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LOCAL EXISTENCE OF INTEGRAL
SOLUTIONS FOR NONLINEAR
DIFFERENTIAL EQUATIONS IN L? SPACES

K1 Sik Ha AND KI-YEON SHIN

1. Introduction

Let X be a real Banach space. Let A . X > D(A) — 2% and

let up € D(A). In this paper, we are concerned with the nonlinear
differential equation of the form

du(t
(201 duys Gt Lo, 01T,

(1.1) Tdt
) i U(O) = Ug

for T > 0, where G : [0,7] x X x X — X, for every t € (0,7,
Li: LP(0,t; X) — X and for 1 < p < o0.

Shioji([7]) has shown the existence of the local solutions for the
mnitial value problem of the form

d—l;i—t) + Au(t) > Gu(t), 0<t<T,
u{t) = ug

with continuity of G : LP(0,T; X) — L!(0,T; X) using Schauder’s fixed
point theorem in LP(0,T; X) for 1 < p < co instead of that in C([0, T}
; X) which many mathematicians have used.
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We will show the local existence of integral solutions for (1.1) via
compactness method with Lipschitz continuity of G : [0, T XX xX —
X and L; : LP(0,t; X) — X for every ¢ € [0,T), and ug € D(A) using
Schauder’s fixed point theorem in L?(0,T; X). The term G(t, u(t), L:v)
is a similar form in Kartsatos-Liu([5]), and in Ha-Shin-Jin({4]) when
Liu= fot k(t,s,u(s))ds for every ¢t € [0, 7).

In the next section, we state some preliminaries and the third section
is devoted to the local existence of solutions. In section 4, we consider
an example.

2. Preliminaries

Let X be a real Banach space with its norm || - {|. We define a
function [-,-]+ : X x X - R by
_ i Mz tyll =l
=yl = tl—l>I(I)1+ ¢

for every [z,y] € X x X.

Let A : X D D(A) — 2X be an operator, f € L(0,7;X) and
2o € D(A). A function u : [0,T] — X is called an integral solution of
the initial value problem

(2.1) dt

) | Aur) s £, o<t<T,
u(0) = up

if u is continuous on [0, T}, u(0) = ug, u(t) € D(A) for every t € [0,T]
and

lu(2) — || < |fu(s) — || +/ [u(r) -z, f(7) — yl4dr

for every [z,y) € Aand 0 < s <t < T.

The reader is referred to Barbu([2]) and Lakshmikantham-Leela([6])
for accretive operators and nonlinear differential equations in Banach
spaces.

We need the following results for the local existence of integral so-
lutions of {1.1) in the next section.
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PROPOSITION 1. (Bénilan [3]) Let A: X > D(4) — 2% be an m-
accretive operator, f € L'(0,T; X) and up € D{(A). Then (2.1) has a
unique integral solution. Let v and v be the integral solutions of (2.1)

corresponding to (f,ug), (g,v0) € LY0,T;X) x D(A), respectively.
Then

[[u(t) — v(®)]] < fluls) ~ v(s)]| + / 1f(7) — g(r)lidr
for0<s<t<T.
PROPOSITION 2. (Vrabie [8]) Let A : X D D{A) — 2X be an m-

accretive operator, f € L'(0,T;X) and uy € D(A). Let u be the
unique integral solution of (2.1) and {S(t) | ¢ > 0} be the nonlinear

semigroup on D{A) generated by —A. Then

e + 5) — u()]] < Jé UF (P ldr + 1S (s)uo — wall

T—s
[0+ = folr
fort, s> 0 withi+s<T.
PROPOSITION 3. (Baras (1]} Let A : X D D(A) — 2% be an m-

accretive operator, f € LY(0,T;X) and uy € D(A). Assume that
the nonlinear semigroup {S(t) | t > 0} on D({A) generated by —A is
compact. Then for every bounded subset B of L'(0,T; X), the set
{uf € C([0,T); X) | f € B} of integral solutions of (2.1) is relatively
compact m LP(0,T,X) for 1 <p < oo

PROPOSITION 4. (Shioji (7]} Let A : X D D(A) — 2¥ be an m-

accretive operator and ug € D(A). Let B be a bounded subset of
LY(0,T; X) such that

T—h h

1i — = 1 =

Jm [ e - pollde =0, tim [ i@l =0
uniformly for f € B. Assume that the resolvent Jy = (I + AA)™! of A
is compact for every A > 0 Then the set {v/ € C([0,T};X) | f € B}
of integral solutions of (2.1) is relatively compact in LP(0,T; X)) for
1<p< .
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3. Local existence theorem

DEFINITION 1. A function u(t) : [0,7] — X is called an integral
solution of (1.1) if u(t) : [0,7] — X is an integral solution of (2.1) for

(&) = G, u(?t), Lyu).
We consider the following conditions.
(A) 4: X D D(A) — 2% is an m-accretive operator.
(L) For every t € [0,T}, Ly : LP(0,T; X) — X for 1 < p < co satisfies

(L1) |[Lew — Lev]] < a{t)lfu ~ vliep,
(L2} [[Lyw — Louf| < ri(ffuflr )t — s

for every t,s € [0,T] and u,v € L?(0,T; X), where a : [0,T] — {0, c0)
is comtinmous, i [0.cc) — 10,00} is nondecreasing and |jullp =
fo llu(7)]|PdT)7 for every v € LP(0,T,X) witht € [0,T}and 1 <p <

(G) G:[0,T) x X x X - X satisfies

(G1)

|Gt w, z) = G(t,y, 2)|| < b(e){[lw — yl| + ||z — 2]I),
(G2)

1G(t, 2, y) — Gls, 2, )] < ra(lfall, lly[))]t — 5]

for every ¢,s € [0,7] and w,z,y,2 € X, where b : [0,T] — [0,00) is
continuous and 73 : {0, 00) x [0,00) — [0, 00} is nondecreasing for both
variables.

Assume that (L} and (G) are satisfied. We put ar = maxco 1} a(t)
and by = max;cpo 1) b(t). Let u € LP(0,T;X). From (L), for every
te[0,7],

|| Zeul| < HLew ~ LiO|| + []L¢0 — LoO|| + | Lo0]|
< a(®)]ullep +71(0)t + || Lo0]|
< arlflulirp + m1(0)T + || LoOlf

= arllulirp + cr,
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where ¢y = 71(0)T + || Lo0||, and thus from (G), for every t € [0,T],

G2, u(t), Lew)li
< |IG(t, u(t), Lew) — G(1,0,0)|] + [|G(¢,0,0) — G(0,0,0)|

+1G(0,0,0)]|
< b{e}llu(Ol] + {1 Eeull) + r2(0,0)¢ + |G(0, 0, 0}]
< brllu(t)l + br{arllullr,y + cr) + 72(0,0)T + ||G(0,0,0){].

Let % + % = 1. Hence for every u € LP(0,T; X)),

T
]O G, u(t), Lo\t

11‘
<or [ fultldt+ rtariuing + cr)
¢

+12(0,0)T + ||G(0,0,0)|1}T
< br(T7 + arT)ullrp + {brer + r2(0,0)T
+{1G(0,0,0)[)}T

(3.1)

First of all, we consider two local existence theorems under the as-
sumption of compactness of the nonlinear semigroup.

THEOREM 1. Assume that (A), (L) and (G) are satisfied and the
nonlinear semigroup {S(t) | t > 0} on D(A) generated by —A is com-
pact. Let 4(0) € D(A). Then (1.1) has a local integral solution

Proof. Choose 0 < Ty < T and € > 0 such that TOS Mr, <e and
To
(32) | 6w, Ll < v,
0
for every u € LP(0,Tp; X) with ||lu — S(-)ug|my,p < €, where

M, =bry (Tg' + an, To) (IS Yuolly o + €)
+ {bTocTo + 1‘2(0, O)TO) + ”G(Oa 0;0) ”}TO
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from (3.1). We define
K = {ue L7(0,T0; X) | |lu — S()uo|lzy,p < €}-

Then K is a non-empty closed convex subset of L?(0, Tp; X ). From the
method employed Vrabie([9]) and Shioji([7]), we define an operator
Q : K — L?(0,74; X) by Qu = v for every u € K, where v(t) is the
unique integral solution of

(3.3) { dz(:) + Av(t) > G(t,ult), Lyw), 0<¢<T,
v(0) = uo,

from (3.2) and Proposition 1.
We will show Q(K) C K. Let u € K. Since S(t)up is the unique
integral solution of

dt

d
{ﬂ-FAv(t)aO, 0<t< Ty,
v(0) = u,

from Proposition 1 with (3.3}, for every ¢ € [0, 7],

To
1(Qu)(8) — S(tyuo|| < [0 1G(r, u(r), Low)|[dr

and thus we have from (3.2),
Ty To 1
lQu — S()uolizy,p < (/0 (/ |G (7, u(), Lrv)||dr)Pdi) »
0
1 T 1
<T7 / NG(r,u(T), Lyu)||dT < T§ Mg, <e.
0
Since Qu € C([0,Tp); X), Qu € K. Thus Q(K) C K.

Next, we will show that @ : K — K is continuous in L?{0,Ty; X ).
Let w,2 € K. Since, from Proposition 1, for every £ € [0, Tp],

To
||(Qw)(t)—(Qz)(f)HS/0 |G (7, w(r), Lyw) — G{7,2(7), Ly 2){ldr,
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we have, from (L1) and (G1),
HQw — Qzliz, p

1 fTa
< TOP L ”G(T; W(T),L-,—w) - G(T; Z(T)a LTZ)“dT
(3'4) 1 7o

< br Ty : (llw(r) = 2(D)]} + a |lw — 2{lrp)d7

11
b, T§ Ty + anTo)|lw - 2|l p-

Thus @ : K — K is continuous in LP(0,Tp; X). On the other hand,
from compactness of {S(£) | ¢ > 0}, (3.2) and Proposition 3, {Qu | u €
K} is relatively compact in L7(0, Ty; X ). Hence, from Schauder’s fixed
point theorem, there exists w € K such that Qu = u. Thus u(t} is a
local integral solution of (1.1).

THEOREM 2. Assume that (A), (L) and (G) are satisfied and the

nonlinear semigroup {S(t) | t > 0} on D(A) generated by —A is com-
pact. Let U be an open subset of X. Let ug € D(A)NU. Then (1.1)

has a local integral solution in U.
Proof. Let § > 0. Let v e L®(0,T;U) with ||ul|r e = esssupo<i<T

llu(t)l] < & Since ||ullry = (fy llw(®)|[Pdt) < 6T% for every u €
LP(0,T;U), from (3.1), we have for 0 < h < T,

h
fo G (2, w(t), Low)flde

< bu(ha + anh)Shv + {bren + r2(0,0)h + {|G(0,0,0)[|}A

and thus for every 6 > 0,

h—0+

h
(3.5) lim / ||G (¢, u(t), Liu)|jdt =0
0

uniformly for u € L0, T;U) with ||u||r 0 < 4.
Since U is open and lim; 04 S(t)ug = wuo with (3.5), there exist
£>0and 0 < Ty <T such that z € U for every z € X with

— < S{t)ug —
e~ woll < e+ max [IS(t)uo - woll
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and
To

(3.6) ] Gt u(t), Law)lld <
0

uniformly for u € L*®(0,Ty;U) with ||ullryco < 0 where § = € +
maxp<i<T, [|S{t)uol|. We define
K ={ueL™0,To;U) | llu— S()uollry.c0 < €}

Then K is a non-empty closed convex subset of L™(0,Tp;U) with
respect to {| - [[1,.00. We define Q : K — LP(0,7y; X) by the same
method in the proof of Theorem 1. We will prove Q(K) C K and @ :
K — K is continuous in LP(0,Ty; U). Let uw € K. Then ||ul|7r,,c0 < 6.
From Proposition 1 and (3.6), for every ¢ € [0, Ty},

To
(Qu)(t) — S(t)uol| < ]0 G, u(t), Low)ldt < e,

from which for every t € [0, Tp),

1(Qu)(#) — uoll < {[(Qu)(t) — SE)uol| + ||S(t)uo — uoll

< t)ug — :
<e+ max [|S(tuo - uol

Thus Qu € K and Q(K) € K. From (3.4}, Q is continuous with
respect to || - |7,.00- From (3.6), Proposition 3 and Schauder’s fixed
point theorem, there exists a fixed point u € K of Q. This u is a local
integral solution of (1.1).

Next, we consider the local existence theorem under the assumption
of compactness of the resolvent.

THEOREM 3. Assume that (A), (L) and (G) are satisfied and the
resolvent Jy = (I + AA)~! of A for every A > 0 is compact. Let U be
an open subset of X and {S(t) | £ > 0} a nonlinear semigroup on D(A)
generated by —A. Put

B ={ue L®(0,To;U) | llullz,co < 8}
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where e > 0,0 < Ty < T, § > 0 are as in the proof of Theorem 2.
Assume that

To—h

(3.7) dim [ e+ ) — ult)llde = 0

uniformly for u € B. Let wp € D(A) nU. Then (1.1) has a local
integral solution.

Proof. Define K as in the proof of Theorem 2. Let u € B. Then for
every h > 0 with ¢t + h < Tp, we have, from {L2) and (G},
G(t + hyu(t + k), Liyrnu) — G(t,ult), L)
<Gt + hyult + h), Leynu) — Gt + h,u(t), L]
+ |G(t + h,u(t), Lu) — G(¢,u{t), Leu)||
< bp, (llu(t+ b)Y — uw()l] + I Lepu — Leul)) + Ara{[[u)]], ] Leull)
< by (fult + R) — (@l + hra(ilulln, 1)) + hre(8, ayllvllz » + €n)
< oy ([lult + R) ~ w(t}]| + hri(6To) + hra(d, a1, 6T0 + c1)

and thus
To—k
[ NG+ byt + 1), L) - Gt u(e), Lot
]
(3.8) Toh
< by, [ et + ) — u(t)lldt + oz, s,
1]
where
ATy h = To{bTohrl((sTo) + h‘rz((s, 0T06T0 + CTO)}

and limp_,04 a7y n = 0. From (3.7) and (3.8),

TQ——)'L
(3.9) Jim / Gt + h,ult + R), Lenu) — G{t, u(t), Leu)lldt = 0
- 0

uniformly for v € B. Let {S(t) | t > 0} be the nonlinear semigroup on

D(A) generated by —A. Choose 0 < T < T} satisfying Ty by, < 1. We
define

Ti~h
Ki={ueK| f [Ju(t+h)—u(t)||dt < y(h) for every 0 < h < T1},
0
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where

T h
y(h) = ——{ sup / G, u(t), Leaw)||dt+]|S(hYuo—uol [ +ozy )}
1 - leTl wEK, JO

Then K, is a non-empty closed convex subset of L°(0,7y;U) with
respect to || - ||7,,1. We define Q : Ky — L'(0,71; X) by the same way
in the proof of Theorem 1. We will show Q(K1) C K;. Let v € K.
From Proposition 2 and (3.8), for 0 < h < T3,

[[{Qu)(t + &) — (Qu){D)l

h
< /0 NG(7,u(7), Lyu)lidT + S (h)up — uol|
Ti—-h
+ / [|G(T + hyu(7 + h), Ly pu) — G(7,u(7), Lyu){|dT
0
h

< sup / |G(7,u{T), Lyw)|}dr + {|S(h)ug — uol]

ue K Jo

T —h
+ b, / (s + h) - u(7)||dr + azn,
0
and thus from (3.10)
T1—h
jo 1(Qu) (¢ + h) — (Qu)(t)|dt
h
< Ty{ sup f IG(t, u(t), L)t + S (hyuo — wof
u€K; JO
T —h
+br, [ llu(t + k) — w()ldt + o, 4}
4]

h
< T4 { sup f G (¢, w(2), Lew)lldt + (1S (R)uo — wol
u€ Ky JO

+ b, y(h) + oy 0}
= y(h)-

Hence Qu € K and thus Q(K;) C K;. From (3.4}, Q : K|, — K is
continuous. On the other hand, from compactness of Jy = (I + A4)~!



Nonlinear differential equations i LP spaces 101

for every A > 0, (3.5), (3.9) and Proposition 4, {Qu | v € K} is
relatively compact in L'(0,71;U). Therefore, from Schauder’s fixed
point theorem, there exists a fixed point © € K;. This u is a local
integral solution of (1.1) in U.

4. Example

Let () be a subset of R™ with its boundary I’ Let T' > 0. We
consider the nonlinear integro-differential equation

/ t
6u—(6tt,izl — AB(ult,z)) = fo k(t, s,uls,z))ds,

(4.1) . 0<t<T, z€,

Plult,z)) =0, 0<t<T, zeTl,

Cu(0,2) = uo(x), z e,

where 3: R - R, k:{0,7] x [0,7] x R —» R and ug : 2 — R.
THEOREM 4. Let Q be a bounded open subset of R™ for n > 2

with sufficiently smooth boundary I'. Let 8 € C(R) N C'(R — {0})

with B(0) = 0 and for every c € R — {0}, #'(c) > ble|*~! for some

a>(n—2)/nandb>0. Letk : [0,T] x [0,7] x R — R satisfying

(4.2) k(t, ,)] < M

for every t,s € [0,T], u € R and for some M > 0, and

(4.3) k(t, s,u) — k(r,0,0) < allt = 7|+ |s —o| +|u—v|)

for every t,s, 7,0 € [0,T], u,v € R and for some o > 0 Let ug €
LY(§)). Then (4.1) has a local integral solution.

Proof. We put X = L}(£}) with norm || - ||. We define an opertor
A:D(AYC X — X by

D(A) = {u€ X | Bu) € W' (), ABu) € X},

Au= -Af(u) forevery wu& D(A).
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Then, from Lemma 2.6.2 of Vrabie([8]), A is m-accretive and ~A gen-
erates a compact semigroup on D(A) = X. We put for every t € [0, 7]
and z € Q,

(4.4) (Law)(z) = /0 k(t, s, u(s, z))ds

for every u € L1([0,¢] x ) C LY(0,¢; X). Put z(¢)(z) = u(¢,x). Then
(4.1) can be formulated as

dt
Z(t) = Ug,

(4.5) { D, Az(t)y =Lz, 0<t<T,

in X. Then, from (4.3} and (4.4), for every ¢t € [0,T] and u,v €
LY([0,1] x ©2),

t
L — Lool| < @ / / (s, z) — v(s, z)|dsdz
QJ0
t
—a / / (s, z) — v(s, 7)|dwds
0 JQ

= a”u - v“t,la

and from (4.2)—(4.4), for every ¢,5 € [0,T]} and u € L1([0,¢] x Q),

| Leu — Loul} = / / k(t, r,u(r,2)) — k(s, 7, u(7, 2))|drdz
f / |k(s, 7, u(r,z))|drdx
< (aT + MYm(Q)|t — sl.

Hence, from Theorem 1, (4.5) has a local integral solution z(¢). Thus
(4.1) has a local integral solution u(t, x).
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