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PROJECTIVE REPRESENTATIONS OF
WREATHED 2-GROUPS

KiLsoo CHUN AND SEUNG AHN PARK

ABSTRACT. In this paper we investigate representation groups of
wreathed 2- groups and explicitly determine all the linearly inequiv-
alent irreducible projective representations of wreathed 2-groups.

1. Introduction

Let G be a finite group and let F' be an algebraically closed field
of characteristic zero with its multiplicative group F* = F — {0}. A
mapping

T:G — GL,(F)
of G into the general linear group GL,(F) is called a projective represen-
tation of G of degree n over F if there exists a function a: Gx G — F*
such that

T(g)T(h) = (g, h)T(gh)
for all g,h € G. The function a : G X G — F* is called the factor
set of T. If ag,h) = 1 for all g,h € G, then T is called a linear
representation of G over F. We say that T is irreducible if the vector
space V = F™ has no nontrivial proper subspace invariant under all
T(g), 9€G.

Let T : G — GLi(F) and S : G — GL,(F) be projective repre-
sentations of G with factor sets o and (3, respectively. We say that T
and S are projectively equivalent if there exists a nonsingular matrix
P € GL,(F) and a function ¢: G — F* such that

S(g) = c(9)P"'T(g)P, g€G.
In this case, a and 3 are equivalent, that is, the following holds:
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B(g, k) = alg, h)c(g)e(h)c(gh)™!, g,h €G.
If ¢(g) =1 forall g € G, then T and S are said to be linearly
equivalent. Linearly equivalent projective representations have the same
factor set.
A 2-group G is said to be wreathed if G is isomorphic to the wreath
product Zom wr Z, for some m > 2. In fact, the wreathed 2-group G
can be presented as follows :

G=<$,y1z|$2m=y2m=z2=1,-’l7y=y2,xz=y), m 2> 2.
The significance of wreathed 2-groups comes from the fact that they
occur as Sylow 2-subgroups of known simple groups such as

Ls(g) = PSLs(g), ¢ =1 (mod 4)
and
Us(g) = PSUs(g), ¢= -1 (mod 4).
It is also well-known that Sylow 2-subgroups of
GLa(g), g¢=1 (mod 4)
are wreathed (cf. [1]).

The purpose of this paper is to explicitly determine all the irreducible
projective representations of wreathed 2-groups.

2. Some properties of wreathed 2-groups

We investigate some properties of wreathed 2-groups in this section.
First we classify the conjugacy classes of the wreathed 2-group G.
The proof of the following can be easily established.

LEMMA 1. Let
G=(z,y,z|2" =y =22 =1, sy = yz, 2* = y)

be the wreathed 2-group of order 2°™+! m > 2. Then G has 22™1 4+ 3.
2™~1 conjugacy classes and they are

{1},

Ci={(zy)} (1<i<2m-1),

Ci={z,y} (1<j<2m-1),

Ci={z'y, 2%y} (1<i<j<2m—1),
Di={z'y’z|i+j=k (mod2™)} 0<k<2m-1).
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PROPOSITION 2. Let
C=(2,y2]e" =97 =2 =1, 2y =y, ¥ =)
be the wreathed 2-group of order 2*™*! m > 2 and let F be an alge-
braically closed field of characteristic zero. Then the following hold.
(1) G'=[G,G) = (zy™!) and |G/G'| =2+
(2) We have
F[G] = F1 @e---b F2m+1 & Ml b---D Mzm—l(2m_1),
where Fy = - -+ = Fymu = F and My = -+ = Mom-1gn_1) = Maty(F).

Proof. It is easy to show that G/ = (zy™!) and IG/G’l = 27+
Since U = (z,y) is an abelian normal subgroup of G and |G : U| = 2,
the degrees of the irreducible linear representations of G over F' are at
most 2. Since |G/G’'| = 2™*! and G has 2°™' + 3. 2™~ conjugacy
classes, we have
Gl=1+4---+1+224...+22.
2m+1‘;imes gm-1 (2’"‘3 times

Thus the assertion holds. a

3. Representation groups of wreathed 2-groups

We now determine a representation group of the wreathed 2-group
G={z,y,z|z" =y =2 =1L zy=yz,z*°=y), m>2.
First we consider the Schur multiplier of the wreathed 2-group G.
PROPOSITION 3. Let G be the wreathed 2-group of order 22™*1,
m > 2. Then the Schur multiplier of G is
M(G) = C..

Proof. The proof can be found in [7]. O

Using the above proposition, we can determine a representation group
of G as follows. '

THEOREM 4. Let
G*= (s,t,u,v|s? =" =ul= =1, [s,u]=[v,u] =1, [s, t]=u,s" = 1t),
where m > 2. Then G* is a group of order 22™*2,
[G*,G*] = (st u), Z(G*) = (s*?,u)
and G* is a representation group of the wreathed 2-group G.
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Proof. It is easy to prove that [G*, G*] = (st™},u), Z(G*) = (s*t*,u).
Note that (u) C Z(G*)N[G*,G*], |(u)| = |M(G)| and G*/(u) = G.
a

Hence G* is a representation group of G.

Now we classify the conjugacy classes of G*. The following result can
be obtained by an easy calculation.

PROPOSITION 5. Let G* be a representation group of the wreathed

2-group G defined by

G* = (s,t,u,v|s¥" = "= ul=v?=1,[s,u]=[v,u]=1,[s,t]=u,s"= 1),
where m > 2. Then G* has exactly 5- 223 +9.2™2 conjugacy classes
and they are

{s't'}, {s't'u} (i=0,2,---,2™—2),

{s't', s'tiu} (=1,3,---,2™ 1),

{s't, s’t'}, {s'tu,s'tu} (3,5=0,2,---,2™ — 2,0 #j),
{s', $'t, s'thu, st} (4 =0,1,---,2™"— 1,5 =1,3,--- ,2"= 1,4 # j),
{stv|i+j=1 (mod2™} (=1,3,---,2" —1),

{s'tuwv |i+j=1 (mod2™} (I=1,3,---,2™ 1),

{sthv,s'tuv |i+j=1 (mod2™)} ({=0,2,---,2™ —2).

PROPOSITION 6. Let G* be a representation group of the wreathed

2-group G defined by

G* = (s,t,u,v|s?" =tT"=ul=v2=1,[s,u]=[v,u]=1,[s,t] =u,s" = 1),
where m > 2 and let F be an algebraically closed field of characteristic
zero. Then we have

F[G*] gFl® * '®F2m+l®M1®' M '@MQW»—I(QM+1)@N1@' . '@NQm—Z(Qm—l_l),
where
Fl =oeer = F2m+l = F, M1 == M2m—l(2m+1) = Matg(F)

and
Nl — ee s = N2m—2(2m—1_1) = Ma,t4(F).

Proof. Since V = (s?, st,u) is an abelian normal subgroup of G* and
|G* : V| = 4, the degrees of the irreducible linear representations of G*
over F are at most 4. Since |G*/[G*,G"]| = 2™*! and G* has 5-2*""%+
9. 2m-2 conjugacy classes, we have
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G =14 +1+ 22+ +22+ 424... 44 .

2™+ times  2™"1(2™ 4+ 1) times  2™2(2™1 — 1) times

Thus the assertion holds. O

4. Projective representations of wreathed 2-groups

In this section we explicitly determine all the inequivalent irreducible
projective representations of wreathed 2-groups using the previous re-
sults.

We first consider factor sets of the wreathed 2-group G.

LEMMA 7. Let
G = (z,y,2l2"" =y*" =22 = 1,2y = yz,2° =)
be the wreathed 2-group of order 2*™*!, m > 2 and let F' be an alge-

braically closed field of characteristic zero. Then there exists a factor
set B:G x G — F* of G over F such that

Bla'y’, ahy'z) = By, 2*y) = (-1),
,B(IL'iij, :Ekylz) — ,@(:I:iyjz, wkyl) — (_1)(j+k+1)l—k

for all 0 <1,j,k,1 <2™—1 and § is not equivalent to the trivial factor
set 1.

Proof. Let

G*= (s, t,u,v|s¥ = "= ul=v2=1,[s,u]=[v,u]=1,[s,t] =u,s" = t)
be a representation group of G. Define a (non-homomorphic) map
T : G — G* (inverse to the obvious homomorphism that goes in the
other direction) by setting

T(z'y’) = s't7, T(a'yz) = sitiv.

As the regular representation of G* is faithful and is a direct sum
of irreducibles, G* has at least one irreducible representation p which
does not have u in its kernel. Then T(g) = p(7(g9)) (g € G) defines a

projective representation of G. The corresponding factor set 3 may be
calculated from

T(9)T(R)T(gh)™" = B(g, )1, g,h€G,

where [ is the identity matrix.
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Note that
By, )] =TT (2)T(yz)™" = p(r(y)7(2)7(yz)™") = p(u),
By, 2)°1 = p(u)? = p(u®) = p(1) = I.
Since p(u) # I, we have ((y,z) = —1 and so p(u) = —I. Using that
Bg, I = T(g)T(R)T(gh)™" = p(7(g)7(h)(gh)™")
and p(u) = —I, we can show that (3 has the following properties :
ﬂ(xiyj,xkylz) = ﬂ(ziyjymkyl) = (“l)jk,
Bla'yz,a*y'z) = f(a'yz, 2ty) = (—1)FFDI
forall 0<1i,j,k,l<2m—1.

Now suppose that 3 is equivalent to the trivial factor set 1. Then
there exists a function c¢: G — F* such that

Blg,h) = c(g)e(h)e(gh)™!, g,h €G.
Since fB(z,y) =1, we have c(zy) = c¢(z)c(y). But

-1 =By, z) = c(y)e(z)c(yz)™ = 1.
This is a contradiction. Thus the assertions hold. O

Now we determine all the irreducible projective representations of
wreathed 2-groups. The following is our main theorem.

THEOREM 8. Let
G = (z,y,2a"" =y =22 = LLay = yz,2° = y)
be the wreathed 2-group of order 2°™*!, m > 2 and let F be an alge-
braically closed field of characteristic zero. Let £ be a primitive 2™-th
root of unity and € a primitive 23-th root of unity in F. Then the fol-
lowing hold.

(1) For any factor set 3 of G over F' which is not equivalent to the
trivial factor set,

Fﬁ[G] M - OMm N, B D N2,,,_2(2,,,_1_1),
where M= - -=Myn =Maty(F) and Ny=- - - = Nom2em1_1)=Maty(F).
(2) Let a : G x G — F* be a factor set of G over F such that
a(z'y,dty'z) = a(z'y, 2ty) = (-1)F,
a(ziyiz, ohy'z) = alziyiz, atyl) = (—1)U+k+DI-k
for all 0<14,7,k,1 <2™ — 1. Then
M(G) = {{1},{o}}.
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(3) If m > 3, then there are 2™ inequivalent irreducible projective
representations of G over F of degree 2 with factor set o and they are
projective representations

Ti G — GLQ(F),

defined by

0<iL2m -1

i i4+3.2m2
:n(x)=(§,~+3m_z %) n(y)=(§,-+‘3m-x & ) Ti<z)=<(1) (1))7

and

Ti(ay*2') = Tl T(y)* Ti(2)'".
There are 2™2(2™! — 1) inequivalent irreducible projective represen-
tations of G over F of degree 4 with factor set o and they are projective

S,'jIG—-*GL4(F), OS’iszm_l—Z, i+1§j52’"‘1—1

representations
defined by
Sij(z) =
Sii(y) =
Sij(z) =
and

0 & 0 0
51’4—2’"‘2 0 0 0

0 0 o0 &
\ 0 o0& o

0 g 0
gt o0 00 0

0 0 0 é-i+3-2""2 ’
K 0 0 é‘i+2”“1 0
0 0 0 1
0 0 1 0
0 1 0 0f’
\1 0 0 0

Sij(a*ytz™) = Sii(x)*Sii(y) Si; (2)™.

(4) If m = 2, then there are 4 inequivalent irreducible projective
representations of G over F of degree 2 with factor set a and they are
projective representations

TkIG—>GL2(F), k‘=1,3,5,7
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defined by

@ = 5). 5= (0 ) Be=(7 o),

Ti(z'y™2") = Ti(@) Ti(y)" Ti(2)™
There is exactly one inequivalent irreducible projective representa-
tion of G over F of degree 4 with factor set o and it is a projective
representation

S : G — GLy(F)
defined by
(0500 0 e 00
00 0 €€ 00 0
S($)= 00 0 ¢ ,S(y)= 0 0 0 €]
\0 0 & o 00€ 0
0 0 O 1\
0 0 1 0
5==10 1 0 of’
\l 0 0 0/
and

S(z'ymz") = S(z)'S(y)"S(2)"

Proof. Let 8 : GxG — F* be a factor set of G which is not equivalent
to the trivial factor set. Let G* be a representation group of G. Then
we have

FlG"] = %FQ[G],
where the sum runs over all elements {a} in M(G). On the other hand,
it follows from Proposition 2 and 6 that
F[G] = Fl @ v @ F2m+1 @ Ml @ o @ M2m—l(2m_1)
and
F[G*] gFléB . '@Fgmﬂ@M]@' * '@M2wl(2m+1)®N1@' ‘ '®N2m—2(2m—-1_1),
where
_F’1 = e e = F2m+l = F’ Ml = e e = M2m(2"'_1+1) == Ma,tQ(F)
and
N1 =oeee = N2m—2(2m—1_1) = Mat4(F)
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Since 3 is not equivalent to the trivial factor set, FP[G] is not isomorphic
to F|G). Hence it follows that

(*) Fﬂ[G] ng@"'@Mzm@Nl@"‘@N2m—2(2m—l_1).
Let a : G x G — F* be a factor set of G over F such that
a(a'y, afy'z) = a(a'y, ty') = (1%,
alaiy'z, ) = a(ey'z Thy) = (~1)IHIE
for all 0 < i,j,k,1 < 2™ — 1. Then it follows from Proposition 3 and
Lemma 7 that
M(G) = {{1},{a}}.

Since « is not equivalent to the trivial factor set, (*) holds for 8 = a.
Hence there are 2™ inequivalent irreducible projective representations
of G over F of degree 2 with factor set  and there are 2m~2(2™~! — 1)
inequivalent irreducible projective representations of G over F of degree
4 with factor set a.

Define maps T} : G — GLy(F) and S;; : G — GL4(F) as in Theorem.
Then it is easy to show that T} and S;; are projective representations
of G over F with factor set a. By (), every T; and S;; is irreducible.
Since, for i # j, Ty(zz) and Tj(zz) don’t have the same eigenvalues, T;
and T} are not linearly equivalent. If ¢ # k or j # [, then S;;(z) does
not have the same eigenvalues as those of Sy;(z). Hence S;; and Sy are
not linearly equivalent.

This completes the proof. O
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