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REDUCED CROSSED PRODUCTS BY
SEMIGROUPS OF AUTOMORPHISMS

SuN YOUNG JANG

ABSTRACT. Given a C*-dynamical system (A, G, a) with a locally
compact group G, two kinds of C*-algebras are made from it, called
the full C*-crossed product and the reduced C*-crossed product. In
this paper, we extend the theory of the classical C*-crossed prod-
uct to the C*-dynamical system (A, M,a) with a left-cancellative
semigroup M with unit. We construct a new C*-algebra A xqr M,
the reduced crossed product of A by the semigroup M under the
action a and investigate some properties of A Xqor M.

1. Introduction

The theory of crossed products of C*-algebras by groups of automor-
phisms is an interesting and important area of the theory of operator
algebras and has been much developed for the recent decades. From
the importance and the success of that theory, it is natural to attempt
to extend it to a more general situation by developing the theory of
crossed products by semigroups of automorphisms (cf. [3,8]) or even of
endomorphisms (cf. [5,6,10]). We say crossed products of C*-algebras
by groups of automorphisms as the classical crossed products. In recent
years a number of papers have appeared that are concerned with such
non-classical theories of crossed products of C*-algebras (cf. [5,6,8,10,
etc.]). The theory of crossed products by semigroups of automorphisms
is one way to do this, which was introduced and developed in the paper
[8]. In [8], G. J. Murphy defined and analyzed the concept of the full
crossed product of C*-algebras by semigroups of automorphisms.

Received January 6, 1998. Revised June 29, 1998.

1991 Mathematics Subject Classification: 46L55, 47003.

Key words and phrases: reduced crossed products by semigroups, regular iso-
metric representation.

Supported in part by KOSEF through the GARC at Seoul National University.



98 Sun Young Jang

In this paper we define the reduced C*-crossed product of a C*-
algebra by the semigroup of automorphisms by using the universal
property of the crossed product defined by G. J. Murphy and study its
properties. This C*-algebra is the counterpart of the reduced crossed
product of a C*-algebra by the group of automorphisms, which is the
rich source of examples of operator algebras.

Though the reduced crossed product of a C*-algebra by the group
of automorphisms has the deep relation with the left regular unitary
representation of that group, the regular isometric representation is
the source of the construction of the reduced crossed product of a C*-
algebra by the semigroup of automorphisms. Some results in the clas-
sical crossed products theory hold in crossed products by semigroups
of automorphisms (cf. Theorem 3.2 and Theorem 3.4). However there
are significant differences (cf. Proposition 4.2).

Given a group G, the classical reduced crossed product construc-
tion applied to the trivial C*-dynamical system (C,G,a) gives rise
to the reduced group C*-algebra C.,(G), which is generated by the
regular unitary representation of G. Analogously, we have its corre-
sponding C*-algebra C, (M), the reduced semigroup C*-algebra for
a left-cancellative semigroup M, which is generated by the regular
isometric representation of M. For an abelian group G, C* ,(G) is
abelian, but C},,(M) is not abelian even though M is abelian. Con-
sidering that the reduced group C*-algebras give lots of good examples
of operator algebras, we think that reduced semigroup C*-algebras will
also give good examples of C*-algebras (cf. [1,2]) and (cf. Example 1

and 2).

When the semigroup is the particular one, the reduced semigroup
C*-algebra C7,;(M) has been studied in the term of the another C*-
algebras (cf. [1,2], etc.). For example, if M = N, the additive semi-
group of natural numbers and 0, then C7_,(N) is identifiable with the

Toeplitz algebra 7 generated by all Toeplitz operators having contin-
uous symbols on the unit circle.

2. Construction of the crossed product

Let M denote a semigroup with unit e, and let B be a unital C*-
algebra with unit Iz. We callamap W : M — B, z — W, an isometric
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homomorphism if W, = Ig, W, is an isometry and Wy = W W, for
all z,y € M. If B= B(H), the algebra of all bounded linear operators
on a Hilbert space H, then we call (H, W) an isometric representation
of M on H.

If M is left-cancellative, then an isometric representation of M can
be constructed as follows, which is important for the sequel. To be
specific, let H be a non-zero Hilbert space and I2(M, H) denote the
Hilbert space of all norm square-summable maps f from M to H (i.e.,
S IIf(@))|* < +00) with the norm and scalar product given by || f|| =

(@I and (f,9) = T(f(x),g(x)) for z € M. For each
z € M, amap L, on l?(M, H) is defined by the equation

fly), if z=zy for some y € M,

(Laf)(z) = { 0, if z¢ M.

Then £, is an isometry for each z € M and L,y = L,L, for all z,y €
M. So the map £ : M — B(I*(M, H)),  — L, is an isometric homo-
morphism. We call (I2(M, H), £) the regular isometric representation
of M on I?(M, H).

A C~-dynamical system will refer in this paper to a triple (A, M, a)
where A is a C*-algebra, M is a left-cancellative semigroup with unit,
and « is a homomorphism from M to the group Aut(.A) of automor-
phisms on A. For a C*-algebra A, M(A) denotes the multiplier alge-
bra of A. Let B be a C*-algebra with the multiplier algebra M(B). A
covariant homomorphism from (A, M, ) to B is a pair (¢, W) where
¢ : A — B is a *-homomorphism, W : M — M(B) is an isometric
homomorphism, and ¢ and W interact via the equation

$(az(a))We = Wag(a)

for x € M and a € A. If B is the algebra B(H) of the bounded
linear operators for a Hilbert space H, we call (H,$, W) a covariant
representation of (4, M, o).

Let (H, ¢) be a representation of A with H # 0. For a € A define
#(a) € B(I*(M, H)) by the formula

(#(a)f)(z) = ¢(az'(a)) f(2)
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for all f € I2(M,H) and z € M. The map ¢ : A — B(I*(M, H))
is a *-homomorphism, and it is easily verified that (I2(M, H),$, L) is
a covariant representation of (A, M, a), said to be induced by (H,¢),
where £ is the regular isometric representation of M on 12(M, H). Note
that if (H, ¢) is a faithful (respectively non-degenerate) representation
of A, then (I(M, H), ¢) is also a faithful (respectively non-degenerate)
representation of \A. In [8], G. J. Murphy defined the crossed product
A x4 M of A by the semigroup M under the action . Then there
is a canonical *-homomorphism p : A — A xo M and an isometric
homomorphism V : M — M(A x, M) such that (p,V) is a covariant
homomorphism from (A, M, a) to Ax, M. In fact the C*-algebra Axq
M is generated by {p(a)V;| a € A,z € M}. The crossed product A X,
M has the important universal property as follows ([8], Proposition
1.1): if (¢,W) is any covariant homomorphism from (A, M,a) to a
unital C*-algebra B, there exists a unique *-homomorphism ¢ x W :
A Xq M — B such that

(¢ x W)(p(a)Vz) = (a)W:

forac A,z € M.

If A = C, the complex field, in which the action a of M on A is
necessarily trivial, then C x, M is the universal C*-algebra generated
by the semigroup of isometries on M. C xo M is denoted by C*(M)
and called the semigroup C*-algebra of M.

Let (7, H,) be the universal representation of A and (1*(M, H,), L)
be the regular isometric representation of M on (M, H,). Then
(%, L) is a covariant representation of (A, M,a). By the universal
property of the C*-algebra A x, M, there exists a unique *-homo-
morphism 7y, x £ : A xq M — B(I1*(M, H,)) such that

(ftu x L)(p(a)Vz) = Tu(p(a))Le

forac A,z € M.

DEFINITION. Let M be a left-cancellative semigroup with unit e and
(A, M,a) be a C*-dynamical system. Let (m,,H,) be the universal
representation of A and £ be the regular isometric representation of
M on 12(M,H,). We call (T, x £)(A xo M) the reduced C*-crossed
product of A by the semigroup M under the action a.
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We denote the reduced crossed product of A by the semigroup M
under the action a by A x4 M. Since 7, and p are injective, 7, (p(a))
can be identified with a for each a € A. Hence A x,, M is generated
by {alz|la € A,x € M}. If A= C, then C x,, M is the C*-algebra
generated by the regular isometric representation £ of M on I2(M).
We denote C xqor M by C;,,(M), and call it the reduced semigroup
C™*-algebra of M.

3. Some properties of A4 X, M

We conjecture many aspects of extended theories developed in
crossed products by semigroups of automorphisms are analogous to
results of the original classical theory. Nevertheless there are signifi-
cant differences. ]

Throughout the rest of this paper a semigroup M denotes a left-
cancellative semigroup with unit, A denotes a C*-algebra, H,, denotes
the universal representation of A, and £ denotes the regular isometric
representation on I2(M, H,).

By the covariance relation A x,, M is the closed linear span of
aly, Ly ...L. L% forac Aand z;,y; € M for 1 <i<n.

Ln Yn

LEMMA 3.1. Ifthe net {ex|\ € I} is an approximate unit of A, then
{ex|A € I} is also an approximate unit of A o, M.

k
Proof. For ), @il L3, .. Lz, Ly, where iy, .., Ti,,
Yi,; € M and a; € A, we have
|| aile, Ly, - Lo, Ly, ex— D ailay L3, - Lo, L], |
=lim||(az, 05 0w, 0y} (e2) = V)Y aile, L5, ... Lo, Ly )l
=0.

Since {aﬁwlﬁzl Ly L7 |a € Aand z;,y; € M} is total in A X g M,
{exlX € I} is also the approximate unit of A %, M. a

The symbol A ®;n B denotes the minimal C*-tensor product of
two C*-algebras A and B. The following result is one of the very exact
analogue to that of the theory of the classical crossed products.
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THEOREM 3.2. If the action o of (A, M, ¢) is trivial, then there is
a *-isomorphism ¢ from A Xqr M onto A ®min Cr.;(M) such that

daly) =a®V,

fora e A,z € M where L and V" are the regular isometric represen-
tations on 12(M, H,) and 1?(M), respectively.

Proof. Let H, be the universal representation of A. For each §{ € H,
and s, t € M we shall write a function £W M — Hy,,

£ (s) = { & ifs=t,
0, ifs#t.

Then {£®|t € M} is the orthonormal basis of {2(M, H,). If we define
a map 7; by the equation

(s) {1, if s =1,
s) =
T 0, ifs#t

then {n:|t € M} is the canonical orthonormal basis for >(M). There
is a natural unitary operator U : 1>(M,H,) — H, ® I2(M) defined by
£  £@mn, for all € € H and t € G. Since a is the trivial action, we
have

(URw(@)LaU")(E ® me) =(UTy(a))ECD
=U (ma(@)£)=
~(ru(a) ® VI)(E ® my)

for each £®n; € H,®1*(M). Since A X M is generated by {aL;| a €
A, x € M} and C*_,(M) is generated by {V]|x € M}, we can define
amap ¢: Axg M — B(H,) ® B(I3(M)) by ¢(z) = UzU* for each
z € Axor M and have (A Xor M) = AQmin C;.q(M) since the norm
of the tensor products of represented C*-algebras acting on the Hilbert
spaces Hy, H, ..., H,, respectively is equal to the spatial C*-norm on

®7_,A; ([4], Chapter 11). O

Some of important results of the theory of C*-algebras are concerned
with giving conditions on a C*-dynamical system which ensure the
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crossed product is simple or prime. Crossed products by semigroups
are rarely simple though crossed products by groups give important ex-
amples of the simple C*-algebras. But in many cases, crossed products
of semigroups are prime. In some sense, the prime C*-algebras are the
more appropriate analogue of factors in the theory of von Neumann
algebras rather than the simple C*-algebras.

Let (A, M, ) be a C*-dynamical system and B be a subalgebra of A.
B is doubly M-invariant if a,;(B) = B for all z € M. Then (B, M, a|z)
becomes a C*-dynamical system where a|g : M — Aut(B) is a *-
homomorphism. Set B = closed linear span of {bLy, LY ... L, L% |b€

L1~y C Tn™Yn

B,z1,y1,...,Zn,Yn € M}. Then B is the C*-subalgebra of A X4 M.

PROPOSITION 3.3. Let (A, M, a) be a C*-dynamical system and B

be a doubly M-invariant hereditary C*-subalgebra of A. Then Bisa
hereditary C*- subalgebra of A x,, M.

Proof. Let Lg be a closed left ideal of A such that Lg N Ly = B
([9], Theorem 1.5.2). Since B is doubly M-invariant, L is also doubly
M-invariant. If we consider elements a’ = a[lzl[,;l . Ly L, and
b =bLy L%, ... Ls, L*,, then

L Qg 0 () Loy £, oo Lo £ Loi Lt v Loy Loy

1t __
a'bt) =aoz, o 2, Ly, oo Lz, Ly

v
Put L= closed linear span of {bL, L*y, ... Ly, L5 |b € L, Ts,¥i, €
M} . Since L is doubly M-invariant, a’t’ € L for alla € Aand b € B.
Hence L is a closed left ideal of A xor M and LgN (Lg)*=B. 0O

Let (A, M, a) be a C*-dynamical system. A is M-prime if any two
non-zero doubly M-invariant closed ideals have a non-zero intersection.

THEOREM 3.4. Let M be a left-cancellative semigroup. If A x o, M
is prime, then A is M -prime.

Proof. Let 7 be a doubly M-invariant closed ideal of A. Let 7
be the closed linear span of {als, L*y, ... L., L} |a € T and x;,y; €
M}. Then we can see that T is a closed ideal of A Xor M from the
similar computation of Proposition 3.3. Suppose that 7 and J are
two non-zero doubly M-invariant closed ideals of A. Let Z and J
be the corresponding closed ideals of A X, M induced by Z and J,
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respectively. Since A X4, M is prime, ZJ # {0}. Let {u;}; and {v;};
be the approximate unit of Z and 7, respectively. Then we can see
that both {u;}; and {v;}; are the approximate units of ZJ from the
Lemma 3.1. So u;v; # 0 for some indices ¢ and j. Hence ZNJ # {0}.00

4. Reduced semigroup C*-algebras

Let G be a partially ordered abelian group, G* be its positive cone,
and T be the circle group. Let G be the dual group of G and ¢ : G-—-T
be the evaluation homomorphism defined by €,(y) = v(z) for z € G
and v € G. Then {€z]z € G} forms an orthonormal basis for the
Hilbert space Lz(@). If P; denotes the linear span of {¢.| z € G},
it follows Afrom the Stone-Weierstrass theorem that Pg is dense in the
space C(G) of continuous functions on G under the sup-norm topology.
Denote by H2(G) the closed subspace of L2(§) having an orthonormal
basis {e;|r € G}, and let P € B(L2(@)) be the projection onto
H2(G). If ¢ € L=(G), we define Ty € B(H2(G)), by setting Ty(f) =
P(¢f). Denote the C*-subalgebra of B(H 2(G@)) generated by Ty for
all ¢ € C(G) by T7(G) and it is called the reduced Toeplitz algebra of
G; see [7].

PROPOSITION 4.1. Let G be a partially ordered abelian group with
its positive cone G*. Then C*, ,(G") is *-isomorphic to the reduced

red
Toeplitz algebra T"(G).

Proof. Let H 2(G’\) be the Hilbert subspace of L2(a) having the or-
thonormal basis {e;|z € GT}. Let U be an isometry from H?(G) onto

I2(G™) defined by
U (Y f@)es) = ¢
where é(z) = f(z),f € H?*(G) and z € G™.
(UT, U")(§)(2) = (UTe, )(fe)(2)

=UP (Y twees) ()

_ { €(y)) z =Y,
1o, z ¢ zGT,
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where fe = > &(z)e;. Let £ be the regular isometric representation of
G* on I%(G"). It follows from the above calculation that UT,, U* = L,
for each z € G*. Since T7(G) is generated by {T. |z € G*} by the
Stone-Weierstrass theorem, we can have that (GH=UT"(G)U*.O

red

Reduced group C*-algebras have the important role in the theory
of operators, because they are the important sources of simple C*-
algebras. Though reduced semigroup C*-algebras are rarely simple,
they are prime in many cases.

PROPOSITION 4.2. Let G be an abelian group and M be a subsemi-
group of G. If M has any non-invertible element, then C}, (M) is not
simple.

Proof. Suppose that C*,,(M) is simple. Let A : G — B({?(G)) be
the left regular representation of G and £ : M — B(I?(M)) be the reg-
ular isometric representation. We define amap € : C,;(M) — C~ ,(G)
by €3 m[,znﬁ* Ly, Ly th =D A Nk where p; €
C. Then ¢ is well defined *-homomorphism (cf [3]). Since e is injec-
tive, a1L; = aoL, implies that a; = ap for all ay,a2 € C_,(M). So
if we consider (aL,L})L: = aLl, for a € Cr, (M), then al,L: = a.
This implies £, is unitary for all x € M, which contradicts to the fact
that M has at least a non-invertible element. 0

We have some interesting examples of the reduced semigroup C*-
algebra.

EXAMPLE 1. Let Fp(n > 2) be a free group with n generators

21,22,...,2n and Ff = {2512 2582 .. 255 |(41, 42, -+ ,ik) € {1,2,--- ,n}F,
€; > 0} be the subsemigroup of]-' For a sequence p = (41,42,...,1%)
in {1,2,...,n}*, set 2, = z,2,...2,. For p = (iy,%a,...,%) in

{1,2,...,n}* and v = (j1, j2, ..., 51) in {1,2,...,n}}, we define
1, ifu=u,
5z v) =
«(2) {0, if p # v.

Then {0.,|z, € F,I} is an orthonormal basis of I?(F;7). Let £ be the
regular isometric representation of £ on I2(F;F). Then we have

£300z,) =

Zp

{ .., if p= zv for some v € F},

0, otherwise.
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So L5 L., = 0if i # j. Hence L,,’s are isometries with orthogonal
ranges. [fweput P =1 —Z?zl L., L, then P is the rank one operator.
Let J be the closed ideal generated by P. Since

(L., PLY)(L., PLE,) = { L., PL;,, ffu_ o,

* v 0, if v# a,

{(L, PL; )L PLY) 1y vy 0, B € Fif } forms a set of matrix units for
an algebra isomorphic to the compact operator algebra on a separable
Hilbert space. That is, J is isomorphic to K(I2(F;})). Then for the
equivalence class [L,,] in C}4(FT)/K(13(F})) we have S[L..][C.)*
is the identity in Ted(]-""’)/K(l?(]-"")) Hence C?_,(F,) is lsomorphlc
to the Cuntz-Toeplitz extension of Cuntz algebra O, by the compact
operator algebra K (I2(F;F)). So we have the short exact sequence

0— K(l2('¢:)) - red(f—*_) On — 0.

The reduced semigroup C*-algebra C?,,(M) is a quotient algebra of
the semigroup C*-algebra C*(M). We have a natural question when
Cr.4(M) is isomorphic to C*(M). By Coburn’s result [1] we can see
that both C,,(N) and C*(N) are isomorphic to the classical Toeplitz
algebra. It was shown that C},;(M) is isomorphic to C*(M) where
M is the positive cone of subgroup of R, the real number group in the
another term ([2], Theorem 2). In [7] the above open question was
solved partially in the another form, but it is still open. We suspect
that there are many examples of reduced crossed products by semi-
groups of automorphisms that are not isomorphic to crossed products
by semigroups of automorphisms.

However it is still unknown the necessary and sufficient condition
when C}, ;(M) is prime, we suspect that there are many prime reduced
semigroup C*-algebras. The following example is one of them.

EXAMPLE 2. Let £ be the regular isometric representation of N*{k >
1), the direct sum of k copies of the additive semigroup of non-negative
integers. Let e; be the element with i-th component 1 and other com-
ponent 0 for ¢ = 1,...,k, and we denote L., by L;. Ted(N’“) is
the C*-algebra generated by k commuting unilateral shifts £;. Put
pi = 1 — L;L], then []p; is a rank one operator. Since C7,,(N¥) is
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irreducible on B(I2(N*)) and the compact operator algebra K (I2(N¥))
of I2(N*) has non-empty intersection with C*_,(N¥), K (12(N*)) is con-
tained in C},;(N¥). Let J be an ideal of C*,,(N¥). If z is a non-zero
element in J, zk is a compact operator for each k € K (I2(N¥)). Since J
is also irreducible, K (I2(N*)) is contained in J (][9], Lemma 6.1.4). So
K(1?(N¥)) is the minimal ideal of C* ,(N*). Hence C7,,(N*) is prime.

Let C(Cr ,(N*)) be the commutator ideal of CZ ,(N*¥). Then
K (1?(NF)) is contained in C(C},;(N*)) because C(C},;(N¥)) irreducibly
acts on B(12(N*)) and []p; is contained in C(C* ,(N¥)) N K(I2(NF)).
And we have C;_,(N¥)/C( Ted(Nk)) is isomorphic to C(T¥), the space
of continuous functions on T*, the product of k copies of the cir-
cle group T. The structure of C*(N*) is much more complicate and

* 2(N¥) is not isomorphic to C*(NF).
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