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A NOTE ON CONVERTIBLE (0,1) MATRICES II

S1-Ju KiM AND TAEG-YOUNG CHOI

ABSTRACT. Let A be an n x n (0,1) matrix. Let f(A) denote the
smallest nonnegative integer k such that per A{ce|8] > 0 and A(«|B) is
permutation equivalent to a lower triangular matrix for some «, B €
Qk,n- In this case f(A) is called the feedback number of A. In this
paper, feedback numbers of some maximal convertible (0,1) matrices
are studied.

1. Introduction

Let A = [a;;] be any real matrix of order n. The permanent of A is
defined by

perA = Z A15(1)820(2) " * * Cno(n)s
g€S,

where S, denotes the set of permutations of 1,2, 3,--- ,n. A nonnegative
nxn matrix A is called convertible if there exists a (1, —1) matrix H such
that per A = det(H o A) where Ho A denotes the Hadamard product of H
and A. A square convertible (0,1) matrix is called mazimal if replacing
any zero entry with a 1 results in a non-convertible matrix.

For matrices A, B of the same size, A is said to be permutation equiv-
alent to B, denoted by A ~ B, if there are permutation matrices P, Q
such that PAQ = B. An n X n matrix is called partly decomposable if it
contains a t x (n — t) zero submatrix for some positive integer ¢. Square
matrices which are not partly decomposable are called fully indecompos-
able.

For positive integers k and n with £ < n, let Qx , denote the set of
all strictly increasing k-sequences from {1,2,-- ,n}. For a € Qi and
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B € Qin, let A(a|B) denote the (n — k) x (n — {) submatrix obtained
from an n x n matrix A by deleting rows a and colunns § and let
Ala|f] denote the matrix complementary to A(ca|3) in A. Let A be an
n X n (0,1) matrix. Let f(A) denote the smallest nonnegative integer
k such that perA[a|3] > 0 and A(a|B) is permutation equivalent to a
lower triangular matrix for some a, 8 € Qkn. In this case f(A) is
called the feedback number of A. In [3, 4, 5, 6, 7 and 8], the authors
investigated some properties of maximal convertible matrices. In this
paper, feedback numbers of some maximal convertible (0,1) matrices are
investigated. Let J,x,, denote the n x m matrix all of whose entries are
1 and let I,, be the identity matrix of order n.

2. Main results

Before we present our results we restate the following well-known
lemmas. All maximal convertible matrices to consider through this paper
are fully indecomposable.

LEMMA A [1, PROPOSITION 3.2]. Let A be a maximal convertible
matrix of order n whose first column is equal to [1,1,0,--- ,0]T. Then
the first two rows of A are identical and the matrix obtained from A by
deleting row 1 and column 1 is a maximal convertible matrix.

LEMMA B [3, THEOREM 5]. A square submatrix of a convertible
(0,1) matrix is convertible if its complementary submatrix has positive
permanent.

Let A be a (0,1) matrix of size n. Then there always exist a,8 €
Qn—k,n such that perAfa|f] < 1 and perA(a|B) > 1 for some nonnega-
tive integer k. Here we can take A[a|f] as a triangular matrix. It is easy
to show that f(A) runs over all integers in {0,1,--- ,n—1} forann xn
(0,1) matrix A. Moreover for an n x n (0,1) matrix A, f(A) =n —1if
and only if A = J,xn. Let v(A) denote the number of zero entries of a
matrix A. Gibson [2] proved that for any n x n convertible (0,1) matrix
A with perA > 0, v(A) > (n? — 3n + 2)/2. Therefore f(A) <n—1 for
any n X n convertible (0,1) matrix A. It is hard to classify convertible
matrix A with f(A) = k for any possible integer k. However we can
study maximal convertible matrix A with f(A) = 1,2 and we propose a
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problem of feedback numbers of convertible (0,1) matrices.

Let A be a (0,1) matrix of size n. If perA > 0, f(A) = 0 if and only
if perA = 1, i.e.,, A is permutation equivalent to a triangular matrix
with 1’s in the n main diagonal positions and with 0’s above the main
diagonal.

Let T, = [t;] denote the n x n (0,1) matrix with ¢;; = 0 if and only
if 7 > i+ 1. Then we have the following condition for f(A4) = 1.

THEOREM 2.1. Let A be a maximal convertible matrix. Then A ~ T,
if and only if f(A) = 1.

PROOF. Let A ~ T,,. Clearly f(T,,) =1 and hence f(A4) =1.
Conversely let f(A) = 1. Without loss of generality, we may assume
that A = [a;;] is of the form

1 a2 - - ain
a1 a2
A=1| o)
*
Anl An2 -+ **°  Gun

Since A is fully indecomposable, a1n, = annp, = 1. By Lemma A, A(n|n)
is fully indecomposable and hence a;,—1 = @n-1n—1 = 1. Applying
Lemma A continuously, we have a;1 = @12 = -+ = a1, = a2 = a3z =

« = ann = 1. Since A is maximal convertible, a1 = -+ = app, = 1
by Lemma A. Since A(n|n) is also maximal convertible, an—11 =+ =
@n—1,n—-1 = 1. Continuing this process, a;; = -+ = a;; = 1 for all
t=2,3,---,n. Hence A~ T,. O

Let Tp,—1 = [t1, -+ ,tp—1]. Fork=1,2,--- ;n—1, let

v._(1 0 - 0 1 0 - 0)
mok te t1 -0 ko1 btk tkyr 0 thoy )]

Va,k is called the k-th column expansion of T,,_;. Let the n x n matrix
W;f . be the k-th column expansion of T)L_;. W, is called the k-th row
expansion of T,,_1. A matrix is called an expansion of a (0,1) matrix A
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if it is a row expansion or a column expansion of A. Then V,, x and W,

are maximal convertible for n > 3 and for k =1,2,--- ,n —1 ([3]). Note
that L ok 1a
orn=3ork=
Vn = ’ ?
f (Vi) {2, forn>4andk=3,---,n—1

and
1, forn=3o0rk=n-2n-1

Wer) =
F( ,k) {2_, forn>4and k=1,2,--- ,n—3.

Since an n X n maximal convertible matrix containing 7, _; as a sub-
matrix is an expansion of T,,—1 (7], we have following Corollary.

COROLLARY 2.2. Let A be an n x n(n > 4) maximal convertible
matrix containing a maximal convertible matrix B of size n — 1 with
f(B) = 1. Then f(A) = 2 if and only if A ~ V, for some k €
{3,---,n—1} or A~ W, for some k € {1,2,--- ,n — 3}.

An nxn nonnegative matrix A is doubly indecomposable if per A(a|B) >
0 for all @, B € Q2,». Notice that doubly indecomposability implies fully
indecomposability. From the definition of the doubly indecomposability
and Lemma B we have

LEMMA 2.3. Let A be a doubly indecomposable convertible (0,1)
matrix. Then A has no Jox3 or J3xo as submatrices.

LEMMA 2.4. Let A be a doubly indecomposable maximal convertible
matrix. Then every row (column) of A has at least three 1’s.

PROOF. Let A be a doubly indecomposable maximal convertible ma-
trix. If A has a row with exactly two 1’s, then A has two identical
columns (cf. [1]). Since A is fully indecomposable, A contains a Jyx3 as
a submatrix. This is contradiction to Lemma 2.2. Similarly the result
holds for columns. O

Let P, = [p;;] be the permutation matrix of order n such that p;; =1
if and only if (3,7) € {(1,2),(2,3),--- ,(n — 1,n),(n,1)}. Then

1
D, = : I, 1+ Py
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is a doubly indecomposable maximal convertible matrix ([8]).

THEOREM 2.5. Let A be a doubly indecomposable maximal convert-

ible matrix. If f(A) = 2 and A has a row with n — 1 nonzero entries,
then A ~ D,,.

PROOF. Without loss of generality, we may assume that A = [a;;] is

of the form )
ais \
. 0
A = * % )
n-2,n
1 p
1 /
By Lemma 2.3,
111
o
A= * *x .
1
1 p * 1
qg 1 * 1

By Lemma 2.2, we have p=¢=0,p=1and ¢=0,orp=0and ¢= 1.
Case 1. p=1and ¢=0.
Since one of the last three rows of A has n — 1 nonzero entries by
hypothesis, permuting first two columns and last three columns properly,
we may assume that A is one of the forms

(111 \

11 1 o
. O
0]
L 3 *.'- or
1 * *

11 * 1
011 1 1

\111 1 0 1 1
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In the first case, an_13 = Gn-14= """ = An—1n-1 =10 by Lemma 2.2.
Also ap_2pn-1 = 1 by Lemma 2.3. Then ap_22 = -+ = Gn—2n-2 = 0
by Lemma 2.2. Also an—2,1 = @n-3,n—2 = 1 by Lemma 2.3. Continuing
this process, we have aj2 = -+- = a;; = 0 and a;3 = Gipn-1 = 1 for
all i = 2,3,---,n — 2. Hence A ~ D,,. Consider the second case.
If an_13 # 0, then A[l,n —1|1,2,3] = Jox3. Hence an_13 =0 and
pn-11 = On—12 = Gn-14 = *** = Qn—1,n = 1. By the similar method

above, we have

111 \
1011 o)
001 1
0010 - 0 1 1
1101 -+ -~ 1 1
0110 - - 0 1/

Similarly we have the same result for p =0 and ¢ = 1.

Case 2. p=¢gq=0.

Since one of (n — 2)th, (n — 1)th or nth rows of A should have n —1
nonzero entries, permuting the first three columns and last three rows,
we can return to the case 1. O

Notice that for A to have a row with n—1 nonzero entries is necessary
in the Theorem 2.4. For example, let

111000
110100
101110
A_011101
0 01011
000111

Then A is a doubly indecomposable maximal convertible matrix ([1])
and f(A) =2, but
A o De.
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1 a
o= (5 o)

—1\" — (—_1\n T
az(l’l_ﬂ,o,...,o),b_—_—(l,}.___(l’(),...,()) .

Let Us = T5 and let

for n > 3, where

2 2

Then U, is a maximal convertible matrix ([3]). It would be of interest
to find the largest feedback number of n x n convertible (0,1) matrices.
We propose a problem.

PROBLEM 2.6. Is f(A) < 6 for any convertible (0,1) matrix A? Does
the equality hold if and only if A ~ U, for some n?

At present, we cannot solve the problem. But we can show that
f(Un) <6 foralln>2.

LEMMA 2.7. An n X n matrix A is permutation equivalent to a tri-
angular matrix if and only if there exist positive integers i, j, k,l such
that A(i, k|j,1) is permutation equivalent to a triangular matrix and all
entries except a;; and ax; in the i-th row and j-th column of A are zero.

PROOF. Necessity part is trivial. Conversely let A = [a;;]. Without
loss of generality, we may assume that A(1,2|1,2) is an lower triangular

matrix and a2 = --- = @1, = Q@21 = G223 = A4 = -+ = A9, = 0.
Permuting lines of A, we know that A is permutation equivalent to a
lower triangular matrix. a

THEOREM 2.8. f(U,) <6 foralln > 2.

PROOF. Let a = (n —11,n —9,n—8n—-5n—-3,n—2) and B =
(n=11,n —8,n —T7,n — 5,n — 2,n — 1). Then perUy,[a|8] > 0. It is
easy to show that U,(n —11,n —10,n - 9,n—8,n—6,n ~5,n —4,n —
3,n—2,nn-11,n-10,n -8, n—7,n—6,n—5,n—4,n~2,n—1,n) is
similar to a lower triangular matrix. Using Lemma 2.5, we can show that
U,.(a|B) is permutation equivalent to a lower triangular matrix. Hence

f(Un) <6. O
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