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Uncertainty and Sensitivity Analysis of Time-Dependent
Deformation in Prestressed Concrete Box Girder Bridges
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1. Introduction

Creep and shrinkage are important factors in
the design of PSC box girder bridge. For
example, they affect the setting of bearings and
the size of sliding plates or laminated bearing
pads. They also affect the size and setting of
expansion joints due to time dependent axial
shortening by prestress force. Therefore, the
creep and shrinkage models which are capable
of predicting long-term structural response are
specified in the design codes such as ACI 209
model”, CEB FIP model” and the model in
Korea Highway Bridge Specificationsm.
However, the application of current code
formulations may result in  considerable
prediction errors stemming from several sources
9 The sources of uncertainty,
both internal and external, in the prediction of
creep and shrinkage effects are listed in Ref. 7.

of uncertainty4'

The aim of the present study is to provide
and discuss results from the analyses of creep
and shrinkage effects in PSC box girder
bridges using the models in the design code.
The study deals with uncertainties in the
long -term prediction of creep and shrinkage
effects, taking into account the statistical
variation of both internal and external factors
as well as the uncertainty of the model itself.
The sensitivity analysis is presented in order to
show the relative importance of individual
random variables employed in the various
models.

2. Model Uncertainties

The wvariation of creep and shrinkage
phenomenon 1s caused by various factors. As
the external factors, the change of
environmental conditions, such as humidity,
may be considered. The internal factors, on the
other hand, are the variation of the quality and
the mix composition of the materials used in
concrete and the variation due to the internal
mechanism of creep and shrinkage.

This study investigate the uncertainty in the
shrinkage and creep functions or the model
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uncertainties related to choosing one specified
set of shrinkage and creep model. The influence
of varying concrete and  environmental
parameters have been taken into account,
Loads, geometrical parameters, and steel
parameters are assumed to be deterministic and
known.

Several material models for shrinkage and
creep of concrete have been proposed both in
national and in international codes. The amount
of information on the input parameters such as
environmental conditions and concrete
composition varies considerably from model to
model. The details of the assumptions and
expression of the recommendations are different

and will not be expressed here in detail.
2.1 ACI Model

Model uncertainties can  be  taken into
account  hy applving a random  model
uncertainty factor to each term : shrinkage and
creep. The formula for shrinkage is then

€ (lL, to) - qfl E; S(t, t()) (1)

where ¥ is the model uncertainty factor. The

model uncertainty for the creep function is
assigned in a similar way and the formula for
the creep strain 1s then

oty = W, ¢,C(t, D 2)

S(t ty) and C(t, 1) are the

hyperbolic functions referred in Ref. 1.

in  which

An indication of model uncertainties can be
obtained from the work of Bazant and Bawejam.
The mean value and coefficients of variation of
a time averaged value of ¥'s are estimated in
which the test data are compared with the
predicted curve at discrete times, usually one or
two time points per decade in the logarithmic
time scale. They found that the coefficient of
variation of the creep and shrinkage properties
were 30.3% for shrinkage and 52.8% for creep,
respectively. The mean values and coefficient of
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variation of the ¥ factors reported are

E[#]=1 ; Vy=0.553

E[¥.]=1 ; Vyu=0.528 (3)

The coefficients ¥, and ¥, are present only
in the probabilistic analysis. They are prediction
error terms that account for uncertainty
inherent in  the theoretical model, the
uncertainty of the micromechanism of creep and
shrinkage that has been neglected, and other
causes of uncertainty. Due to the way in which
the statistics of the ¥-factors are determined,
they reflect three sources of uncertainty and
each ¥ is consequently written as

=07 W, W, (=1,2,3) (4)

where, ¥ = factor due to inadequacy of the
prediction formula
¥ = factor due to internal uncertainty
¥ ;= factor due to measurement errors

and uncertainty in the laboratory

The factors to be used in Eq.(1) and (2) are
W, and the coefficient of variations in Eq.(3)
must therefore be corrected. The factors in
Eq.(4) are assumed independent, and the
relation between the coefficients of variation” is

(1+ Ve H=01+ V,.) 1+ V, ) x

1+ Vy D (=123 O
Scant data are available for the estimation of
Vi . but the results by Reinhardt et al'"
indicate that a value between 0.06 and 0.10 is
reasonable for test specimens. Since the test
results were hand-smoothed and the laboratory
test conditions were well conditioned, the
coefficient of variation Vg, was estimated as
0.05 by Madsen'". In the present study, the
following corrected values are obtained from
the foregoing information and Eq. (6) is
therefore used.

23c|EFS|X] H10A6E 18998.12

Creep E[#]=1; V4 =0.517 6)

2.2 CEB-FIP Model

Detailed formula of creep and shrinkage of
CEB' FIP model is referred in Ref. 2.
Model uncertainty is accounted for by applying
a random model uncertainty factor to each
shrinkage and creep term. The formula for
shrinkage and creep are then

e (1 1)
¢(t, 1)

w‘i € 50 Bs(t— l‘:) (7)
¥, ¢y B(t—1) (8)

I

An indication of model uncertainty can be
obtained also in the work of Bazant and
Buwejam. The coefficient of variation of the ¥
factors they reported were 46.3% for shrinkage
and 35.3% for creep, respectively. The following
corrected  values obtained from the foregoing
information are therefore used.

Shrinkage E[¥1=1; V4 =0.451
Creep El®]=1; V=033 O

2.3 Korea Highway Bridge
Specification Model

The model in Korea Highway Bridge
Specifications  1s based on CEB-FIP model
published in 1978, Model uncertainty 1s
accounted for by applying a random factor to
cach shrinkage and creep term in the same
manner as ACI model and CEB-FIP model.
The formula for shrinkage and creep are then ;

Esh(tv tﬂ) = wlssh(l S(t,t()> (10)
#(t, ) = ¥ Clt, v (11)

where S(t#,#) and C(f 1) are expressed in
detail in Ref. 3. An indication of model
uncertainty can be obtained in the work of
Bazant and Panula™. The coefficient of
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variation of the ¥ factors reported by them
were 28.6% for shrinkage and 24.6% for creep,
respectively.  The following  corrected  values
obtained from the foregoing information are
therefore used.

Shrinkage E[ @ 1=1; V4 =0.269
Creep El@w]=1; Vy=0.226 (12

3. Method of Uncertainty Analysis

The situation addressed by this paper is the
following. There is a variable of interest, Y ,
that is expressed as functions of other variables
X+, Xp. These functions may be quite
complicated and defined by the finite element
analysis program for time -dependent analysis of
PSC box girder bridges.

To determine the stochastic  response
characteristics of complex system with a large
number of random parameters, Latin Hypercube
sampling(LHS) method developed by Iman and
co-workers™"™™ is introduced. By sampling
from the assumed probability density function
of the X's and evaluating Y for each sample,
the distribution of Y, its mean, standard
deviation, percentiles ete., can be estimated.

The general expression of a equation for
analvtical model is as follows.

Y=f7f(X ¢) (13)
where, Y = output variable at time ¢
f ( . ) = deterministic analytical system

X = X, Xy, o, Xil'
the vector of input variables
assumed to be random ones

Every input variable X, 4A=1, 2, -, K is
described by its known cumulative distribution
function(CDF) F x, (X)  with the appropriate
statistical parameters. The sample { X}, of
input variables, #n=1, 2, -+ N(N being the
number of sample equal to the number of
simulations) is selected in the following way.
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The range of the known CDF Fx (X) of
each input variable X, is partitioned into N
disjunct intervals S, Each interval is

characterized by the probability p,, defined as

[)k,,:P(XkESkn) (14)

and

D=1 (k=12 K) (15)

In the case of intervals of equal probability,
it holds that pg,=1/N. Each interval is
represented in the sample by the representative
parameter which is taken at the centroid of the
interval.  The representative  parameter  1$
obtained as

m_f—_Q_5> (b=1,2,.K) (16)

Fy (
X N

where, F '\l ( - ) = the inverse of CDIF
m,, — the rank number of the interval

used in the # th simulation for

input variable X,.

The representative parameter is used just
once during the simulation procedure and so
there arc N ohservations on each of the K
input variables. N observations on each of
input  variable X, are associated with a
sequence of integers (rank number of intervals)
representing a random permutation of integers
1. 2, -, N. They are ordered in the table of
random permutations of rank numbers which
has N rows and K columns. The rank numbers
of intervals used in the »-th simulation arc
represented by the # th row in the table. For
such a sample one can evaluate, using [£q.(13),
the corresponding value y, of the output
variable. From N simulations one can obtain a
set of statistical data (¥} =1[, 32 v,
This set 1s statistically assessed and thus
estimations of some  statistical parameters are
obtained.
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4. Approach to Sensitivity Analysis

Once the input has been  selected  and
computer runs are completed in a  simulation
study, it is necessary to quantify the sensitivity
of the output to cach of the puts. Three
closely related, but different, measures will be
examined o this  study.  These are  rank
coefficient(RCC), partial rank
correlation  coefficient(PRCC)  and  standardized

correlation

rank regression coefficient(SRRC) computed on
the ranks of the observations"

A useful index that measures the importance
of the input variables is the RCC, computed by

i

szlj))l—“ :XU ,2."}1/ n

amn
where 7y, the RCC of the input X, and
model output Y ; x; and y; = the ranks of
input X, and the corresponding model output,
respectively, for the i'th LH sample.

Suppose a computer model has inputs X,
X, and output Y. After making # computer
runs of the model with varving input, a
correlation matrix between the input and output
1s computed for a given step in the output time
historv.  Let  the
represented as follows,

correlation  matrix  be

1 ST S VIR I S
Yool gy
C —
U NI G R N
¥ Fy2 Foe i1
where 7, 1 = 4 7 = k is the sample

correlation  coefficient between inputs X, and
X, computed on their ranks, while 7, is the

rank correlation coefficient.
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Let the symmetric matrix C be partitioned
into  submaltrices as indicated by the dashed
lines within the C matrix as shown in Eq.(18),
where Cyy is  kxk  Cp is  kx1 and
Coy=Cl. since C is symmetric. Both the
SRRCs and the PRCCs can be derived directly
from C ' The %71 vector of SRRCs is found
as B = C|'C, Futhermore, il Y s
regressed on X .. X, the model coefficient
of determination, R% is found as CyCp'Cpo.

-

— . . 1 .
I'his information allows C° to be written as
follows.

o

-

[CH‘CI;'CLH] 1 “'B/(l"Ri’v)

- BT/ (1~ R) 1/ (1-R) | (19

The diagonal elements of
[C,, — CpCy] ! contain the coefficients of
determination, RB)L', corresponding 1o regressing
X, on Y and the remaining X's. Specifically,

1 /(1 - RJ\ )

. . 1 . . .
I'heretore, C ° can he written in expanded form

the diagonal elements  are

as follows,

C i

. =B
t (1—R)

. o . -B
- (I=Ry) (1-R)

- Bl _ lgk l 0
(1 - R (1-R) Q=R

(20)

where B; is the SRRC for X And PRCC for

. . . ol
X, and Y is expressed directly from C 7 as
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5. Application to Prestressed
Concrete Box Girder Bridges

5.1 Description of Structure

The long term deformation of a PSC hox
girder bridge under construction in Korea is
studied as a practical application of the
variability of the response of the brdge. The
S0m  interior span of the 7 -continuous  span
bridge system is analyzed(Fig. 1). It is &
segmentally  constructed  precast PSC o hox
girder. The interior span of the box girder has
9 segments per cantilever(ie., per half span).
The segments are placed symmetrically on hoth
sides of the span. The cantilevers are joined at
midspan.  The  cantilever  tendons(top  slab
tendons) anchored in each scgment are stressed
at the time of erection of that segment, while
the continuity tendons(hottom  slab  tendons)are
stressed after nmudspan joining.

The analytical model for structural analysis
consists of 20 nodes, 19 frame elements and 22
prestressing  tendons. The  cross  section 18
subdivided into 10 lavers. The time steps for
numerical integration are increased in log scale.
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(all nodes are located on the centroidal axis)

() Identification of clement and node numbers

Fig. 1 Analytical model

5.2 Statistical Properties of Input
Parameters

Each input parameter is represented by its
mean value and the coefficient of
variationlCOV).,  The  numerical  values  for
relative humidity and compressive strength  of
concrete were  determined using  the  available
data. Model uncertainty factors for prediction
models of creep and shrinkage were examined
previously.  The numerical  values  for  the
coefficient ol variation of input variables are
listed in Table 1 for ACI model and in Table 2
for KIHBS model and then in Table 3 for
CEB FIP model.

Table 1 Statistical properties of basic variables (ACI model)

. Y\lczmi .
Variables COV
value

¥ uncertainty factor for shrinkage 1.0 0.042
¥ uncertainty factor for creep 1.0 0517
1 relative humidity (%) 616 | 0.209
0o 28 dav concrete strength(kg em ! 499 0.066
s/a sand aggregate ratio ! 0.1 (.10
S slump (e FIn 0.10
¢ cement contents (ton/m’) ¢ 051 0.10
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Table 2 Statistical proFemes of basic variables

(KHBS model

L Mean s

Variables COV
vajue
¥y uncertainty factor for shrinkage 1.0
¥, uncertainty factor for creep 1.0
A relative humidity (Y4) 1.6
o 28 day concrete Sll’(’l'lg[hikg"(_‘[n:) 499

Tatle 3 Statistical properties of basic varables
(CEB~FIP model)

L NMean o
Variables COV

value
¥ uncertainty factor for shrinkage 1.0 0.151
¥ uncertainty factor for creep 1.0 (1.339
h relative humidity (V) 6he | 0269
g 28 day concrete strengthtkgsem™ i 199 0.066

To investigate the distribution of relative
humidity(R), the records from the Meterological
Observatory  of  Seoul{about  3km  north  of
present bridge) were analyzed statistically and
probability distribution function was ascertained.
Also, to investigate  the  distribution  of
compressive strength of concrete m 28 davs
( 0.4), the results from strength test of concrete
cvlinders: which had been used in construction
were analyzed statistically  and  probability
distribution function was ascertained.

The K-S goodness-of fit test” was applied
function.  The

to fit each  distnbution

best fitting distribution function for o, and h
were analvzed under the assumption of normal
distribut'on. In this studv, a two sided tolerance
limit factor is used to give a 99 probabihty
value. Experimental CDEF vs. theoretical CDE
for concrete strength and relative humidity is
shown in Fig. 2 and in Iig. 3, respectively.
The maximum  difference  between  the
experimental CDF and theoretical CDF  for
conerete strength is 0178, which 13 less than
the critical difference value D, of 0.187. The
maximum difference between the  experimental
CDF and theorctical CDE for relative humidity
is 0071, which is less than the critical
difference value 0. of 0.073. Thus. the test is

B3| EESEX M 1036% 1998.12

satisfied at 5% significance level and the plots
show a good agreement between two CDFs,
respectively.  Subsequently,  the  theoretical
analvsis  models  for  concrete  strength  and
relative  humidity  were set up and applied to
the present problem.

ER

3

2o

5 b

R A

2 B
o Observed C.D B, = 0,178
= Y

f;_’ 3

3

ro

Vheorene CLL )

Cur

0
420 $4 460 A%0 S0y 20 S0 S6U S8(

Compressive Strength of Conerete (kgiem?2)

Fig. 2 K-S test for compressive strength of

concrete

|
= 4
£ ¥
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= 7 D - 0071
S e
3
ER
]
7
A A Observed €.
" .
i, * Theoretic C.1LE.
R
J% !

i w20 Wy A 600 70 80 WD Tt

Relative  [umidity (%)

Fig. 3 K-S test for relative humidity

5.3 Statistical Analysis of
Deformation

If the values of input variables X, -, Xy
are specified, the creep and shrinkage effect or
response Y(X;, ) at time ¢ such as the
axial shortening, can be calculated by running a
computer program for the deterministic analysis
of  structure through finite  element  method.
Finite ¢lement analysis method for PSC box
girder  structural  system  is referred Inoour

1R

study The statistical predictions have been

caleulated  for 20 samples of  parameter X,
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which represents the number of computer runs.
The normal probability plots of the responses
obtained in the individual runs of the creep and
shrinkage analysis program for the structures
showed that the probability  distribution of the
response s approximately normal. In this case,
therefore the distribution of structural response
is considered to be normal. The predictions of
axial  shortening  versus  time  obtained  for
present numerical example are plotted in g, L

The lines in these  figures  represent
V() 2s(H, in which  Y(H -  mean

response  at age £ oand  s(4) standard
deviation of the response at age £ These
values represent the 95% conlidence hmits for
the results, ie, the limits that are exceeded

with 2.0% probability on the plus side and 2.5%
on the minus side. As might be expected, the
probability  band  width of  structural  response
widens  with time. indicating  an  increase  of
prediction  uncertainty  with  ume. To  assure
good  long term  serviceability i seems
reasonable 1o require that the design of hox

girder bridges should be based on these limits,
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Fig. 4 Predictions of the axial shortening

5.4 Sensitivity Analysis Results

The results of LI simulations are used with
RCC and SRRC, and PRCC to determine which
of the model parameters are most significant in
atfecting the uncertaimty of the design.

The sensitivity  analvsis results obtained  for
ACH model are shown in g, O, For present
problem, the most highly correlated parameters
measured by the RCC. SRRC and PRCC is the
creep model uncertainty factor. The two most
important variables are creep model uncertanty
factor  and  relative  humidity, Creep model
uncertainty factor has positive RCCs, SRRCs
and PRCCs, which indicates that increasing of
this  variable tends  to  increase  the  axial
shortening.  Relative  humidity has negative
RCCs, SRRCs and PRCCs, which indicates that
nereasing of this variable tends to decrease the
axial shortening. The variables of creep model
uncertamty  factor  and  relaive  humdity
consistently appear to he important variables in
the analyses presented mo these  figares. The
variable with the next largest RCCs, SRRCs
and  PRCCs 1s shrinkage  model  uncertainty
[actor.

The sensitivity  analysis results obtained  for
CEB FIP> model are shown in Ihg. 6. The
most important variable ar carly ages 1s creep
model  uncertainty  factor. The  values ot the
SRRCs  of  creep model  uncertainty - factor
decrease gradually with ume. Relative humidity
and shrinkage model uncertainty factor are two
most important variables at 10,000 davs. Creep
nodel uncertainty factor and  shrinkage  model

Z3e|EsHE|X| H10#6E 1998.12



uncertainty  {actor have  positive  SRRCs  for
axial  shortening, while relative  humidity  and
compressive strength of conerete have negative
SRRCs for axial shortening.

The sensituvity  analysis results obtained  tor
KEHBS model are shown in FFig. 7. For present
problem, the most highly corrclated  parameters
meastred by the SRRC is relative  huwmidity.
The two most important variables are relative
humidity  and  creep model  uncertainty - factor.
The variable with the next largest SRRCs s

shrinkage model uncertainty factor.
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6. Conclusions

The purpose ol the present paper b= o
propose a method of unecertany and =oensiyig
analvsis to assess  the ereep sud shinkege
cffects of PSC boxo girder Inmidees, To acthiese
the goal, Latin Thpoercube simulator technioue
was esed 1o study the dncertaminy of moddd
parameters. The samples are obtained according,
o underbving  probabifiste  disteibutions,  anc
then output from the numerical siulations e
translated  into probabilistic distnbutions, To

he realizations

conduct  sensuvity analysis on
of mput  vectors, o rask trmsesfonvation was
appbed to the mput and oatpot vaables. Rank
translormation s a procedure thal replaces mam
data with their correspondmg tanks for o
roblsl  regression anaiysiee Maltede Binea

regression on the ranks s then pesformed 1o

o
~3



obtain relationships between input and output
variables.  Coefficient  of  the
equations, or the response surface equation, are
related to the coefficient of determination and

regression

can be used o screen influential  model
parameters. The following conclusions have
been drawn from this study.

(1) The uncertainty in the prediction of creep
and shrinkage effects was analyzed using
sampling method. The sampling approach
reduces the probabilistic problem to a series of
deterministic  structural creep analysis problem
for various samples of random parameters.

(2) The curves of time-dependent effects
versus time obtained for the numerical example
represent a significant statistical scatter in the
predicted long-term deformation. The
probability band widens with time, which
indicates an increase of prediction uncertainty
with time. To achieve a reliable design from
the viewpoint of long-time serviceability, the
statistical scatter must be taken into account in
design.

(3) A statistical method developed in this
study predicts the variability of the long term
response of a structure. It provides measures of
the expected uncertainty and the distribution of
time-dependent effects.

(4) The proposed method can be efficiently
used to perform a sensitivity analysis of
time dependent  effects.  The present  study
indicates that the creep modeling  uncertainty
factor and the variability of relative humidity
are  two  most
time dependent effects.

significant factors  on
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ABSTRACT

Thea reasonable prediction of time-dependent deformation of prestressed concrete(PSC)
box girder bridges is wvery important for accurate construction as well as good
serviceability. The long-term behavior is mostly ~influenced by the probabilistic
characteristics of creep and shrinkage. This paper presents a method of statistical
analysis and sensitivity analysis of creep and shrinkage effects in PSC box girder
bridges. Three possible sources of the uncertainties of structural response have been
taken into account - model uncertainty. parameter variation and environmental
condition. The statistical and sensitivity analyses are performed by using the numerical
simulation of Latin Hypercube sampling. For each sample. the time~dependent structural
analysis is performed to produce response data, which are then statistically analyzed.
The probabilistic prediction of the confidence limits on long-term effects of creep and
shrinkage is then expressed. Three measures are examined to quantify the sensitivity of
the outputs of each of the input variables. These are rank corvelation coefficient:!RCC),
partial rank correlation coefficient(PRCC) and standardized rank regression
coefficient (SRRC) computed on the ranks of the observations. Three creep and shrinkage
models - i. e.., ACI model. CEB-FIP model and the model in Korea Highway Bridge
Specification - are studied. The creep model uncertainty factor and the relative humidity
appear to be the most dominant factors with regard to the model output uncertainty.
Keywords © uncertainty, sensitivity. prestressed concrete(PSC) box girder bridge. creep,

shrinkage, deformation, axial shortening
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