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<# 3.1.1> Mathematica Procedurse for Validating
Riemann Sum

(* User Type *) flx_J=1/x; a=1; b=2; n=16; k=15;
(* Sample Input *)
ClearAlI[LHSum,RHSum, Trap,Midpt):
LHSumif_over_List,n_]:=
Module{{a=over{[1]]b=over[{2]],h},h=(b-a)/n;
Return{Sum([fla+h*i],{i,0,n-1}]¢h]};
RHSumlf_,over_List,n_):=
Module{{a=over[[1]},b=over{[2]],h},h=(b-a)/n;
Return[Sum([f{a+h#i],{i,1,n}]*h])
Traplf_jover_List,n_Ji=
Modulef{a=over{[1]],b=over([2)1h}h=(b-a)/n;
Return[(Sum{fla+h*i],{(i,1,n-1}1+(fla]+{lb])/2)*h1};
Midptlf_jover_List,n_J:=
Modute{{a=over{{11],b=over[(2]],h},h=(b-a)/n;
Return[h*Sumf{ffa+hs(i-1/2)1,(i,1,n})1};
m=Midpt{f,(a,b},n/2}; t=Traplf,(abl.n/2}i
Print["Chack Values for Numerical Integration:"]
Print] " );
Print["Integration of ",OutputForml(f{x]},” on ["a,","b"}"};
Printl "™ }
Print["Exact Value : *, N[NIntegrate[f[x],{x,a,b}},k]];
Print" LH Sum (n="n,") : ”, N[LHSumlf,{a,b},n]k]};
Print" RH Sum (n=",n") : ", N[RHSumlf,{a,b},nlk]};
Print{” Midpoint Sum (n="n,") : ", N[Midpt [f,{a,b},nlk]}
Printl” Trapezoidal Sum (n="n,") : ", N{Trap [f.{ab}.n) kIl
Print[" Simpson Sum (n="pn,") ", N[Q2sm+t)/3K]);
(* Sample Output *)
Chack Values for Numerical Integration:

Integral of "1(- on [1.2):

Exact Value 1 0.693147180559947
LH Sum (n=16) ¢ 0.709016202207527
RH Sum (n=16) : 0.677766202207527
Midpoint Sum (n=16)  : 0.693025214330971
Trapezoidal Sum (n=16) : 0.693391202207527
Simpson Sum (n=16) : 0.693147652819419

oAl $lelA E=F HEL ZAg AAE
Mathematica(<¥ 3.1.1> #IAR) £ #1373
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#3543 A3t

2

flaes,

= 2;/"(11‘41)41

= Ae{f(xg)+ (1) + f(x)+ + f(x35)}
=~ (.70901620

[ %4 2A4# 1
fa~n
= PG

= dxe{f(x)+f(x2) +f(x3)++F (x5)}
= (.67776620

[ 74 2A3 ]
2
fl 'Jl?dx = My

= 21f(?,~)dx= ’2lf(%(xi~1 +xi))4x

= A Frt )+ (St +-
+7(F o+ 316)) | = 0.69302521

PEEEIENES

[La~,

= B LU0+ 1

= AL fx0) + 2100+ 2 ()

+2f(x5) + f(x6) ] = 0.69339120

[ Simpson A}t 1
2
[la ~ s

= 4 [fa) + 45 )+ 26 (xy ) +45(xs )+ 26(x0)

o+ 2f(xu) +4 fx5) + fxs) 1 ~ 0.69314765

oAl n9 S FANINEAM Z A

39 ox R eAEE AR BA,

X=L, R My, T, 5,4 ®, 2 2AGS] 2
A% eRee
1

2
EX=X-| —-dv, %X

1 X

= {1Ex1 / flzi-dx]x o5 (%)
3 go] AW <E 312>E 9& F %o
o, I2REH osH} 2 % JAE 2T
& ek

<# 312>
f(x)=1/x from 1 to 2 0.69314718
n Ln Rn Mn Tn Sn

4] 0.75952381] 0.63452381| 0.69121989| 0.69702381( 0.69325397,
8] 0.72537185| 0.66287185 0.69266055| 0.69412185| 0.69315453)
16| 0.70901620| 0.67776620| 0.69302521( 0.69339120 0.69314765]
32| 0.70102071| 0.68539571| 0.69311667| 0.69320821| 0.69314721
64 0.69706369| 0.68925619] 0.69313955| 0.69316244| 0.69314718|

128] 0.69510412| 0.69119787] 0.69314527| 0.69315100| 0.69314718

256| 0.69412470|  0.69217157] 0.69314670{ 0.69314813| 0.69314718

5121 069363570 0.69265914| 0.69314706| 0.69314742; 0.69314718

n ELn ERn EMn ETn ESn

4| 0.06637663| -0.05862337| -0.00192729| 0.00387663; 0.00010679|

0.03222467| -0.03027533| -0.00048663| 0.00097467; 0.00000735)
16] 0.01586902| -0.01538098| -0.00012197| 0.00024402} 0.00000047]
32| 0.00787353 -0.00775147 -0.00003051| 0.00006103] 0.00000003
64( 0.00392151| -0.00389099 -0.00000763( 0.00001526; 0.00000000

128 000195694 -0.00194931| -0.00000191| 0.00000382| 0.00000000|

256] 0.00097752 -0.00097561| -0.00000048( 0.00000095| 0.00000000

512 000048852} -0.00048304| -0.00000012{ 0.000000241 0.00000000

n %Ln %Rn %Mn %Tn %Sn

0

4 957612%) 845756%|  0.27805%| 0.55928%| 0.01541%

8 464904%|  4.36781%| 0.070219%| 0.14062%| 0.00106%
16| 2.28942%|  2.21901%|  0.01760%| 0.03520%( 0.00007%)|
32| 1.13591% 1.11830%(  0.00440%6| 0.00880%| 0.00000%|
64] 056575%) 0.56135%6|  0.00110%| 0.00220%6| 0.00000%6;
128 0.28233%|  0.28123%|  0.00028%| 0.00055%| 0.00000%|
256] 0.14103%]  0.14075%]  0.00007%| 0.00014%| 0.00000%|
512 0.07048%| 00704126  0.00002%6] 0.00003%| 0.00000%%
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<® 321>

Chack Values for Numerical Integration:
Integration of e*on [1,2] :

Exact Value : 14.98997602
LH Sum (n=16) : 13.43795136
RH Sum (n=16) : 16.68044313
Midpoint Sum (n=16) : 14.95540303

Trapezoidal Sum (n=16): 15.05919725
Simpson Sum (n=16) : 14.99037334

[4A4 321] n=169) ATtelE F9& ol &
sl A2 [efax ¢ TAHeE Fam, 2
Agko] R exfe) Ade FHHNL.

[Zoll a=1, b=2, n=16°122 AT E F
4g A4,

flze’zdx = Ty

2 L G+ 70 1

r3

L5 fx0)+26(0) +20(x) +o0

+2 f(x5) + fx16) ] = 15.05919725
fxy=e* 017] WEo] f(x)=2xe”,
(=@ +4h)e” o]tk Y, 1<x<20|BR
1<2<4019 |£7(x) =|@2+42")e”|<18¢*
o)t} A (A 27N A M=18¢, a=1,
b=2,72=16 22 93l 39 Aje
3
12 - 16°
o2 33¥ + Utk B

-18¢' =~ 0.319911

[4A 322] »n=169 T F4& o 48
o A% [(efur & @AHoz F8n, 1 @
Abgkel U@ 23t 3L FARAL.

[Fol]l o=1, b=2, n=16°122 FUHH T4
& Abgshd,

flzeidx = Mg

= S Bt vr)a

it

A Fworad)+A(FG+m)+

+7( % (rs+x)) ) = 1495540303

flx)=e* 0]7] Wl
fxy=2xe*, f"(x)=(2+41e* ot}
g, 1=x<20|B2 1<i’<40]H
£ ()] = (2+42) e | <18¢*
olt}y,  2AFA(A29)9H M=18¢',a=1,b=2,
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t g
fl e"dx = 816
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<¥ 331>

(# Curvature *)

f(x_1=Loglx]: a=1: b=2: n=1000: k=10;

Curv[f_jover_List,n_l:=
Modulel{a=over[[1]],b=over[[2]],h},h=(b-a)/n;
Return[Sum[Abs[f*'[a+h*{]]/((1+(f'[a+h*i])"2)"(3/2)),{i0.n HIE

Print["Averaged Curvature of ”,QutputForm{f[x]1],”

on ["a, " b )"}
Printl " J;

Print["Exact Value (n=",n,”) ", N[Curv{f.{ab},n}/(n+ 1 kI

Averaged Curvature Exact Value (n=1000)
of Log[x] on 1.2] :0.2598995099
Averaged Curvature Exact Value (n=1000)
of Explx-2] on [1,2] : 0.3618160002
Averaged Curvature Exact Value (n=1000)
of Sin[x]) on [1,2] : 0.8593460309
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, y=sinx 9

<# 332>

Integration of y-Log(x) on [1.2]

Value 0.38629 Curvature 0.2599
La %Ln| Tn {%Tn{ Mn |[%Mn| Sn | %Sn
0.25706 | 23.099% ] 0.38370 10.670%61 0.38750 [0.337% 0.38626 | 0.008%
0.34232 111.383% | 0.38564 }0.168% | 0.38662 |0.085% | 0.38629 | 0.000%%
0.36447 | 5.649% | 0.38613 |0.041% | 0.38638 {0.023% | 0.38629 | 0.000%6
0.37542 | 2.814% | 0.38625 |0.010%| 0.38631 {0.005% | 0.38629 | 0.000%
0.38087 | 1.403% | 0.38628 ] 0.003%} 0.38630 ) 0.003%] 0.38629 | 0.000%6
Integration of y=Exp(x—2) on {12]

Value : 0.63212 Curvature : 0.3618

In [ %ln| Tn {%Tn| Mn |%Mn| Sn | %Sn
0.55639 {11.980% | 0.63541 10.520% | 0.63048 |0.258% | 0.63213 | 0.002%
056344 | 6.119% | 063294 |0.130%| 0.63171 10.065% | 0.63212 { 0.000%
0.61257 | 3.093% | 063233 |0.033%| 0.63202 {0.016%| 063212 | 0.00096
0.62230 | 1.564% | 063217 |0.008% | 0.63208 [0.006%} 0.63212 | 0.000%
0.62719 | 0.780% | 063213 | 0.002%| 0.63211 10.002%} 0.63212 | 0.000%
Integration of y=Sin(x) on [1.2}
Value : 0.95645 Curvature 0.8593
n| Ln | %Lnj Tn ;%Tn} Mn |%Mn| Sn | %Sn
4 1094298 | 1.408% | 0.95146 10.522%] 0.96894 |0.260% | 0.95647 | 0.002%
8 [ 095096 | 0.574% | 0.95620 10.131%| 0.95707 |0.066% | 0.95645 | 0.000%6
16 | 0.95402 | 0.254% | 0.95614 |0.032% | 0.95660 [0.016% | 0.95645 | 0.000%
2
64

RB|S || |2

P I ES ]

096531 | 0.119% | 0.95637 | 0.008% | 0.95649 10.004% 0.95645 | 0.000%6
095590 | 0.058% | 0.95643 | 0.002% ) 0.95646 |0.001%] 0.95645 | 0,000%6

* Pl }E y=e¥ o TAAR

!

TLT FAAA dojg FUZES e
B Mo ZAAEY] FEEEE dolur] ¢
& T y=e” 9 FHIZE S Mathematicad ©]
&3 Al +2+{0,0.51,005,1],[1,1.5) & &4Z

00748 AFHeZ o] Taelud <E
333> .

<E 333>

(* Curvature #)
flx_1=Exp[x"2}; a=0.5; b=1; n=1000; k=10;
Curv(f_over_List,n_):=
Modulel{a=over[{1]],b=over[[2]],h},h=(b-a)/n;
Return[Sum[Abs[f''[a+h*i]l/((1+(f' [a+h*i])"2)"(3/2)),(i,0,n} ]}
Print[*Averaged Curvature of ”,OutputForm[f[x]],
"on ["a," b "]
Printl ™
Print["Exact Value (n=",n"

", N[Curv[f,{a,b},n)/(n+1)k]);
Exact Value (n=1000)
: 1.5777907222

Exact Value (n=1000)

Averaged Curvature
of Exp[x2} on [0,0.5]
Averaged Curvature

of Explx*2] on [0.5.1] : 0.3891853682
Averaged Curvature Exact Value (n=1000)
of Expix“2] on [1,1.5] ¢ 0.0317843695

EE ol Fo HE FFy=e"9 ZAFH
& A3 2 3% Integral g ©] 439
TEE 99 <H 334>F 4L 5 st

<¥ 334>
Integration of f%xg(x‘?) on [0,05]
Value : 0.54499 Curvature : 15778
Ln [ %Ln| To {%Tn] Mn | %Mn| Sn | %Sn
0528001 2.952% | 0.54666 | 0.306%] 054415 0.154% | 0.54500 | 0.002%
053663] 1.552% | 0.54540 | 0.075%| 0.54478 | 0.039% | 0.54499 | 0.000%
054065 0.796% | 0.54509 | 0.018%| 054493 | 0.011% | 0.54493| 0.000%
054279 0.404% | 0.54501 | 0.004%| 054497 | 0.004% | 0.54493} 0.000%
0.54388] 0.204% | 054500 | 0.002%| 054499 | 0.00096 { 0.54493] 0.000%
Integration of y=Exp(x"2) on [0.5.1]
Value : 0.91766 Curvature : 0.3892

In | %Ln| Tn {%Tn| Mn { %Mn| Sn | %Sn
0.83341] 9.181% | 0.92306 { 0588%| 0.91497] 0.293% | 0.91772| 0.007%
087419 4.737% | 091902 | 0.148%| 0.91699| 0.073% | 0.91767| 0.001%
0.89660] 2.404% | 0.91800 | 0.037%| 091750 | 0.017% | 081766 | 0.000%
0.90654] 1.212% | 091775 | 0.010%| 091762 | 0.004% | 0.91766| 0.000%
0.91208] 0.608% | 0.91769 | 0.003%| 0.91765| 0.001% | 0.91766 | 0.000%
Intematlon of y=Exp(x“2) on [1,15]
Value 2.60046 Curvature : 0.0318
Ln | %Ln} Tn {%Tn] Mn | %$Mn| Sn | %Sn
4 |2.20723] 15.122%; 2.63032 | 1.148%} 2.58568 | 0.572% | 2.60095] 0.019%
8 [2.39640 7.8479% ] 2607951 0.288%] 2.50672 { 0.144% | 2.60049| 0.001%
16 | 2.49666| 3.995% | 2.60233 | 0.072%] 259963 ] 0.036% | 2.60046 | 0.000%
R [254804] 2.016% | 2.60093 | 0.018%) 2.60023] 0.009% | 2.60046 | 0.000%
64 |257414] 1.012% | 2.60058 | 0.006%| 2.60040] 0.002%6 | 2.60046 | 0.000%

R(B|5[o|>(2
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Chack Values for Numerical Integration:
Integration of
0.2+25 x— 200 x* + 675 * — 900 x* + 400 2°
on [0,1] with n=16 :

Exact Value 1145

LH Sum (n=16) . 1.458087158
RH Sum (n=16) : 1.458087158
Midpoint Sum (n=16)  : 1.445975494

Trapezoidal Sum (n=16) : 1.458087158

Simpson Sum (n=16) : 1.450203451

X=L,,,R,,,M,,, Tn- snoE_] 'IH, Z‘}' "E'}‘}'al"o’]
2218 2A&S
21

L&,
1 X

%X={|EX| / ff%dx}xl—éﬁ (%)

2 Yehziz stat
Aol FX o disiME HFH A
(Ln), %4 A (Rn)o] A2 Zov=Z

EX=X-—

Tu= 4 (L + RS #AC ddte} Aal g 2
ARE AN BT AL AA FAF F Ut

<# 342>

£(x)=0.2+25x+200x"2+675x"3-900x"4+400x"5

1.45000000
from 0 tol

n Ln Rn Mn Tn Sn
4] 156718750 | 1.56718750 | 1.39628906 | 1.56718750 | 1.50208333
8| 1.48173828 | 1.48173828 | 1.43443604 | 1.48173828 | 1.45325521
16| 1.45808716 | 1.45808716 | 1.44597549 | 1.45808716 | 1.45020345
32| 1.45203133 | 1.45203133 | 1.44898553 | 1.45203133 | 1.45001272
641 145050843 | 1.45050843 | 1.44974586 | 1.45050843 | 1.45000079
1281 145012714 | 1.45012714 | 1.44993643 | 1.45012714 | 1.45000005

n ELn ERn EMn ETn ESn

4(-0.11718750| -0.11718750 | 0.05371084 |-0.11718750-0.05208333
8]-0.03173828( -0.03173828 | 0.0155639% |-0.03173828}-0.00325521
16 | -0.00808716( -0.00808716 | 0.00402451 |-0.00808716}-0.00020345
321-0.00203133( -0.00203133 | 0.00101447 |-0.00203133{-0.00001272
64 [~0.00050843| -0.00050843 | 0.00025414 |-0.00050843 { -0.00000079
128 |-0.00012714| -0.00012714 | 0.00006357 (-0.00012714 |-0.00000005

n %Ln %Rn %Mn %Tn %Sn
4| 8.08190% 8.08190% 3.70420% | 8.08190% | 3.59195%
8| 2.18885% 2.18885% 1.07338% | 2.18885% | 0.22450%
16| 0.55774% 0.55774% 0.27755% | 0.55774% | 0.01403%
32| 0.14009% 0.14009% 0.06996% | 0.14009% | 0.00088%
64| 0.03506% 0.03506% 0.01753% | 0.03506% | 0.00005%
1281 0.00877% 0.00877% 0.00438% | 0.00877% | 0.00000%

284 <¥ 34.2>& 539 F3d A
(Mn)< Althg# SAMKH(Tn) 2o o A3
e AL dA & 9 398 £ U €3 n
S ZSHAAAMHE ALY EFA oo
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o8 71X g9 aHZE % HIAE, &
£3 A5 - gFAME e 2Foz 44
HE & = o) £ giF Fug #2A 3
o AQ7In 7P AL olF 4 Qo
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<# 3432

(* IntegralGraphics *)

(=

rightrect::usage="rightrect[f[x],{x,a,b,n}] draws right-hand
endpoint rectangles.”

leftrect::usage="leftrect[f{x],{x,a,b,n}] draws left-hand
endpoint rectangles.”
midrect::usage="midrect{f[x],{x,a,b,n}] draws mid-point
rectangles.”

trapezoid::usage="trapezoid[f[x],(x,a,b,n}] draws trapezoids.”
error:‘usage="error{estimate] computes the error between
estimate and the area of the region under consideration.”
*)

box[x_y_h_] = Graphics[{RGBColor[0,0,1],
Linel{{x, 0},{x, y),
{x +h, vy},
{x + h, O}
rightrect{func_paramlist_] :=
Module[{boxes, curve, k, a, b, h, n, param, x},
param = paramlist[{1]];
a = Nlparamlist{{2]}}:
b = Nlparamlist[[3]1];
n = Nlparamlist{[4]]];
h = (b - a¥/mi

boxes = Table[boxla + k hfunc /. param->(a + k h),-h],
{k,1,n)):

curve = Plot[func /. param -> x.,{x,ab},

PlotStyle->RGBColor{1,0,0],DisplayFunction->Identityl;

Show[{boxes,curve}, DisplayFunction -> $DisplayFunction,

Axes -> True, AxesOrigin -> {a,0}]

]

leftrect{func_paramiist_] :=
Module{({boxes, curve, k, a, b, h, n, param, x},

param = paramiist[[1]];

a = Nlparamlist([2]]):

b = Niparamlist[[3]]}

n = Niparamiist{{4]]}

h = (b - a/mi

boxes = Tablefbox[a + k hfunc /. param->(a + k h}h],

{kOn-1}k

curve = Plotlfunc /. param -> x{xab},
PlotStyle->RGBColor(1,0,0],DisplayFunction->Identity];

Showlboxes,curve, DisplayFunction -> $DisplayFunction,
Axes -> True, AxesOrigin -> (a0}]

midrect{func_paramlist_] :=
Block({boxes, curve, k, a, b, h, n, param, x},
param = paramlist{[1];
a = Niparamiist[[2]l}
b = Nlparamlist[[3]1};
n = Niperamiist[[4]]};
h=(b - am
boxes = Tablelbox{a + k hfunc /. param->(a + (k-05W),
-hl, (k.1n))
curve = Plotlfunc /. param -> x,{xab},
PlotStyle->RGBColor{1,0,0], DisplayFunction->Identity}:
Show{boxes,curve, DisplayFunction -> $DisplayFunction,
Axes -> True AxesOrigin ~> {a,0}]
]
trap(x0_y0_x1_yl ] = Graphics{{RGBColor{0,0,1],
Line{({x0,0},{x0,y0},{x1,y1},{x1,01]}}:

trapezoid{func_paramlist_} :=
Module[{boxes, curve, k, a, b, h, n, param, x},

param = paramlist{{11};

a = Niparamlist{[2]i}

b = Nlparamlist[[3]]}

n = Niparamiist({[41}};

h=(0b-am

boxes = Tableltrapla + k hfunc /. param ->(a + k h),
a + (k+Dh,func /. param ->@ + (k*Dh)}k0n-1)k

curve = Plot[func /. param -> x,{xabl},
PlotStyle->RGBColor{1,0,0], DisplayFunction->Identity];

Show{boxes,curve, DisplayFunction ~> $DisplayFunction,
Axes -> True, AxesOrigin -> {a0}]

emrorfest. ] = est

<3 3.4.3>2 Mathematicag® ©]§3to] 43
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¥ f(x)=0.2+25x+2002%+675 x° — 900 x* + 400 »°
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<18 3.4.4b> rightrectif(x),{x,0,1,16}]

71|

<18 3.4.4c> midrectlf(x),{x,0,1,16}]

il

<318 3.4.4d> trapezoidlf(x),{x,0,1,16}]
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Experimental Approaches to Definite Integration

with Numerical Integration

Joa, Chang-Bo
Nam-nyeong High School, 2288, Yeon-dong, Cheju-si, Cheju-do, Koea.

Kim, Chul-Soo
Dept. of Computer Sci. & Stat., College of Natural Sci., Cheju National Univ.
1 Ara 1-Dong, Cheju, Cheju-Do 690-756, Korea; email: cskim@cheju.cheju.ac.kr

In this thesis, We tried to introduce definite integration to the curriculum of high school
mathematics with numerical integration, which had been introduced with quadrature method. For this

purpose, We used new experimental mathematics approaches, so-called investigation and examination.

In chapter II, We examined how much computers had been used in teaching mathematics. In
chapter I, We presented the theoretical background of approximation integration within numerical
integration. In chapter IV, We studied and compared various methods of numerical integration, and
examined ' the relation between curvature of a curved line and numerical integration. In order to
study more easily, We used some of computer programs.

We hope that this thesis will be a turning point in developing new teaching methods and

improving curriculum of mathematics in high school.



