM 2.4. Let f : X — P! be an extremal elliptic K3
unsemi-stable fibration. Then the number m of the singular fibers
of fis 3, 4 or 5. ,

(A) If m = 3, then the possible fiber types of (Fi, Fy, F3) are listed
in the following.

(LI* I8, I5), (11, 11, IV, (IT*,IV*, 1), (JII* I111*,I}}),

(I1I*,IV*I7), (I1I*, I3, IT), (IV*, IV* IV*), (IV*, IV* I}),

V=13, Ip), (IV*, 53, 1),(13, I3, ), (33, I3, 1), (I3, 13, ).

(B) If m = 4, then the possible fiber types of (Fy, Fy,In,,1I,,) are
listed in the following.

(B.1) (I%,,I%,, Ing, In,) whereny > ng > 1 and Y5, n; = 12.

(B.2) ' ‘

(@) (Iy,,I1T*,I,,,1I,,) wheren; + ng+ns =8 and ny > 1.

(¢0) (Iy,,III*,1,,,1I,,) wheren, +ng+mnys =9 and nqy > 1.

(¢d2) (I3, , IV*, Ip,, In,) where ny +ng + ng =10 and ny > 1.

(B.3.1)

(&) (II*,11*,1,,,,1,,) where ng+ ny = 4.

(éd) (II*,111*,1,,,I,,) whereng+mny=5.

(¢4e) (IT*,1V*,I,,,1,,) where ng+ nq=6.

(B.3.2)

(¢) (II11*,111*,1,,,1,,) where nz+ny=86.

(22) (111*,IV*, I,,,,I,,) where ng+ng4 =T.
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(B.3.3)

(IV*,1V*, I, In,) where ng +ng = 8.

(C) If m = 5, then the possible fiber types of (F1,Lnyy Ing, Ingy Ing)
are listed in the following.

() (In,> Ing> Ingy Ingy Ins) where S n;=18 andny > 1.

(33) (II*, Iy, Ing, Ing, Ing) where Z?=2 n; = 14.

(#48) (III*, Iy, Ingy Ine, Ins) Where 3 5_omi = 15.

(10) (IV*, Ingy Ingy Ings Ins) Where 30—, n; = 16.

Proof. We discuss deg J = 0 and deg J # 0 separately.
If deg J = 0, then m = 3. By [Q2] = 18, we have
18 = ii4 + 2iv + 6iv* + Titd™ + 8it™ + 4.
Thus we have the following possible fiber types:
(II*, I1*,IV), (II*,IV*,13), (I1I*,I1I*,I3), (IV*,IV*,IV*™).

If deg J # 0, then by Lemma 2.2, we have 4§ + v + 444 + it = 0 and

24 = nin+ »_(n+6)i; + 106" + 9idi” + 8iv” := [a].
n>1 n>1

If m = 3, then we have

24= (n+6)iy, + 106" + 9iii* + 8iv™.
n>1

Thus we have the following possible fiber types:
(I1*, I3, I7), (IIT*,1V*,I7), (I1I",13,I7),
(v 1v*13), (Iv*13,1I3), (IV*,I3,I7),
(5,13, 13), I3, 13, 1), (13,11, I7).

Combining the above results, we prove Case(A).
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If m = 4, then with [Q3] = 6, we have

and

n>1

2= in "+ i +iv” = [b]

1103

[a] =6 x [b) = nin+ D nij + 4ii* + 3idi* + 2iv* = 12.

n>1

This proves Case(B).

n21

If m = 5, then with [@Q3] = 6, we have
1= i%+ii" + 46" + iv* = (]

and

n>1

[a] =6 x [ = 3 nin+ Y ni}+ 4is* + 3idi* + 2iv* = 18,

This proves Case(C).

n>1

n21

3. The possible Mordell-Weil Groups for Case(A)

We shall prove the following Theorem 3.1 in the present section.
For simplicity, we label the fiber types which appeared in Case(A) of

Theorem 2.4.

THEOREM 3.1. The possible Mordell-Weil Groups for Case(A) are
listed in the following table:

Table 4
§ | the fibre type MW(f) | ¢ | the fibre type MW (f)
1| (r5,5n) (0) 8 | (IV*,IV*, I3) ©)
2 | U1V [ () [0 | Qv 1.5 ©
3| {r,1v+ 1j) (0) 10 (I3,5,13) (0), 2/2Z
4 (I, 11, 13) 1 (0),z2/22 11| (53,13,I3) | (0),2/22,2/22Z®Z/2Z
5| (I 1V, I}) (0) 12 (I3,5,5 (0)
6| (II'I;,17) 1(0),2/2Z 13| (IV",I5,I3) (0)
TV IV IV | (0), 2/3Z 4
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We now explain the outline of the proof of Theorem 3.1. Firstly,
we deal with types 1,2,3,5,8,9,13 (cf. Lemma 3.2). Then we calculate
the possible nontrivial Mordell-Weil Groups of types 4,6,7,10,11 (cf.
Lemma 3.4). Finally we deal with type 12 (cf. Lemma 3.5).

LEmMA 3.2. For type m, where m = 1,2,3,5,8,9 or 13, the possible
Mordell-Weil Group is (0).

Proof. With Definition 1.9, Theorem 1.10 and Remark 1.11, it is
easy to prove Lemma 3.2. For example, m = 1, if there is a non zero
section, say, P; € E(K):or, where the i-th component of P; is indicated
in Remark 1.11, then by Theorem 1.10, we have

0, i=0, [0, i=0,
0= (P, P) =2x(0x)+2(A0O)-1¢ 1, i=1,-¢ 1, i=1,
1+3%, i>1. (1+%, i>1

With 2x(Ox) = 4 and (P10) > 0, we get a contradiction. The others
can be proved by the same method. C

REMARK 3.3. In the following calculation, we let G;, H; and J; be
the ¢-th component in the corresponding fiber type Fi, F», F3 respec-
tively (cf. Theorem 2.4). The numbering of thesingular fiber is defined
as following diagrams. Meanwhile, “P; pass through the (3, j, k) com-
ponent” means P; only intersect G;, H; and G in the corresponding
fiber type F1, F2 and F3 respectively.

Figure 2
o 1 0 1 9
ot & & T w T
| s b H
sT ] I
ur* e I

LEMMA 3.4. The possible nontrivial Mordell-Weil Group of type 4
(resp. 6,7,10,13) is Z/2Z (resp. Z/2Z,Z/3Z,Z/2Z, Z/2Z or Z/2Z &
Z/22).
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Proof. We only show how to deal with type 6, the others can be
done by the same way.

For m=6, the fiber type is (I11*, I3, I}). If the Mordell-Weil Group
is nontrivial, then for a non zero section Py, by Theorem 1.10, we have

0, i=0,
0= (P, P) = 2x(0Ox) +2(P,0) - { 1, i=1,
1+3, i>1,(%)

0, i=0, 0, i=0,
{1, i=1, ={1, i=1,(%)
143, i>1,(%) 1+3, i>1

Thus we may assume that the section P, pass through the (1,2,1)
component. An easy calculation shows

' 7 6
P = 0+2F+ZaiGi+ZﬂjHj + Z’)’ka

5

i=1 j:l k=1
where -

3 3 5

(ai) = '_'2-"—'2-’—3, ——27_1,_5’_2),
1 3 3 »

(ﬂ]) = (_57’—'2_7_1>—2a"2_,_1)’

1 1
=(=1,—2,—=, —1,-1).
(7k) ( 1Ty 2, ’ )

and there doesn’t exist another non-zero section. Thus the possible
nontrivial Mordell-Weil Group of type 6 is Z/2Z. 0

LEMMA 3.5. The possible Mordell-Weil Group of type 12 is trivial,
ie., (0).
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Proof. Assume Lemma 3.5 is false. By the same discussion as above,
we may assume that there is a nonzero section P passing through the
(1,2,2) component. An easy calculation shows

P= (’)+2F+ZGO +Zﬁ,H +Z%Jk

=1 j=1 k=1

where

1
)= ~5—5—L-1,-1),

3 5
(ﬂ]) ( a ) 2a 2,—§a_1)a
1 3
2

7
Z,
() = (—5,—2 -1).

5
4
3
) 4,

Thus the possible nontrivial Mordell-Weil Group of type 12 is Z/4Z.
That is to say, this group has at least two nonzero distinct sections,
say, P1, P,. On the other hand, with Theorem 1.10, we have

1+3, i=j5>1,
5

0=(P,P)=2—(PP)—1—
(P1, P2) (PLF) {z’ j>i>1.

1+%, i=j>1
—{ s Y 775 <o,
D j>t>1. .
Thus we get a contradiction and prove Lemma 3.5. O

Combining Lemma 3.2, 3.4 and 3.5, we prove Theorem 3.1.

4. The complete determination of the Mordell-Weil Groups
for Case (A)

We shall prove Theorem 0.4 in the present section.

LEMMA 4.1. (cf. [l, Lemma 3.1]) Let S be an even symmetric
lattice of rank 20 and signature (1,19) and T a positive definite even
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symmetric lattice of rank 2. Assume that o: TV/T — SV/8 is an iso-
morphism which induces the following equality involving Q/2Z-valued
discriminant (quadratic) forms:

qs = —4qr.

Let X be the unique K3 surface (up to isémorphisms) with the tran-
scendental lattice Tx = T. Then the Picard lattice PicX is isometric

to S.

LEMMA 4.2. Let f: X — P! be of type m where m = 4, 6,7,10,11,
12 and 13. Then

(1) MW(fm) # (0), and further

(2) MW(fu1) # Z/2Z.

Proof. Suppose the contrary that f: X — P! is of the corre-
sponding type with MW (f) = (0). Let (b;;) be the intersection metrix
of the transcendental lattice T = Ty, then det (b;;) = |det (PicX)|
(cf.[2]). Modulo congruent action of SL(2,Z), we may assume that
—b11 < 2}b12] < b33 < bes , and that byo > 0 when by = bos.

Embed T, as a sublattice, into TV = Homgz(T,Z). Then TV /T =
(PicX)V/(PicX). On the other hand, TV has a Z-basis (e;, e2)(bi;)
= (g1, 92), where ej,ez form a canonical basis of T. Then comparing
the order of (g;) (¢ = 1,2) with TV /T, we will get a contraction. For
simplicity, we only show the case for m = 4, the others can be done by
the same way.

Table 5
m TV/T the possible T’ = (b;;) | order of g;, go
1| Z)2Z® Z/2Z diag [2,8 2,8
(Z/2Z © 7/2Z) diag 4,4 14

O

REMARK 4.3. From Theorem 3.1 and Lemma 4.2, we know that
there does not exist type 12 or 13. The existence of type m = 1,3,4,7
can be found in [11] (page 121, 131 and 132). Thus the Mordell-Weil
Group of type 1 (resp. 3,4,7) is (0) (resp. (0), Z/2Z, Z/3Z ).
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LEMMA 4.4. Consider the pairs below:

(m,Gm) =(2,(0)), (5,(0)), (6,Z/2Z), (8,(0)), (9, (0)),
(10,2/2Z), (11,2/2Z & Z/2Z).

For each of these seven pairs (m,G,,), there is a Jacobian elliptic K3
surface fm: Xm — Pl of typem such that (m, MW (f,)) = (m,Gy,).

Proof. Let T,,, m = 2, 5, 6, 8, 9, 10 and 11 be the positive de-
fine symmetric lattice of rank 2 with the following intersection form,
respectively:

() (8 o) (@ 26862696 2)

For m = 2,5,8,9, let Sy, be the lattice of rank 20 and signature (1,19)
with the following intersection form, respectively

USEsDEsD Ay, UDE:dE¢D D5, UDEsdE¢®dDg,UDEg®D D78 Ds.

We now show how to define Sg. Sjp and S;; can be defined by the
similar way. O

Let I's be the lattice U @ E7 @ Dg & D5, with G;(1 < ¢ < 7),
H;(1 < j <6), Jk(1 < k < 5)as the canonical basis of E7 @ Dg @ Ds
which are indicated in Section 3, and O, F as a basis of U such that
0?2=-2 F2=0,0F =1.

We extend I's to an index-2 integral over lattice S¢ = I'g + Zsg,
where '

56=(9+2F+[—‘3G1 — gG2—3G3—2G4-—G5— gGG"ZG?]
ttm - 2H, — Hy— 2, - SHy - Hy)
2 1 2 2 3 4 2 5 6
1 1
+[~D = 52 = 5Js = T — Js)

It is easy to see that intersection form on I's can be extend to an
integral even symmetric lattice of signature (1,19). Indeed, setting
§ = Sg, we have

32:—2,3~F=S-G1=s~H2=s-J1=1,
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s:Gi=s-Hj=s Je=0(Vi#1Lj#2k#1).

Moreover, |det(Sg)| = |det(T'¢)|/2% = 8.

Note that I'{ = Homgz(T's, Z) contains I as a sublattice with E7 &
Dg@® Ds as the factor group, and is generated by the following, modulo
Fs:

h1 = (1/2)(G1 + G2 + Gs),
he = (1/2)(H; + H2 + Hs),
hs = (1/2)(H1 + Hz + H5),
hs = (1/4)(2J1 + Jo — J3 + 2J4).

Since (Sg)" is an (index-2) sublattice of (I'Y), an element z is in (Sg)Y
ifand only if z = Zle a;hi(mod ') such that z is integral on Sg, i.e.,
| z-s=(a1+az+aq)/2
is an integer. Hence (Sg) is generated by the following module Tg:
hi + ho, hy + hy, ho + hy, hs.

Noting that 2h1,2hy € Sg and hy + ho + 2hy is equal to s (mod I'g) and
hence contained in Sg, we find that (S)" is generated by the following,
modulo I'g:

€1 = hs, €2 =hy + hyq.

Now the fact that |(Se)V /S| = 8 and that 2¢;,4¢s € Sg imply that
(Se)V/Se is a direct sum of its cyclic subgroups which are of order 2,4,
and generated by €, €3, modulo Sg.

We note that the negative of the discriminant form

~q(se) = (= (€1)?) @ (=(e2)?) = (3/2) & (3/4).

Similarly, we can get

~q(510) = (—(€1)?) & (—(€2)?) = (5/4) & (5/4),
—q(s1) = (=(1)®) ® (~(e2)®) = (1/2) & (1/2),

for suitable generators €1, €2 in the corresponding cases.
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CrLAIM 4.5. The pair (Spm,Tr,) satisfies the conditions of Lemma
4.1 and hence if we let X,,, be the unique K3 surface with Tx,, = Tm
then PicX,, = Sy, (both two equalities here are modulo isometries).

Proof of the claim. We need to show that q7,, = —¢s,,.

(1) m # 2. (Sm)V/Sm is generated by two elements €; (i=1,2) (e
is a simple sum of the natural generators of (Sm)"/Sm) such that for
every a,b € Z one has —gg,, (a€1 +bez) = —a?(e1)% — b%(e2)?. For all six
m where m # 2, ¢; can be chosen such that (—eZ, —€3) is respectively

given as follows:

(3/2,7/12), (3/2,3/4), (5/6,5/6), (7/12,7/4), (5/4,5/4), (1/2,1/2).

On the other hand, (T;,)Y (m # 2) is generated by (g1, g2) = (e1, e2)Tt,
where €1, ez form a canonical basis of T,, which gives rise to the in-
tersection matrix of T, shown before this claim. Now the claim fol-
lows from the existence of the following isomorphism, which induces

9T, = —4S;:
¢ : (Tm)v/Tm - (Sm)\//sm’ (91,9‘2) = (elaGZ)Bm-

Here B,, is respectively given as:

11 11 2 5 3 2 2 1 10
6 1/°\2 1/°\1 2)°\2 1/)°’\1 2/)°’\0 1
for m = 5,6,8,9,10 and 11 respectively.

(2) m = 2. In this case, we know (T3)" is generated by (g1,92) =
(e1,e2)Ty ! where e;, e3 form a canonical basis of T which gives rise
to the intersection matrix of 75 shown before this claim. In fact we
have

g1 = g2 ( mod T3).
Thus (T3)V /7% is generated by one element g;, and the natural isomor-
phism
$:g91 — €1
will give g1, = —qs,, Where €; is a canonical Z-basis of Az and such
that for every a € Z, we have —gs,(a€e1) = —a®(€1)?. O
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Write Sy, (resp. ') as U & B(m) with B(m) as in the definitions
of them. Let O, F be a Z-basis of U for all m. By [8, p.573, Theo-
rem 1}, after an (isometric) action of reflections on Sy, = PicX,,, we
may assume at the beginning that F is a fibre of elliptic fibration fy,:
X,, — P! Since ©? = -2, Riemann-Roch Theorem implies that O
is an effective divisor for O - F' > 0. Moreover, O - F' = 1 implies that
O = O; + F' where O is a cross-section of f,, and F’ is an effective
divisor contained in fibres. So fn, is a Jacobian elliptic fibration and
we can choose (O as the zero element of MW (fr,).

- Let A,, be the lattice generated by all fiber components of fp,.
Clearly, A, = ZF D A, A = A1) ® --- & A(r) (depending on m),
where each A(%) is a negative definite even lattice of Dynkin type 4p,
Dy, or E,, contained in a single reducible fibre F; of f,, and spanned
by smooth components of F; disjoint from O;.

CLAIM 4.6. We have

(1) Spang{z € Sylz-F = 0,2? = =2} = A, = ZF  B(m); in
particular, there are lattice-isometries: A = B(m).

(2) MW(fn)=(0) for m =2,5,8 and 9.

(3) MW(fm) = 2Z/2Z for m = 6,10.

(4) MW (fn)=2/2Z & Z/2Z for m = 11.

Proof of the claim. The first equality in (1) is from Kodaira’s classifi-
cation of elliptic fibres and the Riemann-Roch Theorem as used prior to
this claim to deduce O > 0. The second equality is clear for that cases
of m = 2, 5, 8 and 9, because then PicX,, = S, = (ZO+ZF)®B(m).

We now show the second equality for m = 6,10 and 11 using Lemma
1.1. Clearly, ZF & B(im) is contained in the first term of (1) and hence
in A,,. We also have

19 = rankSy, - 1 > rankA,, = 1 + rankA = 1 + rankB(m) = 19.

Hence A = A(1)® - & A(r) = A, /ZF contains a finite-index sub-
lattice (ZF @ B(m))/ZF = B(m).

Suppose the contrary that the second equality in (1) is not true.
Then B(m) is an index-n (n > 1) sublattice of A.



1112 Qiang Ye

For m = 6, by Lemma 1.1, we know A = E; & Dy,. On the other hand,
if we denote s = s¢ — O — 2F, then we have

A¢ C Spanz{z € Sp|z - F = 0} = Spang{F, G, H;, Jx, sg}

where 1 <:<7,1<j<6and1<k<5.
Thus we get ( mod ZF)

E7 @ D11 C Spanz{G;, H;, Jk, sg}-

By a simple calculation, we find that for any element e € Dy — (D¢ ®
Ds), e ¢ Spanz{Gi, Hj, Jx, sg}. Thus we get a contradiction.

Similarly, we can prove the second equality in (1) for m = 10, 11.
The assertion (2), (3) and (4) follow from the fact in [10, Theorem
1.3], that MW (f,,) is isomorphic to the factor group of PicX,, modulo
(ZO1 + ZF) ® A, where the latter is equal to

(ZO + ZF) + A = (ZO + ZF) ® B(m) = U & B(m).

This proves the claim. And this completes the lattice-theoretical proof
of Lemma 4.4. O

Combining Remark 4.3 and Lemma 4.4, we prove Theorem 0.4.
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