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ON LANDSBERG SPACES OF DIMENSION TWO
WITH A DECOMPOSITION OF CUBIC METRIC

IL-YoNG LEE

1. Introduction

The (a, 3)-metric is a Finsler metric which is constructed from a
Riemannian metric « and a differential 1-form g3

If the covariant derivative Cy,,|x of the C-torsion tensor in the Car-
tan connection satisfies Chmky" = 0, then we define a Finsier space
as a Landsberg space. In the two-dimensional case, a general Finsler
space is a Landsberg space, if and only if its main scalar I(x, y) satisfies
I l"yt = 0.

A Berwald space is characterized by Cy,,x = 0. Berwald spaces are
specially interesting and important, because the connection is linear,
and many examples of Berwald spaces have been known to exist.

The purpose of this paper is to find two-dimensional Landsberg
spaces with a decomposition of cubic metric. First we are trying to
investigate the condition for the Finsler space with its metric to be a
Berwald space. Next we determine the difference vector and the main
scalar with the above metric. Finally we derive the conditions that a
two-dimensional Finsler space with the above metric be a Landsberg
space and show that a two-dimensional Finsler space with the its metric
which is a Landsberg space is a Berwald space. Here the difference
vector and the main scalar play the principal role in the present paper.
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2. Preliminaries

Let F* = (M™, L(z, y)) be an n-dimensional Finsler space with a
fundamental metric function L(x,y). The metric is called an (o, 8)-
metricif L is a (1) p-homogeneous function L{¢, 8) [7] of @ and &, where
a = y/a,(z)y*y? is a Riemannian metric in the underlying manifold
M™ and B = b,(x)y* is a differential 1-form in M™. In the following
the Riemannian metric « is not supposed to be positive-definite and
we shall restrict our discussions to a domain of (z,y), where § does
not vanish. The covariant differentiation in the Levi-Civita connection
{7, (z}} of R™ is denoted by the semi-colon. Let us list the symbols
here for the late use as follows:

b = a"b,, b*=a by,

27’1] = bl.] + b].t: 231_) = bzd - b] %

’

2 r 1 ir ™ r
E A2 s A o] T d— — J—
'J =@ Vg 53 =4 81:’, ‘."‘——br?".l_, S-, L brs‘_

The following Lemma has been shown as follows:

LEMMA 2.1 (2, 5]. If a® = 0 (mod. $), that is, a,,(z)y'y’ contains
b {x)y* as factor, then the dimension n is equal to two and b? vanishes.
In this case we have § = d,(z)y* satisfying o® = 3 and d,b* = 2.

LEMMA 2.2 (5]. We consider the two-dimensional case.

(1) If b* # 0, then there exist a sign ¢ = *1 and § = d,(z)y* and
such that o® = 82 /b2 + 6% and d,b* = 0.

(2) If b = 0, then there exists § = d,(x)y* such that o = 34 and
d,bt = 2.

If there are two functions f(z), g(zx) satisfying fo? + g8* = 0,
then f = g = 0 is obvious, because f # 0 implies a contradiction
o’ = (~g/f)5*.

LEMMA 2.3 [5]. We consider the two-dimensional case.

(1) If there exist two functions f(z), g(z) satisfying f3° 4 gv* = 0,
then f=g=0,0r f =g, b* =0.

(2) If there exist two I-forms A, p satisfying Aa? + pf? = 0, then

(1°) 8240 : A=pu=0, (2°) 82 =0 : A= f0, p=—f4,
where f = f(z) and § is the one in (2) of Lemma 2.2.
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3. The condition to be the Berwald space

From now on, in the present paper, we deal with the special (a, §)-
metric L satisfying L3(a, 8) = o?f. This metric is called a decomposi-
tion of cubic metric.

Let F™ = (M™, L{e, 8)) be an n-dimensional Finsler space with an
(e, B)-metric given by

(3.1) L¥ o, B) = ®B.

Then we obtain

(32) 3L°Ly =2afB, 3L°Lg=c? 9L%Laa = —20.
Since BT is L-metrical, 8,L — G*8, L = 0 is rewritten as follows:
(3.3) Lo BR3Py = ala(b, , — B,*be)y’,

where yr = ar,y*. In the following the raisin

o MR LG

are done by means of the Riemannian a.,(z
(3.3), we obtain

(3.4) o*(b,, — By":bi)y' — 2B, 'y = 0.

Now, we assume that the Finsler space F™ with an («, §}-metric given
by (3.1) is a Berwald space, that is, G,* is a function of the position
alone. Then the left-hand side of the above equation is a polynomial of
three order in (y*) and shows the existence of function p,{(z) satisfying

ngzyj'yk = pzaza (bj,‘b - Bjkzbk)yt - 2p1.)6
The former is written as B,*,ani. + Bi¥,ax, = 2p.a,s, which implies
(3.5) Bstkt = Pt‘sf +p 8 — Pkaw‘

Therefore the latter gives

aQ

and lowering of in

. Substituting (3.2) in

S

(3 6) bg,z = 3pzb3 + p3b1 — Palag,
where p, = p,b*.

Conversely, if there exists the vector p,(z) satisfying (3.6), we have
Lj, = 0 with respect to G,*x = v,"x + B,"x, where B, is given by
(3.5). Hence, by the well-known Hashiguchi-Ichijyé’s Theorem [2], the
Finsler space is a Berwald space.

Thus we have the following theorem.
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THEOREM 3.1. Let F™ be the Finsler space with an (a, §)-metric
gwen by (3.1). Then F™ is a Berwald space if and only if there exists
the covariant vector p,(x} satisfying (3.6).

4. The difference vector

The Berwald connection BT = {G,",G},0} of F™ plays one of the

leading roles in the present paper. Denote by B,*; the difference tensor
[8] of G,*x from 7,*x as follows:

Gy'e(z,y) = 7'k(2) + By k(2 y).
With the subscript 0, transvection by y*, we obtain
G, =" + B}, 2G'='0o+ 25,
where B} = 9,B* and Bty = 3kB;.
It is noted that the Cartan connection also has the nonlinear con-
nection {G}} common to BT. B*(x,y) is called the difference vector
in the present paper.

By M. Matsumoto [8] the difference vector B*(z,y) in 2G* = v +
2B is given by

(41)  B'=Ee' + (aLg/La)sh — (@Loa/La)(C + ares/26)c,
where quantities C and E are determined by

(4.2) C = ~(a’Lg/BLa)so ~ (a®b? ~ %) (aLiaa/BLa)(C +aree/28),

(4.3) Lgroo = 2LE /o — 28LsCJ o,

where ¢, = e, — (a/B)b,, e, = y./a, E = B'e; and C = B'c,. Substi-
tuting (3.2} in (4.2), we have

ory? 3o

4.4 — _
(4.4) C 2)69?00 50 50
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where we put {1 = 382 — 2.
Substituting (3.1) and (3.2) in (4.3), we get

af o3
'5 _— —— —— .
(45) b= gqm0 g%
Substituting (3.2}, (4.4) and (4.5) in (4.1), we have
(4.6) B =15 2oy (257~ S ) + Lot
. == 2Q 700 Q' Sg Y ﬁ 2[380.

Thus we obtain the following theorem.

THEOREM 4.1. Let F" be the Finsler space with an («a, 8)-metric
given by (3.1). Then the difference vector B*(z,y) in 2G* = vy*0 + 28"
is given by (4.6).

5. The main scalar

We are to treat the main scalar [ of a two-dimensional Finsler space
with an (a, 8)-metric By the paper [6] the main scalar I of a two-
dimensional Finsler space with an (o, 3)-metric is given by

2 _ LY (1)°

(5.1) = ot (15
where
(LY 2 _or

Loo _ _Laﬁ - Lﬁﬁ

= 32 T af T o’
Substitutuing (3.1} and (3.2) in (5.2) and using 93L%w = ~2, we have

u‘

2Q
5.3 T ="
(5.3) 52
Differentiating (5.3) with respect to 3, we get
4(96% + %)
5.4 = _ '/
(5.4) Ty 57317
Substitutuing (3.1), (5.3) and (5.4) in (5.1), we obtain
2 9’32 + 72)2
5. 2 _ i ( )
(5.5) el 503

Therefore we get the following theorem.
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THEOREM 5.1. The mawn scalar I of a two-dimensional Finsler
space with (3.1) s giwen by (5.5).

6. Finsler spaces with (3.1) which are Landsberg spaces

Before dealing with Finsler spaces with (3.1) which are Landsberg
spaces, we investigate to play the leading roles in this section.
Since BT is L-metrical, L({a, B) satisfies

Lh =0,L ~ (arL)G: =0= Llah + L2)6|n
where (L1, Ly) = (OL/8a, 8L/8P), and so

{(6.1) a), = _—ﬂit'
It is observed that ), = bejiy® = (bs,, — b-B,s",)y°, which mmplies
(62) ﬁlz‘ys =700 — 26.,-Br.

For the scalar b2 we have bI Yt = (06D = B2yt = 27 (rr, + S )Y,
which shows

(6.3) bhyz = 2(r¢ + sg).
Next the quadratic form
’Y2 =b%a® - % = (bzazj —baby 'y,

plays a role in the following. From the equations above it is easy to
show

L
(6.4) 'yﬁ.y" = 2(rp + sg)a® — 2 (L—QbQQ + ﬁ) (rog — 2b.B7).
1

We consider a Finsler space F™ = (M™ I3 = o?8). By (4.6) the
difference vector of F™ is given by

2 o2
(6.5) 2B Q(,Brgg ~ a’sg) (2y — C; ) + Fsé.
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The main scalar of a two-dimensional Finsler space with (3.1) is given
by (5.5} as follows:

2 2 2y2
v (96% + 7*)
(6.6) el = TeE .

Before discussing our problem, we have to consider the assumption £ #
0 in the two-dimensional case, because ) appears in the denominators
in (6.5) and (6.6). Lemma 2.3 shows that @ = 332 —+? does not vanish
because of 3 # —1. Consequently 5 0 is a proper assumption in the
present section.

Now we deal with the condition that a two-dimensional Finsler space
with (3.1) be a Landsberg space. It follows from (6.5) that

2B
Q
In the two-dimensional case, a general Finsler space 1s a Landsberg
space, if and ouly if its main scalar I(z,y) satisfies Ij,y* = 0(see [7]).

Canceling the denominator of (6.6), the covariant differentiation leads
to

o0 — 2b.B7 = ~=(Brog — 2a%s0).

27
el = 507 (8 +47) (987 + +*)(B*F, — 2*B7).

Thus, transvection by ¥*, we have

1 27 1 2

ey’ = 557 (B + ) (96" + V) (BPiy' — v BLy’)-

Consequently the two-dimensional Finsler space with {3.1) is a Lands-
berg space, if and only if

(8% + v*)(98% + ) By’ —+*Bly’) = 0.

Hence the following three cases should be considered to find the con-
dition.
(Case A) 5% + 2 = b2a? = 0.

This shows b* = 0. (6.6) gives eI? = ~% and Lemma 2.2 shows

L3 = (%5, Since I becomes constant, the space is a Berwald space

from the well-known Berwald’s theorem ([(1], [7]). Therefore we have
the following theorem.
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THEOREM 6.1. Let F'? be a Finsler space of dimension two with

L3 = o?B. If b2 of F? vanishes, then F? is a Berwald space. Then L is
written as L® = (328, where § is the one in (2) of Lemma 2.2 and the

main scalar I is such that €12 = —%.

(Case B) 982 + 42 = 0
Lemma 2.3 shows immediately a contradiction because of 9 # 1. Thus
93%2 ++42 #0.

(Case C) B°+fy' —V*Bly = 0:
By means of (6.2), (6.4) and {6.5) this equation is written as follows:

(6-7) 3(2)630 + ;87'0 - bzfoo)ﬂ - (?"0 - 280)'}'2 = (.
First this gives a condition (rg — 2s0)¥> = 0 (mod. 3). Since b2 # 0

may be supposed in this case, Lemma 2.1 shows y2 # 0 (inod. 3} and
so there exists a function g(z) satisfying

(6.8) ro — 2sg = gf.
Then {6.7) is reduced to
(6s¢ + 3rg + 98)8 — (3roo + ga?)b? = 0.
This implies that there exists a 1-form g = m,(z)y* such that
(69) 3roo + go® = P,
and the above is reduced to
650 + 3ro + g8 = b2

The above equation and (6.8) yield

1
(6.10) so = ﬁ(bzn —4gp),

(6.11) ro = =(BPu+ 295
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Consequently (6.9), (6.10) and (6.11) are obtained from (6.7). Since
(6.9) is written in the form

1 1
ry; + §ga,J = g(m,bj +m,b,},

the transvection by b*y® yields

1 1
To + ggﬁ = 6(52# + mpf3),

where my = m,b*.
Comparing the above with (6.11), we have m;, = 4g. Thus we get
the condition in the form

1

.
To0 = 12mb0f + - ﬁ#, S 12(mbﬁ' b pe).

Eliminating x from the above, the condition for the space to be a
Landsberg space is written as follows:

1
12 = P I
(6.12) roo = — g5 fa” + 3 fﬂ t 5 ﬁso,

where f(z) = my. Thus we have the following theorem.

THEOREM 6.2. The condition that a twodimensional Finsler space
with L3(a, B) = o3 be a Landsberg space is given by (6.12).

Now we shall show the following theorem.

THEOREM 6.3. Let F? be a two-dimensional Finsler space with

L* = o®B If F? with b® # 0 is a Landsberg space, then F2 is a
Berwald space.

Proof. The condition (3.6) to be a Berwald space may be written in
the form

(1) Ty = z(plbj + pjbt) — DPbliy,

(6.13)
(2) 849 = p}bz _plb]'
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Now, let 2 ba a Landsberg space, that is, suppose that (6.12) holds.
Thus the system of linear equations

blpy +82py = 2 —bypy + bipz = s12.

12°
The latter is nothing but (2) of (6.13). Then we get

so = b%p — puBB, ¢ = p(x)y',

and (6.12) is now written as

ro0 = 48¢ — pa?,
which is nothing but (1) of (6.13). Thus the proof is completed.
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