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ON THE LAWS OF NILPOTENT POINTED-GROUPS
ZAFAR ALl AND ABDUL MAJEED

ABSTRACT. A pointed-group is an ordered pair (G, c) where G is a
group and c is a specific element of G. Thus a pointed-group is a
group together with a distinguish element. The aim of this paper is
to generalize the result proved by R. C. Lyndon in [4], that every
nilpotent group variety is finitely based for its laws.

1. Introduction

In [4] R. C. Lyndon proved that every nilpotent group variety has
a finite basis for its laws. (That is, there is a finite set of laws of
which every law is a consequence). Here we shall examine the analogous
statement for nilpotent pointed-groups, where a pointed-group is a pair
(G, g) consisting of a group G together with a distinguished element g
of G. (The idea of pointed-groups comes from the category of pointed-
sets), see for example [6].

By a law of a pointed-group (G, g) we shall mean a word w of the
free group on the countable set {y,z1,z2,-- ,-- -} such that w always
becomes equal to the identity element of G when g is substituted for y
and arbitrary elements of G are substituted for z1,zs,- - - (For example,
[y,z1] is law of (G,g) if g is central in G or G is abelian). Included
among the laws of (G, g) are the laws of the group G, or more precisely,
those words in the variable x1, 22, - - - , which are laws of G, thus the idea,
of laws of a pointed-group generalizes the idea of laws of a group and the
purpose of this paper is to generalize the result proved by R. C. Lyndon
in [4], that every variety of nilpotent groups is finitely based. Detailed
information concerning varieties of groups may be found in [7].
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A pointed-group may be regarded as a group with an extra nullary
operation and therefore it is an algebra in the sense of a universal
algebra. The more general concepts related to universal algebras and
varieties of algebras are described in [2]. It is useful to note the form
of some of these concepts take for pointed-groups.

As mentioned above, the factor algebra of (G, g) is (G/N, gN) where
N is a normal sub-group of G not necessarily containing g. The Carte-
sian product of the family {(Ga,gx)|A € A} is (G, g) where G is the
Cartesian product of {G|X € A} and g is the element of G with value
gx at X for all A € A. A generating set for a pointed-group (G, g) is a
subset S of G such that SU{g} generates G. If (G, g) can be generated
by a set with n or fewer elements, then we shall say that (G, g) is an
n-generator pointed-group. By an endomorphism of (G, g) we mean a
homomorphism a from (G, g) to (G, g) such that go = g. Moreover, if
(G, g) is a pointed-group and N is a normal sub-group of G, then we
say that N is a normal admissible sub-group of (G, g) if Na < N for
every endomorphism « of (G, g).

A variety of pointed-groups is the class of all pointed-groups in which
the elements of some given set of words are all laws. Equivalently, it is a
class closed under the operations of taking factor algebras, sub-algebras,
Cartesian products and algebras isomorphic to these. We shall write V
to denote the variety of pointed-groups.

2. Notations and definitions

We call a pointed-group (G, g) nilpotent of class ¢ if G is a nilpotent
group of class ¢. Here we shall discuss varieties of pointed-groups in
which every pointed-group is nilpotent. Our aim is to generalize the
result proved by R. C. Lyndon in [4], that every variety of nilpotent
groups is finitely based.

We shall need some notational definitions in the free pointed-group
(X,y) generated by z;,x2,- - .

Put X(l) =X

and define for ¢ > 1 X(c41) = [X(), X], i.e., the sub-group of X gener-
ated by the elements of the form {a,b] where a € Xy and b€ X. It is
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easy to see that each X is a normal admissible sub-group of (X, y).
Also, note that X ) = [x1,%3, - ,2)(X,y) for ¢ > 2, for example, see
Theorem 10.2.1 in [3).

Now for each positive integer ¢, we write NV, to denote the variety of
nilpotent pointed-groups defined by the word [z, 2, -+ , Z(c+1)] Whose
closure is X(c41). Thus Ap is the variety of all trivial pointed-groups
and N is the variety of all abelian pointed-groups (we call a pointed-
group (G, g) abelian if G is an abelian group).

More generally, A, is the variety of all nilpotent pointed-groups
which are nilpotent of class at most c.

A variety V of pointed-groups is called nilpotent if V C N, for some
c. We say that V hasa classcif VC N, and V € No41.

We will prove the following theorem which is a generalization of the
result in [4].

THEOREM 2.1. The laws of any variety of nilpotent pointed-groups
are finitely-based.

Now in order to prove the above Theorem 2.1, we need to establish
some results.

Now for each positive integer n,d, denotes the endomorphism of
(X,y) determined by z,6, = 1 and z;6, = z;, for ¢ # n. Thus the
effect of d,, on a word w , is to delete all occurrences of x,, from w

Now for all positive integers i¢,m and n, it is easy to check that
T;0m0p, = T;i0n0m and ;02 = x;6,. Thus by Corollary 1.4.6 in [1], we
have the relations, 6,6m = 6,0, and 62 = §,.

Moreover, if w is any word we write w(1 — 8,,) to denote w(wé,) !

Thus we have w = w(1 — d,)wdy.
Also, we have

W(1 = 6)0n = W(Wby) " 6p
= W (W bn)
= wén(wéném)_1
= wlp(1l — o)
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and
w(l —dn)dp = w(wén)"lén
= (w0, )(wdndy,) !
= (wé,)(wd,2) ™"
= (wén)(wdn) ™"
=1

Hence we have also the relations w(1 —6,)d, = 1 and w(1l —6,,)0n =
Wby, (1 —46,,). Note that w(1l —6,) and wd, are consequences of w. Thus
we have:

THEOREM 2.2. Let T be a finite set of positive integers. Let w be
a word in (X,y) such that wé, =1 for allt € T. then w € X,y where
| T |=mn.

Proof. See Corollary 33.38 of [7]. O

THEOREM 2.3. Let w be an element of X(,) than there are words
wr for each subset T of {1,2,3,--- ,n} such that

(i) w is a product of the words wr in some order.
(ii) Each wr is a consequence of w.
(iii) Each wrd; = 1 for all t € T and also wr is a word only in the
variables y and xy € X wheret € T.

Proof. Assume that w is a word in the variables y and z;, 23, - - , Zp,.
Then consider,

(1) w=w(l - §)wd
But,

w(l — &) = w(l —6)(1 - d)w(l - 61)d2
and

wé; = wdy (1 — d2)wé 52
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Thus (1) gives
w = w(l —§)(1 — d2)w(1 — 61)d2wd; (1 — d3)wdy b2,
ie.,

w= w(l — 51)(1 — 52)10(1 — 51)52’111(1 — 52)(51’(1)5152.

Continuing in this way we get,

we I wr

T€{1,2,3, ,n}

where the product is taken over the subsets T' of N = {1,2,--- ,n} and
where
wr=w][(1-6) ] 6.
ueT t’eN\T

Now apply 4; to wy, t € T we have

wrdy = (wH(l—&u) II @) 8 .

ueT t’e N\T

But, d; and &y commute, also é; and (1 —§, )commute and w--- (1 —
0:)d¢--- = 1. Hence it follows that wrd, = 1. Since this holds for
all t € T and also wr is a word only in the variables y and x; where
t € T, wr has the form

v H Jt:

teN\T

where,

v:wH(l——&u).

ueT

and hence does not contain z,/,t ¢ T. Thus the conditions (i) and (iii)
are satisfied. Now condition (ii) is an easy consequence of the properties
of 8, and (1 — é,) described above. Thus the proof is complete. 0
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3. Proof of Theorem 2.1

Suppose V is a variety of nilpotent pointed-groups of class at most
¢, i.e., V C N.. Let V be the normal admissible subgroup of (X,y)
which defines V. Let w € V' and suppose that w = w(y, 21,22, - , T,).
Then by Theorem 2.3, w is equivalent to a set of words {wr} where
each T is a finite set of positive integers, with the properties given in
the statement of Theorem 2.3.

Now suppose |T| > ¢+ 1, then by Theorem 2.2, wr € X(ct+1)-
Therefore, wr is a consequence of the word [z1,Zg,--- ,Tct1). But if
IT| < ¢+ 1. Then (by the change of variables) wr is equivalent to an
element of V N X(.) = V). Thus in either case, wr is a consequence of
V(c+1)- Hence, it follows that w is a consequence of Vie+1)- Thus V is
equivalent to V(..1). Now by Lemma 2.4.3 in [1] we have

V(X (e+1),9) = V(2,9) N X(ct1)s

ie.,

V(X(c+1),¥) = Vier1)-

Now since V C N, so we have

Ne(X (1), ) € V(X (c41), )

Thus by Corollary 2.2.9 in [1], Me(X(ct1),y) = K(say), is normal
in X(c41). Thus K C Vic+1) and therefore, V(c11)/K is a sub-group
of X(c11)/K. But (X(c41)/K,yK) € N, (by Corollary 2.2.10 in [1]).
Therefore, X(.11)/K is a nilpotent group of class at most c. But X, (e+1)
is a finitely generated nilpotent group. Therefore, X (e+1)/ K is a finitely
generated nilpotent group.

Now Theorem 9.16 of [5], states that in a finitely generated nilpo-
tent group, every sub-group is finitely generated. Hence it follows that
Vie+1)/ K, being a sub-group of X(.41)/K is finitely generated. Sup-
pose, 11 K, 12K, - - ,u, K are generators of V{.11)/K, i.e.,

‘/(c-i-l)/K: (’Ul,K,"' )'UmK)

782



On the laws of nilpotent pointed-groups

Then,
‘/(c-f-l) = (’01,’1)2," : )vmaK>

For, if Vioy = (v1,-+ ,¥m, K) then clearly V() is contained in Vicy).
Now let v € V(c41), then vK € V(c;11)/K. Thus vK can be written in
the form

= ('vz'lK)“ v, K)* - (03, K)*
= (vjlvi2---vit)K.

i1 “ig

Therefore, v has the form

vilugd - vk,
where k € K.

Hence v € Vg, i.e., V(c41) is contained in V(gy. Thus V(c41) = V(o)
as desired. Thus V is equivalent to K U {v1,v2, - ,vm}. But, K =
Ne(X(e+1),y) < Ne(X,y) and Ny, (X, y) is the set of all consequences of
[1,za, -+ ,Zc41]- Therefore, V is equivalent to the set {vy,va, + ,vm,
[z1,Z2, + ,Zc+1]}- Thus V is finitely based and the proof of Theorem
2.1 is complete.
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