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MODULES OF QUOTIENTS
OVER COMMUTATIVE RINGS

JAEGOOK LEE AND SEOG-HOON RiM

ABSTRACT. In this paper, we give an affirmative answer to the ques-
tion raised in [5]; whether £L((P)) is principal or not. Using this fact,
we try to give concrete form of module of quotient with respect to a
torsion theory determined by L({(P)).

In [3] Goldman introduced the notion of modules of quotients of a ring
with respect to an idempotent kernel functor, which is a generalization
of the localization of a module with respect to a multiplicative subset of
a commutative ring.

A functor o on R-mod, the category of R-modules, is called an idem-
potent kernel functor if the following properties hold:

(1) For every R-module M, o(M) is a submodule of M.
(2) If f: M’ — M is a homomorphism, then f(oc(M’)) C o(M)
and o(f) is a restriction of f to o(M').
(3) If M’ is a submodule of M, then o(M’') = c(M)N M’.
(4) o(M/o(M)) =0.
We say M is a o-torsion (resp. o-torsion free) R-module if o(M) = M
(resp. (M) = 0).
And we remark that o is an idempotent kernel functor if and only if
the following holds:
If0 — M — M — M" — 0 is an exact sequence such that M’
and M" are o-torsion R-modules, then M is also a o-torsion R-module.
A nonempty set £ of ideals of a ring R is called a Gabriel filter if and
only if the following two conditions are satisfied:

(1) I € Land a € R, then (I :a) € L.
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(2) If I is a left ideal of R for which there exists an element H of £
satisfying ([ :a) € L for alla € H, then [ € L.

If £ is a Gabriel filter of ideals of R, then the following conditions are
satisfied:

(1) If I € £ and if H is an ideal of R containing I, then H € L.
(2) I, He L,then INH € L.
(3) f I, He L, then IH € L.

All rings in this paper are commutative with identity, and all modules
are unital. Specially for a given set of prime ideals P of a ring R, we
consider the corresponding Gabriel filter £L((P)), concise definition shall
come latter. And we will give an affirmative answer to the question,
Whether £((P)) is principal or not.” which was raised in the remark of
5].

Let R be a ring and P be a prime ideal of R. Then S= R - Pisa
multiplicatively closed subset of R. The ring of quotients S~1R is called
the localization of R at P and is denoted by Rp. If I is an ideal in R,
then the ideal S—!Iin Rp is denoted by Ip. First we consider a filter
determined by a set of prime ideals of R.

LEMMA 1 [5]. For each set P of prime ideals, the set
ﬁ('P) = {IQRIIP =Rp forall Pe P}

is a Gabriel filter.

Following [1] or [2], we say that a Gabriel filter £ is principal filter
if each ideal I of £ contains a principal ideal that is in £, and the
intersection of principal filter is again a Gabriel filter and called a primal
filter.

PROPOSITION 2 (7, Proposition 15.1]. There exists a ono-to-one cor-
respondence between principal filters on R and subsets S on R satisfying
the followings:

(1) 1€8.

(2) s1, s2 € S implies sys2 € S.

(3) If r € R and s € S, then there exist v’ € R and s’ € S such that
r's=rs.

(4) Ifa,bc Randabe S, thena € S.
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Usually S is called a saturated set if S satisfles the condition (4).
For any R-module M and a prime ideal P of R, let

M(py = {m/s|s is a regular element not in P and m € M}

Then R(p) is a localization of R and M(p) is an R(p)-module. Here a
regular element means a non-zero divisor in R.
As a special case of Lemma 1, we can get the following result which
appear in [5].
LEMMA 3 [5, Lemma 2]. Let P be a set of prime ideals of R and let
ﬁ(('P)) = {I<lR|I(p) = R(p) for all P € 'P}
Then L((P)) is a Gabriel filter.
For convenience, we adopt the following notation in this section.
C(P) = {r € R|r + P is a regular element in R/P}.
If P is a set of prime ideals P in R, then we denote
C(P)=Npepr C(P) -
REMARK 4. We list some properties on S(P) and C(P):
(1) If Ris an integral domain, then S(P) = C(P) for one prime ideal
Pin R.
(2) C(P) C S(P) where P is a set of prime ideals in R.

(3) C(P) is a saturated set.
(4) In general, S(P) is not equal C(P).

PROOF. The statements (1), (2) and (3) are clear. To show (4), we
give counter example. Let R = Z and P,, = {2Z, 3Z, 5Z, --+, knZ} where
k, is n-th prime in Z. Then S(P,) = Z—(\;-; kiZ where k; is i-th prime
in Z. Since 30 ¢ 7Z, 30 = 2-3-5 € S(Py). But 30 ¢ (i, C(k:Z). So,
(4) holds. O

Now we consider following two sets of ideals in R, which appear in
[5].
L(C(P)) = {I<1R|C(P)"1R = C(P)'I for each P € P}
= {I<1R|I(p) = Rp) for each P € P}
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and

L(S(P)) ={I<«R|S(P)"'R=S(P)™'I for each P € P}.
={I<R|Ip=Rp for each P € P}.

Now we prove the main theorem:

THEOREM 5. Let P be a set of prime ideals of R, then L(C(P)) is
a principal filter. In particular, £L(C(P)) is a principal filter for a prime
ideal P of R.

PROOF. We can see that C(P) is a multiplicatively closed set. Since
R is a commutative ring, C(P) is an Ore set. By Remark 4, C(P) is a
saturated set. Thus by Proposition 2, £L(C(P)) is a principal filter. O

Moreover, we can see that this Gabriel filter is perfect. Let’s denote

C(P)=C. Thenby [7], C-IM 2 C'R® M for each left R-module
M. So, L(C(P)) is a perfect.
The following question was raised in [5] ; whether £(S(P)) is principal
or not. Since R is a commutative ring, S(P) is an Ore set. But S(P) is
not a saturated set in general (cf. [10]), thus we can say that L£(S(P))
need not be a principal filter.

Let M be an arbitrary R-module. Let £ be a Gabriel filter and o
be the corresponding idempotent kernel functor. By [7], we can define
Mg = lim Hompg (I, M/o(M)) where I € L.

One verifies that the ring structure of Rz and the module structure
of M are given by the following pairing M x Ry — M:

Let z € M, be represented by £ : J — M/o(M) where J € L,
a € R be represented by a: I — R/o(R) where I € L.

€ induces J/o(J) — M/o(M) and we have J/o(J) — R/o(R) by left
exactness of o; xa € My is represented by

a1 (J/o(J)) — J/o(J) — M/a(M).



Modules of quotients over commutative rings 291

PROPOSITION 6 (7, Proposition 15.2]. If £ is a principal filter on R,
S is the subset of R corresponding to L and M is any R-module, then

M ={(s,m) € S x M |as =0 in R implies tam = 0
for somet € S}/ ~

where ~ is the equivalence relation given by (s1,m1) ~ (s2,my) if there
exist m1,T2 € R such that r1s1 = ro89 € S and rymy = romo.

And define addition and scalar multiplication by

[(s1,m1)] + [(s52, m2)] = (5182, 5172 + s2m3)]
r((s1,m1)] = [(s1,7m4)]

for any r € R, 81,82 € S and my,my € M. Then M/ is an R-module.

Since L(C(P)) is a principal filter, as a special case of Proposition 7,
Mecpy) = {(s,m) € C(P)xM |as =0 in R implies tam = 0 for some
t € C(P)}/ ~. Hence, we may describe the modules of quotients in a
rather explicit way in following theorem. This can be regarded as a
generalization form of theorem in [5].

THEOREM 7. Let P be a set of prime ideals of R and M be any
R-module. Then

) Mp) = M coepy,-
PeP

PROOF. Let z =m/s € (\pcp M(p). Thenm/s € Mpy for all P € P
and s € C(P). Define a map

a: [ Mpy — Mecry,
PecpP

by a(z) = [(s,m)], where z € [\pcp M(p). Suppose that m;/s; =
mg/mgy for any myi,ma € M, s1,s2 € C(P). Take r; = s and 13 = s3.
Then (s1,m1) ~ (s2,mz2), which implies a(m,/s;) = a(mz/s3). So, a
is well-defined. By the definition of scalar multiplication, « is an R-
homomorphism.
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Conversely, we define a map

B: Mecpy — ﬂ Mp)
PeP

by B[(s,m)] = m/s where [(s,m)] € Mg(c(py). It is clear that 3 is
well-defined and easily check that § is an R-homomorphism.

Moreover, oo 3 is the identity map on M (c(py) and Soa is the identity
map on (\pcp M(p). O

By a torsion theory T we mean a pair of classes 7 and F of modules
that satisfy the following axioms:

(1) TnF = {0}.

(2) fMeTand f: M — Nisan eplmorphlsm, then NeT.

B IfMecTand NCM,then NeT.

(4) If T, € T(a € A: submodule of M), then @, 4, T. €T.

5) 0 —Ty — T — T — 0 is exact and T1, T3 € T, then

TeT.
(6) F € F if and only if Hom (T, F)=0forall T T.

(In many places in the literature, 7 is called a hereditary torsion theory if
it satisfies this definition). The class 7 is called the 7-torsion class, and
the class F is called the T-torsion free class. It is clear that 7 determines
a unique Gabriel filter. (cf. [2] or [8])

It is well known that there are one to one correspondences among
Idempotent kernel functors, Gabriel filters and Torsion theories. Now
we consider a ring of quotients which is determined by prime ideals.

For any R-module M, the module of quotients of M with respect to
a torsion theory 7, denoted by Q,(M), is a faithfully T-injective module
containing M/7(M) as a submodule unique up to isomorphism. Actu-
ally we can calculate

Q:(M)={me EM)|ImCM forsomeleL}
where E(M) is the injective hull of M. (cf. [2] or [7])

For the given Gabriel filter £(C(P)), we can define a torsion theory

7 on R — mod. The corresponding torsion class 7 is given by

{MeR—- mod | (0:m)e L foreach meM }
where (0:m)={r€eR | rm=0}.
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PROPOSITION 8 {5, Theorem|. Let P be a set of prime ideals of R and
T be the torsion theory determined by L(C(P)). Then for any T-torsion
free R-module M,

Q-,-(M) & ﬂ M(p).

pep

COROLLARY 9. Let P be a set of prime ideals of R and T be the

torsion theory determined by L(C(P)). Then for any T-torsion free R-
module M,

Moy = Q- (M),
ie, Q- (M) ={(s,m)eC(P)xM | as =0 in R implies tam = 0
for somet € C(P) }/ ~.
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