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L? ESTIMATES FOR AREA INTEGRALS
WITH RESPECT TO SINGULAR MEASURES

CHOON-SERK SUH

1. Introduction

The theory of the tent spaces on the upper half-space R:‘_ﬂ was
introduced from the work of R. R. Coifman, Y. Meyer and E. M. Stein
[1). Their works resulted in many applications involving the study of
a variety of questions related to harmonic analysis. We carry out the
theory of the tent spaces on the generalized upper half-space X x (0, c0),
where X is a space of homogeneous type.

We begin by introducing the notion of a space of homogencous type
[2]: Let X be a topological space endowed with Borel measure p1 As-
sume that d is a pseudo-metric on X, that is, a nonnegative function
on X x X satisfying

(i) d(z,z) =0;d(z,y) > 0ifz#y,
(ii) d(z,y) = d(y,z), and

(i) d{z,2) < K(d(x,y)+ d(y, z)), where K is some fixed constant.

Assume further that
(a) the balls B(z,p) = {y € X - d(z,y) < p}, p > 0, form a basis
of open neighborhoods at z € X,

and that p satisfies the doubling property:

{b) 0 < u(B(x,2p)) < Ap(B(z,p)) < oo, where A is some fixed
constant.

Then we call (X, d, 1) a space of homogeneous type.
Property (i) will be referred to as the “triangle inequality.” Note

that property (b) implies that for every C > 0 there exists a constant
Ae < oo such that

{B(z,Cp)) < Acu(B(z,p))
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forall z € X and p > 0.

Now consider the space X x (0,00), which is a kind of generalized
upper half-space over X. We then define the analogue of nontangential
or conoical regions as follows. For z € X, set

P(x) = {(y,t) € X x (0,00) : = € B(y, 1)}
For any set F C X, the tent over E is the set
E = {(y,t) € X x (0,00) : B(y,t) C E}.

It is then very easy to check that

E = (X x(0,00)\ | J [(2).

z@E

For a function f defired on X x (0,00), we define an area integral
Ax(f) by

1/2
(L1) Aa(fxa:):(/r()|f(y,t)|2"“§§i{‘“) , a€R

for z € X.
We then also define the tent space T3 (X x (0,00)}), 0 < p < o0, by

T3(X x (0,00)) = {f : Aa(f) € LP(dp}}

with
I[fllre = HAa{F)ilzr(dy)-

For 0 < p <1, a function a, supported in B for some ball B in X, is
said to be a (p, 2)-atom if

[ tata P 2EL < ymy-2re
B

We now define certain generalized area integrals associated with ap-
propriate singular measures on X. Let v be a positive measure on X,
and assume there exists a constant C so that

(1.2) v(B(z,p)) < CpP
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for some fixed # > 0. Then, for fixed p, 0 < p < 1, and a function f
defined on X x (0, 00), we define another area integral Gp, o(f) by

G t2@=A)/p

1/2
(13) Gp,a(f)($)=( fr 0P (y)dt) , acR

for € X. Note that when o = 3 the two definitions (1.1} and (1.3)
comcide.

In this paper we are concerned with the inequality for the LP norms
of area integrals A,(f) and G o(f) in X x (0, c0); more precisely, there
exists a constant Cj, so that if f € T3 (X x (0,00)), 0 <p <1, and v
is a positive measure on X satisfying (1.2), then we have

Hcp,a(f)”LP(du) < CPHAa(f)”LP(dp)‘

2. Main result

We state the two lemmas we need.

LeMMa 1. Let (X,d,n) be a space of homogeneous type. If f €
TP (X x (0,00)), 0 < p < 1, then

(2.1) £l <3 Aay(a, 1),
1=0

where the a,’s are {p,2)-atoms, and the A,’s are positive numbers.
Moreover,

o0

(2.2) Z D p”Aa(f)“Lp(du)

1=0

Proof. Sce Suh[3].
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LEMMA 2. Let (X,d, ) be a space of homogeneous type, and let v
be a positive measure on X with the property (1.2). Suppose0 < p < 1.
Then there exists a constant Cy, so that if a is a (p,2)-atom supported
in the tent B over a ball B having radius p, then

[ Goal@i@Pavta) < ;.
X

Proof. Let a be a (p, 2)-atom supported in the tent B over a ball B

having radius p, and xpg(y,) be the characteristic function of the ball
B(y,t). Then

(2.3)
[ Gral@@)an(a)
X

B 2t2(&—ﬁ)/Pd at)d
= [ 0P S i e

252(a—ﬁ)/p
=/;( /X © )Ia(y,t)[ ot T XByo(T)duly)dt | dv(z)
X(U,00

<C oy, O e P e
< aly, | A
X x(0,00) v gt p(y)

since
/Xxg(y,t)(a:)du(m) < Ct?.

Now observe that ¢ < 2p for (y,¢) € B and small p > 0. So the last
side of (2.3) is less than

o— _ du{y)dt
cpe el [ jagy,gp2H8E

<Cy(B)'~%"  (by1-2/p<0).
Thus

24 [ Gral@)@Pdn(z) < Cu(m) =21
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for some constant C. For 0 < p < 1, Holder’s inequality and (2.4) give
that

| Coata@Pava)
Cpal@)@)P 12/Pdu(w>)p/2 ( / [xB(x>J2/<2-P>dv<m>)

( (2—p)/2
( Grolallel Zdv(x))pm (fX[XB(a:)]Z/@‘P)du(m))(2_p)/2
Cp

A

IA

IA

for some constant C,. The proof is therefore complete.
The main result of this paper is now the following.

TAEOREM 3. Let (X,d, ) be a space of homogeneous type, and
let v be a positive measure on X with the property (1.2). Then there
exists a constant Cy, so that if f € T5(X x {0,00)), 0 < p <1, then

|Gpa(H)leray € CollAalf)|Lridu)-

Proof. Let f € T§(X x (0,00)), 0 < p <1 and write
o
<Y Ny (o),
7=0

as in (2.1} of Lemma 1. Then we obtain

$2(a— ﬁ)/p

Gyl H@)? j [Z/\a,(y,t) C o duly)d

p2(a—8 )/P

=¥ / A0 t)es () oy )

1/2
$2(a-B)/p
<y ( f e O e duat
2, Mz
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1/2
2t2(a—ﬁ)/p
X / (Aa,(y, t)] Tl du(y)dt
I'(z)

= Z )uz)xJG ,a(a:)(m)Gp,a(aj)(m)

.7

=D XGpala; ) ).
21=0
Thus we obtain
(2.5) [Gpa ()P < {Z X Gpala {@)P.
3=0

Integrate both sides of (2.5) with respect to dv(z). Then it follows
from (2.2) and Lemma 2 that

/x (Cpa ) (@)Pdi(z) < /X ;xﬂep,a(an(x)]f’du(x)
S;ﬁ /x (Gpalay) (@) Pdv(z)

o0
< sz )‘f
=0
< Cp”Ao;(f)”ip(du)‘

Thus
HGpa(Fer@) < CollAal(F)lILe (-

The proof is therefore complete.
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