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ON EXISTENCE OF SOLUTIONS OF
DEGENERATE WAVE EQUATIONS
WITH NONLINEAR DAMPING TERMS

JONG YEOUL PARK AND JEONG JA BAE

ABSTRACT. In this paper, we consider the existence and asymptotic
behavior of solutions of the following problem:

use(t,2) — (IVu(t, 2)[13 + | Vo(t, 2)I13)7 Au(t, ) + Slue(t, 2) [P us(t, 2)
= plut, z)|9 7 u(t,z), z€Q, telo,T),

vee(t, %) — ([ Vu(t, 2)|13 + [ Vo(t, ) 13)7 Av(t, z) + Slve (¢, 2) [P v (2, 2)
= plo(t, 2)|7" 1u(t,2), z€Q, te[0,T],

u(0,z) = uo(z), ue(0,z) =ui(z), z€Q,

v(0,z) = vo(z), v:(0,z) =v1(x), =€,

ulon = vlen =0

where T > 0,¢q>1,p2> 1,8 >0, u € R, v 2> 1and A is the
Laplacian in RV.

1. Introduction

Let Q be a bounded domain in RM with smooth boundary 8.
In this paper, we consider the existence of solutions of the following
problem:
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(1.1)
un(t, z) — (|Vu(t, 2)|5 + [ Vot, 2)13)7 Ault, z) + Slus(t, 2) P us(t, z)

= plu(t,2)|7 u(t,z), z€Q, tel0,T),

va(t ) — (|Vult, 2) |13 + | Vo(t, 2)|13) Av(t, 2) + Slus(t, )P~ ve(t, 7)
= pl(t,z)|" tv(t,z), z€Q, tel0,T],

u(0,z) = up(x), u:(0,z) =wui(x), z€9Q,

v(0,z) = vo(z), v(0,2) =vi(z), =€,

ulan = vl|og =0,

where T >0, ¢ > 1, p>1, 6§ >0, u € R, v > 1 and A is the
Laplacian in RN. Here

N oou Au N 5%
2 _ _ 2 = — = —_—
|Vullz = ;=1/Q|6xi (t,z)|*dz, u: 5t and Au 2 92

Equation (1.1) has its origin in the nonlinear vibrations of an elastic
string (cf. R. Narasimha [6]). Many authors have studied the existence
and uniqueness of solutions of (1.1) by using various methods.

When ¢ > 0 and p = 0, for degenerate case, Nishihara and Yamada
[7] have proved the global existence of a unique solution under the
assumptions that the initial data {ug,u;} are sufficiently small and
ug # 0. For the problem with linear damping du;, there are the works
of Brito [1], Ikehata [2], K. Ono [8] and the references therein. In the
case of vy = 1, M. D. Silva Aleves ([9]) has proved the existence of weak
solutions of the unilateral problem using the Galerkin method. In the
present paper we will study the existence and uniqueness of solutions
of unilateral problem (1.1) with v > 1 by using Galerkin method and
will also investigate its asymptotic behavior.

The contents of this paper are as follows: In section 2, we present
the preliminaries and some lemmas. In section 3, we give the statement
of the main theorem. In section 4, we deal with a priori estimates for
solutions of (1.1) and prove our main Theorem and section 5 deals with
the asymptotic behavior of the solutions obtained in section 4.
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2. Preliminaries
We first prepare the following well known lemmas which will be

needed later.

LEMMA 2.1. (Sobolev-Poincaré [4]) If either 1 < ¢ < 400 (N =
1,2) or1 < ¢ < %ﬁ—g (N > 3), then there is a positive constant
C(2,q+ 1) such that

lullgs1 < C(Q,q+ 1) Vulz for ue Hy(Q).
In other words,
C(Q,q+1)= sup{—”ﬁ”ﬂ'—ﬂ u € H}(Q), u#0}
IVull2
is positive and finite.

LEMMA 2.2. (Gagliardo-Nirenberg [4]) Let 1 < r < ¢ < 400 and
p < q. Then the inequality

|ullwra < Clluf|fympllul;=? for we W™P(Q)NL"(Q)
holds with some C > 0 and

oo (E 1 1) (m 1_1\7
“\N 'r gJ\N 'r p
provided that 0 < 0 <1 (we assume 0 < § < 1 if ¢ = +00).

We conclude this section by stating a lemma concerning a difference
inequality, which will be used later.

LEMMA 2.3. (Nakao [5]) Let ¢(t) be a nonincreasing and nonnega-
tive function on [0, T}, T > 1, such that
B < ko(@(H) ~ 4+ 1) on [0,7)
where kg is a positive constant and r a nonnegative constant. Then we
have
(i) if r > 0, then ¢(t) < ((0)™" + kg Lr[t — 1))+,
where [t —1]T = max{t — 1,0},
(i) if r =0, then ¢(t) < #(0)e~*1=U"  on [0,T),

where ki = log(k—o’E?_—1 .
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3. Statement of the result

We consider the following initial value problem:

uee(t) — (IVu(t)lI3 + Vo) 13) Au(t) + 8ue ()P~ us(?)
= plu(®)|* tu(t), te[0,T],

vie(t) — (Va3 + Vo()[13)7 Av(t) + lvs(2) [P~ v (2)
= plo(®)" (@), te(0,T),

u(0) = up, u(0) =uy,

v(0) =vy, ©v:(0)=v1, where y2>1.

(3.1)

Now we set

1 q+ q+1
Twv) = 303 Sl + elEEa),

I(u,v) = (IVulf + [Vol3)™ — u(lulil + Ivldt

)("Vu”z + Vo3~

and define the potential as
W = {(u,v) € H3(Q) x Hy(Q)|I(u,v) > 0} U {0}.

Next, by setting

1 1
E(u,v) = 5wl + Sllvsll* + J(w,0),

we can state our main Theorem.

THEOREM 3.1. Let N be a positive integer. Suppose that § >
0, u > 0 and 2y < min{g — 1,(4 — N)g+ N — 2}. Assume that p <
min{q, wg—_N_'Z} is such that

(i) 1<p<+oo(N =1,2)
(i) 1<p<3, 1<g<BN=3)
N N+2 N-2

1) 1 <p< < g < mi
(@) 1sp<y—p yopSIsmdg— w_gr

HN > 4).
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If (ug,vo) € W N (H2() x H2(N)),u1,v1 € HF(N) and

WO, g + 1)) (2(" DO gy g

F T
qg—1-—2y )

<1,

then the problem (3.1) has solutions u = u(t,z) and v = v(t, ) satis-
fying

u,v € L=(0,T; Hy () N H?(1)),
w',v’ € L2(0,T; Hy (),
u”,v" € L®(0,T; L3(Q)).

4. Proof of Theorem 3.1

Throughout this section we always assume that (ug,v9) € W N
(H?2(Q)x H%()) and u1,v1 € H(2). We employ the Galerkin method
to construct a solution. Let {};}%2; be a sequence of eigenvalues for
~Aw = \w in Q. Let w; € H}(Q2)NH?() be the corresponding eigen-
function to A; and take {w;}32; as a complete orthonormal system in
L?(£2). We construct approximate solutions u;,,vm (m=1,2,---)in
the form

um(t) = Zgjm(t)wj’ Um(t) = Z hjm(t)w;
j=1 j=1

which are determined by the following ordinary differential equations:

(um(8),w) = (I Vm ()13 + IVom(®)13) Aum(t), w)

1) S (P (8), ) = (B (i (8), ),
wpy A0 = (VU0 + [T0 ) 00,0

+ 8o (P (07 (8), w) = plom (8|77 (vm(2), w)
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('= at and " = gj) with the initial conditions,

um(o) = Uom — Z(Uo,wj)wj — Up in H&(Q) N Hz(ﬂ)a

(4.3) =
Um(0) = vom = Y _(vo,wj)w; —vo  in Hy(Q) N HA(Q),

i=1
ul,(0) = uym = Z u1,wj)w; — uy  strongly in H}(Q),

(4.4) 7=l

10, (0) = vy = Z(vl,wj)wj — v strongly in Hg(Q).
j=1

Therefore we can solve the system (4.1)-(4.4) by Picard’s iteration
method. Hence the system (4.1)-(4.4) have a unique solution on some
interval [0, T;,) with 0 < T}, < T. Note that u,,(t) is in the C?-class.
We shall see that u,, () can be extended to [0,7"]. We can utilize a stan-
dard compactness argument for the limiting procedure and it suffices
to derive some a priori estimates for u,,. But this procedure allows us
to employ the energy method for a smooth solution u(t) to the problem
(4.1)-(4.4) (the results should be in fact applied to the approximated
solutions).

A Priori Estimates I

Multiplying the equation in (4.1) by u/, (t) and multiplying the equa-
tion in (4.2) by v/, (t) yield

( (O - uum(t>||gii) T ol )2

(4.5)
+ (lqum(t)llz + IVom(®)I3)7 ||vum<t)“2 ~0

and

(46) i( e )l - j‘.lllvm@)llzii)+6||v:n(t>||53:%

+ g(lIVum(t)llg + Ilem(t)II%)"’%Hva(t)Ilg =0.
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Adding (4.5) and (4.6) and then integrating from 0 to ¢ yield the energy
identity

(4.7) E(um(t),vm(t))+0 /0 ([ ()[BT + (100 ()1E 1) ds = E(uo, vo)
where

B(um(t),vm(8)) = 5l O3 + 5 (013

" —2_(’71-—1)(”V“m(t)”§ + Vo @®)|2)7H!

u 1 [ 1
- m”um(t)”gL - mllvm(t)IIZL-
In particular, E(un,(t), v, (t)) is nonincreasing on [0, T] and

(4.8) E(um(t), vm(t)) < E(up,vo).

Now, to obtain a priori estimates, we need the following result.

LEMMA 4.1. Assume that either

1<g<+0o(N=12), or 1§q§%t2(N>3).

Let (um(t),vm(t)) be the solution of (4.1) — (4.4) with (ug,v0) € W
and (u1,v1) € HY(Q) x H(Q). If 2y<q—1 and

2(g+1)(v+1)
g—1-2y

E(UQ,’UQ) < 1,

(49)  plC(Q,q+1))1*! ( ) iz

then (um(t),vm(t)) € W on [0,T), that is,

(IVeml3 + IVomll3)* = plllumlif1 + lomlit) >0 on [0,T).
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Proof. Since I(ug,vp) > 0, it follows from the continuity of u,(?)
and v, (t) that

(4.10) I(u(t),v(t)) >0 for some interval near ¢t =0.
Let tpqr be a maximal time (possibly ¢maez = Tm) when (4.10) holds

on [0,tmez). Note that
(4.11)

I (um(t), vm(t)) = 2(_’714-—1)

Y 1 1
~ o+ (lum @131 + lom@®1353),

__9-2y-1
2(y+ (g +
1

+ mf(um(t),vm(t))

g-2y-1

T2y +1)(g+

on [0,tmaz)-

By the energy identity (4.7), (4.8) and (4.11), we have
(4.12)

(I9um (@1 + 19om(@IR) < 2LEECED 0, 0,0t

L Ao+ D(g+D)
- qgq—-2v-1
<2 +1)(g+1)
T og—2v-1
on [0,tmaz)-

(IVem(®)l3 + Vom@®)12)7+

1) (IVm @)]I3 + | Vom (®)]|2) !

1) (IVum@)]2 + | Vom(t)]|2) !

E(um(t), vm(t))

E(up,vo)

It follows from the Sobolev- Poincaré inequality and (4.11) that
(4.13)
ulum@O1IT < #CQ, g+ 1)7[Vun ()17

= uC(Q, g+ 1)7H | Ve (1) |42 | Vam () 3TV
2(y +1)(q + 1) D
g—2y-1
x [Vum @37 on [0, tmas)-

E(“O) UO)

< puC(Q,q+ 1)"“(
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Similarly,
(4.14) L
2(y+1)(g+1 2(+D)
lom@Ig1E < 0@, q-+ 02+ (HLENE D g o))
X [Vom @37 on [0, tmas)-
Thus from (4.9), (4.13) and (4.14), we obtain
plllum®OIE1 + lom®131
< e (20+ D)@+ 1)
<uC(,9+1) ( P o E(up,vo)
(4.15) < (IVum 7+ + [T B
i
< uC(@q+ )7 (BN D piug ) ™

x (| Vam @) + | Vom @)]2)7H?
< (IVum(@®)113 + Vo137 on [0, tmaz)-

Therefore we get I(u(t),v(t)) > 0 on [0,¢mqz). This implies that we
can take t,,4: = Trn. This completes the proof of Lemma 4.1. d

Using Lemma 4.1, we can deduce a priori-bounded on u,, and v,:
(4.16)

Bum(®), vm(®)) = 3Ol + 5 0 (O3 + I (2),ven(8)

= 51U (O + 5B+ = L(m(8), 0 (8)
g—1—2y
2(¢+1)(y + 1)
> 2t (81 + —n (03
—-1-

’ (q + 1)(7 + 7y (IVum(t) 13 + [Vom(®)2)" .

(IVum @)1 + [ Vom(@)[3)+
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Thus from (4.7) and (4.16), we get
(4 17)

—(Il m @13+ o (O13) +

2(4 + 1)( + 1) (IVum(®)13 + [[Vom(®)]|2)7+?

+5/0 (e (S)IPET + lom(s)IIE3T)ds
< E(ug,vo).

In fact, the inequality (4.17) shows that Lemma 4.1 holds on [0, 00),
that is,

(IVml3 + 1Voml12) ™ — p(lumllZ] + lvml|ZE]) >0 on  [0,00).
A Priori Estimates I1

Multiplying the equation (4.1) by —Au/],(t), multiplying the equa-
tion (4.2) by —Awv,,(t) and adding these equations give
(4 18)

2 LIV DI+ IV (BIR)

+ §(llvum(t)||§ + ||va(t)ll%)"’d%(llAum(t)II% +[|Avm(8)(13)
+ PO([up (8) P Vur (8), Vaugs (8)) + p8([0} (8) P~ Vor, (8), Vo, (2))
= WV [lum®)T um(®)], V(1) + #(V [[vm ()7 vm (2)], Vor (2))-
We set
H(t) = H(um(t),vm(t))
_ Ve ()13 + Vo ()13
(IVum(®)13 + IVom(t)|I3)7
From (4.18), we obtain
(4.19)

lH’(t) +

+ | Aun@)F + |Avm ()13

PO (lup (1) [P~ Vg, (8), Vs (8)) + p8(lv3n ()P~ Vg (), Vor, (£))
(IVum ()13 + [ Vem®)3)

_ IV (B3 + 1V @) 13) (Vum(t), Vi (8) + (Vom (1), Vo ()))
(IVum@®lI3 + IVom ($)I3)7+

4 BV llem @~ fum ()], Vur, (1) + p(Vlvm @19~ om (1)], Vo (2))

(IVum I3 + IVem B)I13)7

= I (t) + L2 (t).
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Now, we note that from (4.17) we have

1901 + 19om 1 < (AL D B, ) ™

Thus we get

L(t) <+ (IVur, )13 + Vo ()13

(Ve (®) 3 + [Vorm(2) 372

(IVum@®)ll2[ V(B2 + [Vom @)l Vo, (£)2)
v _IVur®)l3 + IVor )13
2 (IVum®)[13 + Vo (@&)13)7
v _(IVup, @13 + [V @)I3)?
2 (IVum@3 + Vom (&) I13)7+1
_ 7 _Vur, @913 + [IVer(8) 113
2 (IVum @113 + I Vom ($)13)”
7 ( IVup (O3 + 1V @)115 )
T2 ((IIVum(t)II% + IIV'vm(t)IlE)”)
x (IVum @3 + I Vom(®)13)7*

y 2y +1)(g+ 1) e
H(t) + EH(t)2< q= 1 — 27 E(UQ,’UQ)) .

Now we shall compute the second term in the right hand side of (4.19)
In the case {5 < ¢ < min{ 42

IA

+

(4.20)

[u

<7
-2

2, s J(V > 3), we also see that

[(Vum@®)* um(t)], Vi (2))]

< qlfum (8]0 Vum(®) 2| Var, (B) ]2
(4.21)

< qlum @1y N IVum @)l g, 1V, () 12
< qClum (O, 1y | Aum () 2] Ve () l2
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where we have used Hélder’s inequality and Sobolev-Poincaré’s inequal-
ity. We observe from Gagliardo-Nirenberg inequality and Sobolev-
Pointcaré’s inequality that

llum(t)“(q 1)N —C“um(t)“(q D~ O)NAum(t)”g‘I—l)O
(4.22) < CITun IO
N-2 1

with 0-— T‘ - -—_—1(< 1)

Thus, (4.19)-(4.22) imply

|V ([ (8) |9 (8)], Vil (8)))]
< quC|Vum @ISV Aun @5Vl () ]2

4.23 C D1 _
e A 1O
C
+ B2 a3
Similarly
Iu(V[Ivm(t)I"‘lvm(t)] Vo' (1))
(4.24) B P ()B4 A 8) 572

C
q“ Vo, (8) 13-

From (4.17), (4.19), (4.23) and (4.24), we obtain
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(4.25)
Bt < BCIVum@IE 0 | A ()5
=2 (IVea® + [Von®R)
4 9HC [V (1) 300 A (1) 37
2 (IVun®B + [Vom@IB)"

guC || Vur, ()13 + Vol ()13
2 (IVum@®)3 + IVom(®)l13)”

quC S
= T(”v“m(t)||§+||va(t)||§)(q 1)(1-0)—~

x (|Aum@®]2T2I7D 4 | Avn (B39
quC |Vl (D13 + Vol ()13

+

+
2 (IVam@[2 + Vom )2
guC (2(g+ 1)(y +1)
< D) ( q—1—2v E(u07v0)

x ([|Aum()[I5 + [|Avm () [3)*F 4717
guC ||V, (113 + Vol (D13
2 (IVum@®)3 + [Von(®)I12)?

(a=1)(1-8)—y
quC (2(qg+1)(y +1) T 1+(g—1)8
< q
<=5 ( —1_27 E(uo,v0) H(t)

+ g%QH(t).

+

Thus (4.19), (4.20) and (4.25) imply
(4.26)

-

=1

2(y+1)(g+1) E(ug ’Uo)) 7T

q—1—-2v

%H’(t) < TH()+ %H(t)2<

(g-1)(1-6)—v
quC (2(¢ +1)(v +1) v 14(q—1)8
H q-1)
+ 968 (MO D pug, o) ®

2

< Cy(H(t) + H(t)*T e~V 1 H(t)?)
for some constant Cj >0
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where we have used

P (Ju ()P~ Vs, (2), Vi, (2)) + p0(Jv, (8) P~ V0, (2), Vur, (8)) >0
(IVum @13 + [Vem (2)[3)” '

Integrating the inequality (4.26) from 0 to ¢ gives

¢
SH() < ZH(O) + Gy / (H(s) + H(s)"+@D6 4 H(5)2)ds.
0
Here, we set g(s) = s+ s11(3-19 4 52 on s > 0. Then we have
1 1 t
§H(t) < §H(0) +Cy [ g(H(s))ds.
0

Note that g(s) is continuous and nondecreasing on s > 0. By applying
Bihari-Langenhop’s inequality (cf. [2]), we get

H(t) < M; for some constant M; > 0.
Hence we get

(4.27) [|Aun@®)||? + |Avm(t)]|2 < My for some constant M, > 0.

A Priori Estimates I11

Finally, by multiplying the equation (4.1) by u!,(¢), we have

IO < (IVem@IB + [VomIZ) 1 Aum@)l2le@) 2
161 (8) P e (8), 6 ()] + 14t (8) 7 i (8), w2 ()]
Note that
8 ([t ()P~ (), 1)
<s / ful (8) P (8)

<5( / 2 (t)lz”d:z:) ( / I (£) |2da:)

= 8l|ur (DlIp llum (B) 2
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and similarly
plum )7 (wm(1), um () < pllum ()13l () l2.

Now, it follows from (4.17) and the Gagliardo-Nirenberg inequality
that

1 1-6
Il ()18, < Coll Vil (£) B2 s (8) 158

< Col| Vi, ()8, with 6 = P DN

2p
lum(®)1134 < Cl| Vttn () |22 | (£) |2 %2
< Cs||Vum(®)|%?  with 6, = ﬁq__qu_)JX.

Thus, we get

lum@®ll2 < (IVum@)[3 + [Vom@)[13)7 | Aun(8)]l2
(4.28) + Ca| Vi, (8)][5% + Cal| Vuum (£) 172
< M3 for some constant Msz > 0.

By applying a similar method as the one for u,,, we get

(4.29) v ()|l < My for some constant My > 0.
Limiting process

By the above estimates (4.17), (4.27), (4.28) and (4.29), {umm}, {vm}
have subsequences still denoted by {um,}, {vm} such that

4.30) up —u, vy—v in L®(0,T;H(Q)NH?*Q)) weak*,
0

(4.31) ul, o v, v, —v in L®(0,T;H}(Q)) weak*,

(4.32) uy, = u’, v, —v" in L%®(0,T;L*(Q)) weak™,
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(4.33) u -, v, —o in LPYY0,T; LPTY(Q)) weak,

(4.34)
(IVumll3 + IVomll3) Auy — & in L®(0,T;L%(Q)) weak*,

(IVeml3 + Voml|2) Avy, — & in L®(0,T; L%(Q))  weak*,

(4.35)
WPl = ¢y, PN, = ¢ in L% (0,T x Q) weak,
(4.36)

[um|T U = 1,  |Um|?0m — Y2 in Lg%l(O,T x Q) weak.
It follows from a classical compactness argument (cf. Lions [3]) that
P10y — P, Pl — P

in L5 (0,TxQ) weak,
Iumlq_lum - |u|q—1u, |'Um|q_1vm — |’U|q—1’U
in Lg%-—l(O,T x Q)  weak.

We shall show &; = (|| Va2 + || Vv|3)Y Ax, & = (| V|2 + | Vv||2)7Av.
For any w € Cp(0, 00; L2(12)), the mean value theorem imply

T
/0 ((IVeml3 + 1Vomli2)7 = (IVullz + [V2II3)7) (Atim, w)dt

T
< c/ (Ve — Vtllz + [|Vom — Voll2)dt — 0 as m — oo.
0
Thus we have

T
[} 6= val + 190l A wya
T
- /0 (&1 = (Vi + [V |2)7 Dt w)at
T
T /0 (Vb + [ V0 [2))(Atirs — Aas, )l

T
+/0 ((IVuml3 + Vomli3)” = (IVullf + IVI3)7)(Au, w)dt

—0 as m— oo.
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and hence we conclude & = (||Vu||2 + | Vv]|3)” Au.

Similarly, we have & = (||Vu||2 + [|[Vv||2)Y Av.

On the other hand, using Aubin-Lions’s compactness lemma, we can
extract from {unm} and {vn} subsequences still denoted by {um,} and
{vm}, respectively, such that for each ¢ € [0,T]

(4.37) um(t) = u(t), vm(t) — v(t) stronglyin H}(Q).

By letting m — oo in (4.1) and (4.2), we can find that u and v satisfy
the equations: :
(4.38)

(w"(®),w) = ((IVu®)lI3 + | Vo) |3)Au(t), w)

+ 8w’ ()P (' (8), w) = plu(®)|* (u(t),w) for all w € Hg(%),

(4.39)
(" (t),w) — ((IVu@®I3 + [Vot)]]3)T Av(t), w)

+ 5[0 ()P (), w) = plv(@)|TH(v(t),w) for all w e HYRQ).
Now, the above result (4.37) imply
(4.40) U (0) = uom — up strongly in  Hj ().
Thus, from (4.3) and (4.40), u(0) = ug. Also, from (4.31) we obtain
(4.41) (ul,(0) —u'(0),w) -0 as m — oo foreach wec HLD).
Thus, (4.4) and (4.41) imply »'(0) = u;. Similarly, we obtain v(0) = vo
and v’(0) = v;. This completes the proof of Theorem 3.1.

5. Asymptotic behavior of solutions

THEOREM 5.1. Let u(t),v(t) and g be the same as in Theorem 3.1.
Assume that either 1 <p<+oo (N=12)or1<p< 55 (N >
3) holds. If p > 2—,71+—1, then we have the decay estimate

E(u(t),0(t)) < Ci(1+ ) @57 on [0,+00)

where C is a positive constant depending on ||Vug|l2 and ||ui]2-

To prove Theorem 5.1, we need the following Lemma.
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LEMMA 5.2. Let u(t) and q be the same as in Lemma 4.1. Then
there is a certain number g with 0 < 19 < 1 such that

a(l@ITE @ 151) < 1-m0)(IVu@ IZ+IVo@I3) "+ on [0,c0)
where

2(q+1)(v+1)

1 _2’7 E(u(),v())

e
nosl—uC(Q,q+1)q+1( ) B

Proof. It follows from the Sobolev-Poincaré inequality and (4.17)
that

ulu@) |5 < uC(@, g + 1)TH | Vu(®) 1§
= puC(Q, g+ )T Va(t) |72 Vu(t) |30V

2g+1)(y+1) ) RoR

q_1_27 E(UO,UO)

< uC(R,q+ 1)1 (

x [[Vau(t)| 20D

and

2(q+1)(v+1)
—1—-2y

T
E(uo,vo))

ML} < uC(@q+ 1)
x Vo) |3+
Thus we get
pllu(ONZ1 + ple@® 13
2(g+1)(y+1)
g—1-—2y
x (IV@ 37+ + [Vo@137Y)
< uC(Q,q+ 1)t (2((5;11)(_7 ;7 D E(uo, vo)> o
x (| V(@) i3 + [ Vo@)|3) 7
= (1 - no)(IVu@®)[3 + IVo@®)[3)"*" on [0,00).
This completes the proof of Lemma 5.2. 0O

E(“O)”O)

—1-2
< uC(,q+ 1)q+1( ) 5D
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Proof of Theorem 5.1. For simplicity of notation, let us denote
E(u(t),v(t)) by E(t) and E(ug,vp) by E(0). Let u(t) and v(t) be
solutions of the following problems:

W(t) — (IVu)I3 + [ Vo(t) 3)7 Aut) + k' (8) P~ (2

)

gy YO~ (VO TRy a00 + A OP
2D ),

. w(0) = o, (0) = i,

v(0) = vy, v'(0) = 1.

By multiplying the equation (5.1) by «'(t), multiplying the equation
(5.2) by v'(t) and adding these two equations and then integrating over
[t,t+ 1] x Q, we get

t4+1 '
5 / (e (S)ELE + o' (s) BT D) ds = E(t) — B¢+ 1)

= §F(t)Pt1,

(5.4)
where
E@=EM(Mh+II@M (1n

q+10MﬂP1Mﬂ+ﬁﬂﬂP1N0)

It follows from Holder’s inequality and (5.4) that
(5.5)

t+1 t+1
/ I/ (s)2ds = / / () [Pdeds
t
e [HHL Frey
p+1/ (/ |u'(s)|p+1dx) ds

< m(Q)5 / ' (8)|121ds
tl

e [ [ 1 w1 il pFI
<m@)F ( / nu'<s)uzilds) (/ ds)

< m(Q) P F(t)2.

(IVu@)li3 + IVo@)I3) ™

-

k-]
-

=)
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Similarly, we obtain
t+1 p=1
(5.6) [ Weds <m@)FF2
t

Applying the mean value theorem to the left hand sides of (5.5) and
(5.6), there exist two points t; € [t,t + 1] and t; € [t + 2,¢+ 1] such
that

(5.7) e/ (t:)ll2 < 2m(Q)TFFDF() i=1,2
and
(5.8) I (t:)ll2 < 2m(Q)BFOF(t) i=1,2.

Next, multiplying (5.1) by u(t), multiplying (5.2) by v(¢), adding these
two equations and then integrating over [t1, t2] x Q give (cf.(5.7), (5.8))
(5.9)

ta
[ 1), o(e)ds

t)
t2

(Va3 + IVe(s)13)7+ = plluls)IFss — wllv(s)IFii)ds

2

(Ilu @) llzllu(t)llz + [l (&) l2llv(E:)2) +/ (' ()13 + 1" (s )”2)d3
t2

+4] / 6w 6wl + 8 [ W66 o)

< 4m(@ T F(t)( max u(s)lle +, max. [o(s)lz) + 2m(@) T F(1)

/|u'(s)|p|u(s)|dwds+5 /Iv'(s)|p|v(s)|dxds

< 8m(n)fﬁwF(t) max E(s) T + 2m(Q) 70 F(£)?

+5/t:2Alu'(s)[ﬂu(s)ldmds-{-é[jz/lel(s)lplv(s)ldxds.
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Here we note that

to
5 / [ (5)Plu(s)|dds
t1 Q

ta P41 7T
<é ( [u’(s)|”+1dx) (/ |u(s)l”+1d:c) ds
(5.10) @

t2
=5 / ()12 a() I s 2l

< 5C(Qp+ 1) / ()41 IVu(5) s

t1

where we have used Holder’s inequality and Sobolev-Poincaré’s inequal-
ity.

Since I(u(t),v(t)) 2> 0 on [0,00), we see that
(5.11)
E(t) 2 J(U(t),v(t))

I(u(t>,v(t>>+ e g (17wl + VeI
g—1-— N
> sy VUl + Vo (013).

From (5.4), (5.10) and (5.11), we get
(5.12)

[ [ wphuasas
<sompen ([ o)™ (["a)

()

1
sup E(s)ZGFD
t1<s<t2

< 5C(Qp+ 1)(2(‘1“)(7;y ”) F(t)”t up E(s) 7
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Similarly, we have

(613)
5 /t /Q v/ (5)|P[o(s)|dzds

g+ 1)(y + 1))%*3

1
P E(s)Ta¥D,
—1-27 F(t)? sup E(s)

t1<s<t2

<86C(@p+ 1)(

From (5.9), (5.12) and (5.13), we have
(5.14

/t t I(u(s), v(s))ds

< 8m(Q)THIVF(t) max E(s)T + 2m(Q)57 (1)
158512

2(q + 1)(7+1))m‘+—ﬂ

e g F(t)? sup E(s) D

t1<s<ty

+20C(Q,p+ 1)(

On the other hand, from Lemma 5.2 and the definition of I(u(t),v(t)),
we have

(5.15) no(IVu(®)lI3 + [Vu@IZ)"*" < I(u(t), v(2))-

From (5.5), (5.6) and (5.15), we see that

(2]

E(s)ds
=5 [ @I+ e + [ Iute),o(s)ds
1 ta

123 , ) 1
516 "3 [+ e+ g [ ) vt

g—1-2¢
2(g+1)(v+1) t;
< m(Q)FFF(t)?

1 g—1-2y t2
* (‘1+ 17 Zno(g+ D0y + 1)) /t1 I(u(s),v(s))ds.

t2

(IVu()l3 + [Vo(s)13) "+ ds
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From (5.14) and (5.16), we get

(5.17
t2
/ E(s)ds
t)
<G (F(t) sup E(s)™F0 + F(t)2+ F(t)P sup E(s)ﬁi)
t<s<t+1 t<s<t+1

< Co(E(t)To F(8) + F(t)? + E(t) T F(1)?),

where

—1 =1 1 q_1_2,.y
C :maxmﬂ%,smﬂ 55?1‘5( + >’
b= maxtm(@)7F ST T3 Smle T DO+ D
~1 1 g—1-—2y )
2 Q”Tl( + ,
(@) g+1  2mo(g+1)(v+1)

2(g+ 1)(7+1))m

25C(Q, p + 1)( s

1 qg—1-—2 )
X +
(q+1 2no(g + V(v + 1) !
and Cs is a constant.

Again multiplying (5.1) by u/(¢), multiplying (5.2) by v’(¢), adding
these two equations and integrating over [t, 2] x 2 give

(5.18) E(t) = E(t2) +6 ]t Z(IIU'(S)IIZJL} + v (s) I 51)ds.

Since to — t; > %, we get

to 12
E(s)ds > E(ty)ds

t1 t1

= (t2 — t1)E(t2)

1
> -FE(t
=9 (2)’



488 Jong Yeoul Park and Jeong Ja Bae

that is,

(5.19) E(ts) <2 / * B(o)ds.

t1
From (5.4), (5.17), (5.18) and (5.19), we have

E(t) = E(t2) + 6 2(|IU'(3)IIZE + [[v'(s) 5 1)ds

rta
<2 / E(s)ds + 6 / (e ()ZEE + 1o/ ()L D) ds

< 2Co(E(t) ™D F(t) + F(t)? + E(t) 50 F(t)P) + 6F (t)P+!

< C3(E(t) T F(t) + F(t)? + E(t) 70 F() + F()P+)

for some constant C3 > 0.

Hence, we obtain

(520)  E(t) < Co(F(t) T 4 F(t)? + F(t) 55" 4+ F(t)P1)
for some constant C4 > 0.

Note that since E(t) is decreasing and F(t) > 0 on [0, c0),

SF(tyP*' = E(t) - E(t +1)
< E(0).
Thus, we have
(521 F(t) < (%E(O))#
It follows from (5.20) and (5.21) that
E(t) < Ca(l + F(O) B + F(8) 85 1 Py 558 ) F(t) s

< Cs (1 + (SE(O))W%W + (%E(o))%l—ﬁ%iﬁ—lf%
+ (%E(O))Zs‘zﬁ%(p;—i)) x F(t) cecs

= Co(E(0)F@t)FH with  lim Cs(E(0)) = Cr > 0.
E(0)—0
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Thus we get

Bt < Co(B(0) “EAD T P(HP
o) < 2Co(B(0) 5™ (B(t) - Bt +1).
Setting

C(E(0)) = 6C(E(0)) ™" 5D
and applying Nakao’s inequality (cf. Lemma 2.3) to (5.22) yield

2y+1)p—1 — _(%fﬁ%)—_i
E(t) < (E(O)-“—erw n %C(E(O))[t— 1]+) .

This completes the proof of Theorem 5.1. d
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