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ABSTRACT

In many cases where the binomial distribution fails to apply to real world data it is
because of more variability in the data than can be explained by that distribution.
Several authers have proposed models that are useful iIn explaining extra—binomial
variation. In this paper we point out a characterization of sequences of exchangeable
Bernoulli variables which can be used to develop models which show more variability
than the binomial. We give sufficient conditions which will yield such models and show
how existing models can be continued to generate further models. A numerical example
and simulation given.
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A3 8 o] 3 X (modified binomial distribution)glx E2& R EFE A y3Aoh
Paul(1985, 1987) o3& ¥ o] i3 371x B9 AntalE A3} 2 Verducci, Mack, &
De Groot(1988)52 FHEXZUA B E o]&34 Altham® © & ZF7}Hmultiplicative) &
¥& A7 Morton(1991)2 AAHL2 27bA] F71 XobF(Poisson) HFdl 218& #o
gozA Frlolgw ol Ul YL AA AT

g8 AF7ES AP AAoY olFAHA FPE o]&F HAAE T3 EF9 FAH B
a4y EAEL AXsz Ut dE EW  Crowder(1985), Prentice(1986), Pack(1986),
Moore(1987), & Paul, Liang ¢} Self(1989)% o] dct.

B =8 2T dwnsl o|grFe 5L, 3-oAT dutso|FR ¥ BHE 4N
e HEo)FREE MEdHL 5HAAME Rdd € AH/E YE3N.

2. A3} ojFE ¥ EA

E718 4utaldtr] HE X, X, & E87}5(ex- changeable)d #Eo] #TEWSY $d
(sequence)i}ﬂ 33 o3 o] 74A S A}

ta=P(X,=1,X;=1,,X,=1), ;=1 (2.1)

g S0 leko] 88 % (beta-binomial distribution)E AHAE L7} WEIREE B2E oYRE
2 %480 7A5aT 5 o FHE 2-vARA oFjATL A% & £ ok 1-VAE p9
e HEBRIZIA 2251 2-BAE oJFRENN 5 no] UT Y& U 9 Fo] 2&
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£& oB2¥e Ed(mixture)o2 EHo] 5sth LW (mixing) L Xl WY FAEE
$48 t(pIn BEVGY,

X =1.X=1, ~.X3=1, Xo =0, X,=0)
= folp‘(l—p)”“dc(p) (2.2)
(1 : Feller(1966))

CDAA BE n,& AH&8H7] A3 (22)4& o] §8d
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= folp"d: ®» (2.3)
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3 BXE Ve F Ut
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HE {n,19 K9 i}(difference)ql 3 2E A4-E(orders)e] H]-&(non-negative) ¥ The
Z221% BREFopt He AE HoliA ok x.x.-9 HIFFo] §EWSF & A,
Z 1 5L 02 HAE HFEolt. Aty oz HFol YeiudE #AY AAE g AAE
FEZ ALY = Qi
g2 499 nel Wg ZI7}5(exchangeable)3tthd (deFinetti, 1975), 92l2] mol W3l
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WX,0 BERSF FCeo0E X7F BA AEEHE 2 F e=0, T2 1] @4

P(X1=e,Xy=e,,X,=e,)
= P(X,= ¢4, Xp= €0, Xn=¢,)

D, (aaa)E BTFE (L, 2, -, »)9 ojd ¢£d(permutation)]t}. ]RAE oJH HAJAME
W AR o AT d9 HES 2SS gt d4& E9 k.. x.8 AFEEE x,
o g HgezAM x...x.9 AHEXE ARAY ¢+ I
@D A" x,& AHE3IY TH JIE gL
m=P(X;=1)=P(X;=1).
m—nl =PX,=1,X;=1)~x}
=E(X, X)) - E(X)E(X,)
= COVLX;, X) = COV(X;, X)), (i)

gozel =98 JsA de} TL FoE A
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2, a,,= nd BFAF FAAA kA 4T
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obd 4 Ut
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0011
0001
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847} Hpositive)) £5 2 7FA I, 819 (non-zero) 2 A& 71t}
A& 59, u'E AEslY 4,& AU HEAE &

as.0 1-3 3 -13[m
as, 0 1 -2 1]|im
ass B 0 0 1 -1}|m
as3 0 0 D 1im

e G807l W&, ¥l&(non-negative)o| Holof Fth F r=q,200] H THEE TFE&
BASE AE3d.
m=0,,20. a37= M~ M20, 2,,-1=T-1— 1,20
o714  ni  H]ZA(non-increasing), &€, 59 1X4(the first difference)s H &
(non-negative)©] Eojot 3o}

'g"*{?:, as, = m — 27+ 120, ‘QH\}ZLO_E
By = Tz = 2y + 7,20 =(Tpoy = ) = (T — %) 20
ole{gt ZAEL 9 F WA A4(the second di- fference)= Hl-&(non-negative)®] = ojo}
ghoh. deFinettie] Aol 93 H, ¥&S A E {(n) DEL n=13 ZE 4(all orders of
difference) = Bl&of duhe RE W F¥o] EWNF T87H5(exchangable)d o] AFE ¥
sl = Aol 7hE3td,
23) disiA olAF EE2 w.ndAd FYgE FEEE w9 HE(moment)S UEHE F
Atk o2 FE ey TNTH HEFo FEAFEL Yty 9T deFinettis] 3
off 9&f FA3te EFE F(mixing distribution)o]th, (Feller, 1966) ©] Z#E goF3tr] 3}
o, 3§75 § #l 2% o] 3 (exchangeable Bernoulli trials)& EXBERTE .z 7+ehs] wgwsid
g ge Az 1 AHE 8 & ¢ Uk

<AHg 1> HELrn. =015 n=1°2
E 29 aHall orders of difference)7} H]&
(non-negative)o]™ EXBERTEXZ Heigth

<AE 1>o 2% BHRE (x)9 Dol FoIAY, 4.9 o) ARHD, «o BT 29 TE
X0l Og BAW HAL Al WE AEY 5 AT
2, w9 duABL o g3

P(Zu=H)= ( ]'2:( )= 1m,

A7 {7,})8& 7S wj2yo] Mo Uid AYREE AN =W AHEE & At

3. At} olPE X 2 Y
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Yuts} olFE X FL (5)}9 Feol YA o8 AAZ Uerd F Yot o & 59, 1=4
22 P W o L& Al AL VEFIG. AR AFY A= a-»79 FHIL HY,
[0,119] 3t Well A ol thsl ¥]-&(non-negative)o]l €T}

olgl g Z(family)2 olFEX] MIF3L, a.=rU-p"*7t BT

E g 92, s-Lan=xe=nd W, FA F21E UHIY. 2203, JAHe= TS
(dependence)?] 7ol SFEct F o, ,=pa.=U-p. °1ET U= oA APl nH HTE
ggolpoln H AFTEHX £ &Fo)1-p0th

AY1e BFAM dE9 HYZFE A <HY 1>& UFHFE RAEG.

<;§E] 2> {7!‘}9}' {VA}% Z}Z}' ”o=1.V0=1, E’-'E—' i}"?‘
ZHall difference)”t  ¥lS(non-negative)d  ©,
{emi+-2)Wi), 05a<1E A AFY1E WS

<AY 2>& o|#3d ¥ R4 ZF(two parameter families)o)l A EXE JEId F Ut o9
2709l & Ejsle EXBERTEEE Yerd 4 9.
m=1,m=ap+(1— a)p* k21 (3.1)
o] XA F EFE g,z29 WEY, k51 4 W m=eP+r(-o)P=F AYBR  5=px,=1°]
H3, 25 pE FoA HF o] Aol HFe FEE HNY F vt A ao diFd,
% x,9 dFoz AL 4 9o
%, R4S

E(X\Xp) ~ BCXDE(X)

=1—(x)*

=[apt(1—a)p!]—p=ap—ap’=apl—p)

x9 BAL j1-polBE,

__COVX\, Xa) _ apll— =a
R R T T ) I-»

ae WZ%o] WFE Aboly A@AF7 HER

= p P+{1— p)P* k21,
e=0d o, 5YQ BH(EE olFERX)L, ,=1Y o AT FTEA F97F €k o] 2 E
A7 2 8 (Correlation model) 2.2 AFE}.
e F 24 U3 £XE AuEd

=P =e™ 0<a<1,0<p<1,£=1,2,3, [To=1
e=1Y B EY ZL2 oFgRYPL AL F AT =0¥ dE FERYL A& F AP ol B
&5 = 23 (power model) 0.2 AFH}
Madson©o}l A¢rst 23.8(1993) n=8+0-8)c'2. 2 FUAT s=09 W), =»ZF o|FEXI} H
I, «=0°]B FE£TYHE FEF F Ak (22)914 #H Al »H AFEEN HHEtA {5}
o} A3tel s 2dES ARt
olyd #Ee eyt ABEH A E vinA 1dEY, Madson® g 5EE Z $olo

8|
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27N F&HEFol AN  zE& AFY F  AFE  dekd™, AJHE¥FE i
mo= L me= pp+(1— 0)pp, 221 T

(1= + (1~ o X1—9)" fork=0
PZ=B={ (1= p)(})#0-p""  forl<ksn—1 (3.2)

pp+(1— o Xp)" fork=n

MadsonZ BN A, 7=8,+1-8,)ak k20
(-8 )(7) elt-a )" far0sksn—1
Bi+(1—B)ap)" fork=n

nz.==| (33)
olAF AS o=0,5=04 W 4 5dd A5z TEY & Y
HE Yo A

K2,=k)=(:)p(1—p). £=1,2,3,

4. WE}-o|FE X

X, Xo. X, ©] 1. i. d ©]3 Bernoulli(p) A3E 31 z=Zx231 A o qg AkA
HEFHEE Betala,, )2 FTAIUE GE# B2 2XE F:28 + 9. F

Rk, p) =RAD) XA p)

- [(:)p"(l—p)""‘ ][—1—57—”““:’;‘92 -1 (1—p)"—1]

i

_ m\ el kgt T(@atBy)
= (3o a-n T(a)T (5

k=0,1,...n, 0=<px1

AB = [ Ak prdp

_n\ Ty +8) TI'kta)l(n—k+8)
(k) I'(a;)T (8;) T'(n+a,+8)

4.2)

L r(n+a+8,) e N N o I
[fo Fhtadl ik gy 2 =9 """ ap l]

%, 4 (42 vEg-ogE ot

5.294% 2 A7

2BREE2)Y AL o=0¥d o olFEEI} HeAE RIS Bl n@dn E ya
AF7t o=01F 0=07Y8 ALE ZAZ w=16.4=0.12-2 o W3 C-A}9 randO¥+E s}
o 0dA 19 dFE LA 2 ABE 200008 AW 2 AHst (2FD)ol JERA L.
o] 2o A p=0.1°£ BeE w=0.4=16 ¥ A YE7t o|FEXY WEHG Z FEUS Y
Bl QIR 2 w9 AS-e ojF¥EEV 9 ok 2R ABRB/AC ¥Ry L =019
PE o=01 4 BEE FABIAT k=0.k=16 4 ofe] YEJt L FEFE /AT J2 2
"‘4 F4E o]FUEHOE AT ,=01% ¥ o FEIH2E & ES /IRE 4=

+ . Aoz ABBAI EAdH F7PEE o8 (extra-binomial var- iation)¢] A
o] &S A Fu e Aot
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MR IS

«
DA vimomiat sotel [SCarr(s. 1) sotel [ Corv(6.7) motel

(291 olYgEExYa BT vl
(Fig.1) Comparision of binomial and correlated model

239 543 Z 92l Madsono] AAIF 23 (33)3 B4 ALAREE wlg X wEl-

A
AR X(4.2)5 v slnx ok AAREI Madson REL 4G o-058,=0 ¥ W EYE

rJ

o]
27t 4.

p=01Y4 W FBRHI 4=034=07Y9 B$+e Madson 2 YEE dotp iy ¥
n=16, =2, f=19 759 WEl-o|FEE] YEE 1A BT o] A wEel-o|YEEH
7} <EI>eA gFHdn Bluddes (28 204 BoFET o] wlwolM Mad- sonE ¥
=16 WE 71 D=7 33 gAHes AdArgud Yxrk 34 delde 2 £ U
HEl-olFEEE w7F TAMRE 107HAE e /M A YdeEUAT 1 QoE 4HEYol
A ez Utk 7t 130MREH 157 vla 2¥ 5] 9=t A {FAEA vEvdn
VeE B ot ZAH o2 ol Wb 5830 2o ZAH A

ook

"
@ Mdsen model  + Seta-binceinl seml & Correlatien nedel

(29 2) gutst E¥ eyl vl
(Fig. 2) Comparision of Generl Binomial Distribution
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A agelA B F A% FZUZ YrdAE ARE £33 AR FHA @ o|FE X
g 2R geves AME A £ dd. S-A 73 gl Z 84 (exchangeability)& it
g3l &, F5A4 Wi olgABAA ZYHAY AA 2ok & AolE Yl Yt
ARHOE po] A TAZF(4)7F B2 ZW BlERYPo] A FAIG Y=g 7HF
HEeg goze AFE <AHFYL>d T ZIPRY ojyel <HE2>o) AdY EFgYuwrs B
o A7t Aol & Aot

<EI> n=16 a;=2 & =42 H|E}-0|FEEH
<Tablel> Beta-binomial distribution table

k PR) HE<h)
0 0.04762 0.04762
1 0.08020 0.12782
2 0.10025 0.22807
3 0.11008 0.33815
4 0.11180 0.449%
5 0.10733 0.55708
6 0.08084 0.65546
7 0.08649 0.74195
8 0.07298 0.81493
9 0.05897 0.8739%0

10 0.04541 0.91931
11 0.03302 0.95233
12 0.02236 0.97469
13 0.01376 0.98845
14 0.00774 0.99582
15 0.00315 0.99897
16 0.01754 1.00000
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