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ON THE VECTOR-VALUED INDEX
IN-Sook Kim

ABSTRACT. We give a definition of the vector-valued index for Z-
actions extending the numerical index in [9] and prove the extension
theorem for Z-actions for showing basic properties of the vector-
valued index.

1. Introduction

In a dynamical system there can coexist various types of orbits. The
complexity of orbits having some properties is measured by an index.
Index theory for group actions plays an important role in variational
analysis and differential equations, see [1], [2], [3], [7], [10].

The aim of this paper is to extend index theory for compact Lie
groups to Z-actions induced by a homeomorphism of a compact space.
Using the rotation number of circle homeomorphisms and the gener-
alized Borsuk-Ulam theorem, the numerical Z-index was given in [9].
In this paper we extend it to the vector-valued Z-index. It is unusual
form but meaningful for the investigation of the possible behaviour of
orbits.

In Section 2 we observe homeomorphisms of (S!)" with a dense orbit
under assumption of equicontinuity implying existence of rationally
independent numbers as a generalization of the rotation number for
circle homeomorphisms. We introduce the standard axioms for an
index and then define a vector-valued index for Z-actions. We give
a Z-version of the Borsuk-Ulam theorem and prove the extension of
continuous equivariant maps for Z-actions. Therefore, we can show in
Section 3 that the vector-valued index has the desired properties as an
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index. It is noted that there is also an alternative way of introducing
an index theory for Z-actions based on group compactifications, for
example, the Ellis group.

2. Rationally independent numbers
We consider a discrete dynamical system
m: Zx X — X, (m,z) — f™(x)

induced by a homeomorphism f : X — X of a compact space X. This
Z-space will be denoted by (X, f).

Let (X, f) and (Y, g) be discrete dynamical systems. A map & :
X — Y is said to be equivariant, denoted by ® : (X, f) — (Y,9), if
dof =god. Aset Ain X is said to be invariant under f if f(A) = A.

Form € Z and o = (@, ,0) € R?, let ma : S%171 x ... x
§2kn=1 _, §2k1-1 5 ... x §%kn—1 pe defined by
m(z) — ( eZ‘lrimal 21,0, eZ‘n’iman zn)
for every z = (21, ,2n) € SZF171 x ... x §Zn—1,
DEFINITION 1. The n real numbers ag,--- , a,, will be called ratio-
nally independent if any relation of the form ¢y +- - -+ ¢, = 0 with
rational numbers ¢,- - ,c, implies that ¢c; =--- = ¢, = 0.

The following result which is deduced from the well-known Borsuk-
Ulam theorem is fundamental in an index theory for Z-actions. See (8],

Theorem 6.

THEOREM 2. For j = 1,--- ,n, let k;,1; be natural numbers such
that k;, > lj, for some jo € {1,---,n}. If 1,a1,--- ,an are rationally
independent, then there is no continuous map

h - S2k1—1 X eee X SQkﬂ—l S2l1—-1 N San—l

such that h is equivariant with respect to ¢.

The following new result which is a generalization of the rotation
number for circle homeomorphisms is based on group compactifica-
tions.
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THEOREM 3. Forn € N, let g : (S})™ — (S*)™ be a homeomor-
phism with a dense orbit such that {¢g"™ : m € Z} is equicontinu-
ous. Then there are rationally independent numbers 1,01, ,a, €
[0,1] and a homeomorphism ¥ : (S1)™ — (S')" such that ¥(g(z))
= &(¥(z)) for every z € (S*)™.

Proof. Tt follows from the equicontinuity of {g™ : m € Z} that for
every z € (S1)", {g™(z) : m € Z} is dense in (S*)". Hence, (S*)"
has the structure of a compact topological group such that g(z) = a-z
for all z € (S)" and some a € (S*)™ and {a™ : m € Z} is dense in
(SH™ (cf. [12], IV(3.42)). Therefore there exists a homeomorphism
T : (§1)™ — (S)™ that is a morphism of groups because (S*)" is a

connected compact Lie group (cf. [4]). ‘Thus there are ay, -+ ,a, €
[0,1] such that ¥(a) = (€*™1,... *™* ). For every z € (S')", we
have

U(g(z) = ¥(a-z) = Y()¥(z) = G(¥(x)).

Since {a™ : m € Z} is dense in (S*)” and ¥ is a homeomorphism,
1,a1,- -+ ,ay, are rationally independent (cf. [12], III (1.14)). O

REMARK. Note that for the case n = 1 the condition of equiconti-
nuity is unnecessary. See [12], IV(6.6).

We introduce the standard axioms for an index in more general
situation and define the vector-valued index for Z-actions in the next
section.

Given a continuous action 7 : G x X — X of a topological group G
on a topological space X, we denote

2(X,G) :={AC X : Ais G-invariant}.
A G-indez is a mapping
i:3(X,G) — NU{0,00}

which has the following properties
(1) i(A) =0 if and only if A =0.
(2) If A,B € X(X,G) and ® : A — B is a continuous equivariant
map, then ¢(A4) < i(B).
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(3) If A € (X, Q) is a closed set, then there exists an open neigh-
borhood U € (X, G) of A such that i(A) =i(U).
(4) If A, B € £(X, G) are closed sets, then i(AUB) < i(A)+i(B).

For indexes the concept of join of topological spaces plays a vital
role. See Theorem 6 below.

Let A™71:= {(t1,---,tn) € [0,1]" : 3, ¢; = 1} be the standard
(n — 1)-simplex. For any topological spaces Yi,---,Y, we define the
join

n
Yi*---xY, = (A"‘l X HY})/N
i=1
with the following equivalence relation:
(tla' o 1tnay13' o ,yn) ~ (sla" ) 73n’y/1)" ) )y':z)
ift; = s; and (y; = y; whent; #0) fori=1,--- ,n.

In the case of Y1, - - - , Y, compact, the quotient topology on Yy *- - -%
Y., coincides with the initial topology for which the map

q:Y1%- %Y, — An_l) [(tl"" ytn, Y1, ,y‘n)] = (tl,"' )t'n)

and partial functions

piYixo kYo Vi, [(ty e b,y 5 0n)] —

are continuous.

Given Z-spaces Y1,...,Y,, the Z-action on H?=1 Y, carries over in
the canonical wise to Y; *---xY,,. For further informations about joins
we refer to [5].

3. The vector-valued index

We consider in the sequel a homeomorphism f : X — X on a
compact topological space X such that { f™ : m € Z} is equicontinuous.
Let

(X, f):={A C X : Ais invariant and (5(?:5, f) = ((SH",a)
for all z € A}
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where & is given by rationally independent numbers 1,aq, -+ ,a, €

[0,1] as in Section 2 and O(z) denotes the closure of O(z) = {f™(z) :
m € ZL}.

In this framework we define the map g: (X, f) — N*U {0,000} by

g9(A, f) :=min{(k1,--- ,kn) € N*: there exist an m € N and a
continuous map ¢ : (4, f) — (H 5%l ma)).
i=1

for A € (X, f)\ {0}, g(A,f) := oo if such a map ¢ does not exist,
and g(0, f) := 0. Here minimum means componentwise minimum by
projections ;.

Theorem 2 implies the dimension property for the map g that

g(T] §%:~1,a) = (k1,-- , k), where @& is defined as in Section 2 such
7=1

that the numbers 1, a;, - - - , a,, are rationally independent. See [10] for
the relationship between a Borsuk-Ulam theorem and index theories.

We will show that this is an index in the analogous sense of the def-
inition stated in Section 2. The main tool for the proof is the theorem
about existence of a continuous equivariant extension. The extension
theorem for compact Lie groups has been proved by using Bochner
integrals, see [11]. In general this does not hold for Z-actions, but the
almost periodicity allows us to do that.

In the following we always assume that X € 3(X, f) and & is given
by rationally independent numbers 1,1, -+ ,a, € [0, 1].

THEOREM 4. For every invariant closed set A in X and for every
continuous map ¢ : (4, f) — (C*¥* x --. x C¥» &), ¢ has a continuous
extension

®:(X,f) — (C* x ... x CF, 4).

Proof. Let X be a compact space, regarded as a uniform space with
a uniformity & on X. Let A C X be an invariant closed set and let
©=1(p1," ,0n): (4, f) = (C¥ x ... x C*», &) be a continuous map.
Since A is a closed subset of normal space X, there is, by the extension
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theorem of Tietze-Urysohn, a continuous map ¢ = (B, ,¥n) : X —
C¥k1 x --- x Ck such that ¢|4 = ¢. Let us define & = (®y,--- ,®,,) :
X — Ck x...xCk» by

. 1 S~ em
&(z) == klgglo 1 ImXI;k —ma (@(f™(x))) for each z € X.

For j = 1,--- ,n, ®; is well-defined because F; : Z — C*%, m —
e~27ma;i5.(f™(z)) is an almost periodic map implying existence of
the mean value of F; (cf. [6]).

Since ®; is an equivariant map with ®;|4 = ¢;, ® is also an equivariant
extension of .

To show that & is continuous, let € > 0 and V, := {(y,9') € [] C* x
Jj=1

k(3
[T1C* : ly—y'|| <€} As ¢ is uniformly continuous, there exists an
j=1

M € U such that for all z,2’ € X
(z,2') € M implies (@(z), p(z')) € V.

Since { f™ : n € Z} is uniformly equicontinuous on X, thereisan N € U
such that for all z,y € X and for allm € Z

(z,y) € N implies (f™(x), f™(y)) € M,

hence we have

(e @), @) € Vs-

Consequently, we obtain that for all z,y € X with (z,y) € N

l2(z) — 2@
- i s 3 T emn o0
m|<
< imswp ey 3 (607 @) - o)

< €
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that is, (®(x),®(y) ) € V.. This completes the proof. O

From Theorem 4 and the fact that $2%1—1 x ... x §%k»—1 is a neigh-
borhood retract of C*1 x ... x C*», we can easily deduce the following
theorem. See [11] for compact Lie groups.

THEOREM 5. For every invariant closed set A in X and for every
continuous map ¢ : (A, f) — (82171 x ... x §%n~1 ), there are an
invariant open neighborhood U C X of A and a continuous extension

®: (U, f) — (8 1x...x %1 a)

of .

Next, we obtain the following result by using the concept of join and
its initial topology presented in Section 2.

THEOREM 6. Forl = 1,2, let A; be an invariant closed set in X and

L3
let ¢ : (A1, f) — (] S*%~1,&) be a continuous map. Then there
=1
exists a continuous map

n
O: (A UAy, f) — (J] %9t «8%51 a).
=1
Furthermore, there is a continuous map

V:(A1UAy, f) — (Hsz(k1j+k2j)_1; a).

=1

Proof. Let A1, As C X be invariant closed sets, and let 1,2 be
continuous maps. It is sufficient to prove the result for the case

®;: (A1U Ay, f) — (8%l %071 a5 for j=1,---,n.

Let j € {1,--- ,n} be fixed. For [ = 1,2, by Theorem 5, there are an
invariant open neighborhood U;; C X of A; and a continuous extension
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@yt (Uy, f) — (82571 a;) of ¢y;. Since X is normal, there exists
a continuous function 7;; : X — [0,1] such that

, 1 for z € A
(@) = {0 for e X\ U~

Let v, : X —= R, z+ lim ﬁ] Zlikfyl’j(fm(x)). Then ~; is con-

k— o0
tinuous and invariant, that is, v;; o f = ;. It follows that v;;]4, =
1, 7lj[X\Ulj =0 and ’)’lj(X) C [0, 1].
Let 7;: AjUAs — A = {(t1,t2) € [0,1)%: t1+t2 =1},

o (2) = (s (D). Fos(@). A () e YD 1
Fi(x) = (Fr5(x), F25(2)), Fis(2) == o i o forl =1,2.

Then 4; is continuous, invariant and ¥;;{(a,u4,)\v,; = 0

Define &, : A; U Ay — §2%15—1 x §%k25—1 by
®;(z) = [(F15(z), Fos(x), B15(2), D25 (2)) ],

where &;; : X — §?5~1 is an arbitrary extension of ®;;. Then ®;
is well-defined, continuous and equivariant. Recall the initial topology
and the group action on §2F1~1 x §2k2—1,

Moreover, since S2%1=1 % §2k2=1 5 homeomorphic to §2(k1+k2)=1 it ig
clear that there is a continuous map

T;: (A U A, f) — (S2kutka)—1 gy,
This completes the proof. a

REMARK. Theorem 4 - 6 generalizes the results in [9].

Now we prove that the map g has the basic properties for an index,
that is, g is a vector-valued index for Z-actions. Note that (k1,--- ,kn)
<(l,---,l,) means that k; <[ for j=1,--- ,n.
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THEOREM 7. Let f : X — X be a homeomorphism on a compact
topological space X such that {f™ : m € Z} is equicontinuous, and let
X € (X, f). Then the following statements hold:

(1) If A,B C X are invariant and there exists a continuous map
h:(A,f) — (B, 1), then g(A,f) < g(B, f).

(2) If A,B C X are invariant and A C B, then g(A, f) < g(B, f).

(3) If Ay, Ay are invariant closed sets in X, then g(A; U Ag, f) <

9(A1, f) + g(A2, f).
(4) If A is an invariant closed set in X, then there is an invariant

open neighborhood U C X of A such that g(A4, f) = ¢(U, f).

Proof. Let & be a map given by X € Z(X, f).
(1) If g(B,f) = oo, the statement (1) holds. Let now g(B, f) =

(k1,--- ,kn). By definition of g, there are an m € N and a contin-
uous map ¢ : (B,f) — (] S?%~1, ma). Setting ® := p o h, the
i=1

j
g(A’f) < (kla"' 7kn) :g(vi)'

(2) follows from (1), with the inclusion map i : A — B.

(3) If g(A1, f) = oo or g(As, f) = oo, then the conclusion is clear by
(2). Let g(A]_,f) = (ku, tee ,kln) and g(Ag, f) = (kgl, e, kgn). Then
there are m;,my € N and continuous maps

n
map &: (A, f) — (]] S?~!,ma) is continuous. It is obvious that
=1

e1: (A, f) — (J] 8%, mia)

i=1

p2: (A2, f) — (J[ %, ma).

i=1

Hence there are continuous maps

vi: (AL f) — (J] 8™, memia)

=1

n

Ye2: (As,f) — ([ 871, mimsa).

Jj=1
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By Theorem 6, there exists a continuous map

Ui (A1UAg, f) — (J]$*®et)71 mimsa).
=1

Therefore, g(A1 U Ao, f) < (kir + ko1, -+, kin + k2n) = g(A1, f) +
g(A27 f)

(4) Let g(A, f) = o0, and let V C X be an arbitrary invariant open
neighborhood of A. By (2), we have ¢g(A, f) < ¢g(V,f), and hence
g(A, f) = g(V,f). Now let g(A,f) = (k1,--- ,kn). Then there are

n
an m € N and a continuous map ¢ : (4, f) — ( [[ $%%~!, ma). By
j=1

Theorem 5, there are an invariant open neighborhood U C X of A and
a continuous map

5. (U, f) - ([[ %, @),

j=1

Hence we have g(U, f) < (k1,--- ,kn) = g(A, f) < g(U, f), therefore
g(A, f) = g(U, f). This completes the proof. O
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