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Abstract

Transient acoustic and elastic wave propagation in inhomogeneous media are studied by using the Fourier method. It is 

known that the Fourier method has advantages in memory requirements and computing speed over conventional methods 
such as FDM and FEM, because the Fourier method needs less grid points for achieving the same accuracy. To verify 

the proposed numerical scheme, several examples having analytic solutions are considered, where two different semi-infinite 

media are in contact along a plane boundary. The comparisons of numerical results by the Fourier method and analytic 
solutions show good agreements. In addition, the Fourier method is applied to a layered half-plane, in which an elastic 
semi-infinite medium is covered by an elastic layer of finite thickness. It is showed how to derive the analytic solutions 

by using the Cagniard-de Hoop method. The numerical solutions are in excellent agreements with analytic results.

I. Introduction

Wave propagation in inhomogeneous media has been of 
great importance in various fields such as seismology, <x^an 
acoustics, geophysical problems and electromagnetics. Since 
analytic solutions are available only on the exceptionally 
simple problems, most realistic problems of complicated 
configurations have been studied by using the numerical 
methods such as the FEM, FDM, and ray tracing technique. 
The FDM is frequently used to simulate the three-dimen
sional seismic wave propagation [1], because the algorithm 
of the FDM is straightforward and suitable for numerical 
implementations. However, the numerical simulation of 
earthquakes in real structures by FDM requires a large 

amount of memories, in which the degrees of freedom 
often exceeds tens of millions. Recently, the Fourier 
method (or pseudospectral method) [2,3,4] has gained at

tentions because it needs relatively small number of grid 
points for achieving the same accuracy compared to the 
FDM or FEM. The basic idea of the Fourier method is 

that the spatial derivatives are computed by the Fourier 
transform (in practice by the FFT), of which concept has 
also been used in several applications including vibnition 
[5] and other areas [6]. In FDM, the spatial derivatives 
are expanded in terms of the finite difference schemes. 
Fomberg [3] showed that the Fourier method is the limit 
of the FDM as the order of expansion is increased.

In this paper, we study transient acoustic and elastic 

wave propagation in inhomogeneous media by using the 
Fourier method. The material properties such as density 
and sound speed are dependent on the position. To ver
ify the numerical schemes, we compare the solution by 

the Fourier method to the available analytic res비ts. The 
configuration that two different semi-infinite media are in 
contact along the plane boundary is the simplest form of 
the inhomogeneous media, for which analytic solutions 
are known. As numerical examples, we consider the fluid/ 
fluid, fluid/solid, and solid/solid configurations, where a 
point force is applied as a source function. In addition, 
we consider a layered half-plane in which an elastic semi
infinite medium is covered by an elastic layer of uniform 
thickness, which is one of the fundamental models in 

seismology. The layered elastic half-plane has served as 
an important bench mark problem in developing numerical 
techniques, since it includes free surface and inner re

flecting plane. However, no analytic solution was available. 
In the present study, we show how to derive the an시ytic 

solutions of the layer problem and use them as a guide 
to check the numerical results.

II. Formulations for the Fourier Method

We consider a two-dimensional wave equation in an 
inhomogeneous media. When density and sound speed of 
the fluid are functions of the position*  the governing 
equation for acoustic wave is given by

으(挡?) +泛仔衆)+ s("l右部 ⑴ 
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where p(x, z) and c(x, z) are density and sound speed, 

and S(%, 2, /) is the source function.
The basic idea of the Fourier method is to use Fourier 

transform and its properties for computing spatial deriv
atives. To this end, we define the Fourier transform

F(Q =「° eFf(x)dx.
J 一 8

We recall that the Fourier transform of the derivatives are 

readily given as

(恣)"尊)=匚淫5辭衣

Since the inhomogeneous medium of interest is infinite (or 

semi-infinite), we must choose the numerical mod이 to be 

large enough to contain all the interesting area with suffic

ient margins. If we consider the derivative, d{(l/p)dp/dx] 

Idx^ in Eq. (1), the procedures are as f이lows:

(i ) First, take the Fourier transform of p(x, z, to 

obtain

(ii) Multiply 芷 to P and apply the inverse Fourier 

transform to compute dp/dx-

(iii) Multiply 1/p to dp/dx and repeat the step (i) 

and (ii) to get d{(\/p)dpldx}ldx.

The derivative term over z may be treated in a similar 

way. In practice, we use the Fast Fourier Transform (FFT) 

to compute the Fourier and inverse Fourier transform. 

Also, we select the dimension of the model to be 2n to 

maximize the efficiency of the FFT program.

We expand the time derivative into the second order 
finite difference approximation

-都=(为2 (久+ 1 — 2儿 + 力1), (2)

where dt is the time increment and pn is the pressure 
i

at t = w After rearranging Eqs. (1) and (2), we have

M = + 쎠브佔夸) ⑶

+ 으 (主 令)+ 加씨.

As initial conditions, we assume that there is no move

ment when £V0 (or />(0) = 0 and 3/K0)/3£=0), from 

which we have Do = 0 and px~ p-X- When 戎=0, the 

spatial derivative terms in Eq. (3) are zero, since FFT 

computation of />0 is zero. Then, Eq. (3) becomes

力 1 =项货”) S(尤，N,o), M = 0.

The stability condition [4] requires

씠〈孚 (4)

where Ad is the grid size.

Next, we consider the elastic wave propagation in an 
inhomogeneous medium. The governing equations are 

given by

。祭=普+饗" ⑸

见=条十饗M ㈤

where u, w are displacements in x and z directions, 
and fx,九 are body forces. The stresses are related to 

the displacements as

=(人 + 2“) 쓺 + a • dz ' (7)

Ozz = (人 + 2“) ■씌■ + 4 dx ' (8)

~ / a” 丄 W
。宀成+ 一彼 ), (9)

where A(x, z) and z) are Lame coefficients. Eqs.

(5)-(9) can be formulated for Fourier method in the same 
manner as in the acoustic wave equation.

When we mod이 。이y finite area from an infinite 

medium for numerical simulation of wave propagation, we 

always have a problem of artificial reflections at the 
boundary. The reflected waves re-enter the modeled area 

and wo니d contaminate the true solution as time incre

ases, which occurs also in FDM and FEM. Several 
methods have been proposed to eliminate the artificial re
flections, among which we employ the method in Ref. [7], 

because it is simple and suitable for the numerical sch
emes using regular grids. The basic idea of the method 

is to introduce the damping zone (or absorbing area) along 
the boundary of the model, where in the damping zone 
the amplitude of the wave decreases exponentially.

III. Examples and Comparisons with Analytic 
Solutions

We apply the Fourier method to the several examples, 
in which two different semi-infinite media are in contact 
along a plane boundaries and point source is applied to 
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the point (羽)，布).In Fig. 1, a typical model for two 

semi-infinite media in contact is shown, where shaded 

area represents the damping zone. The analytic solutions 

for those problems are usually obtained by using the 

Cagniard-de Hoop method [8].

Figure 1. Typical model for two semi-infinite media in contact.

Example 1 : Fluid/Fluid

As the first example, we consider the fluid/fluid con

figuration, in which a point source is applied in the upper 

medium

Eqs. (10) and (11) may be found in the book by Aki 
and Richards [8].

In numerical examples, we use the nondimensionalized 

parameters defined as

= 시L” z =z!Lz, c = c/co，t' = t[(gLx), p =p/pG,

where Lx and Lz are the size of the model, and 

c(), po are reference sound speed and density. We use 

q)= 1 m/s and p0~ 1 kg/m3. From now on, we drop 

the prime notation and all parameters are to be understood 
as nondimensionalized quantities unless units are expressed.

We applied the Fourier method to the area —0.5 <x, 

2 < 0.5, and introduced the damping zone along the 

boundary to absorb the waves. The sound speed and den

sity of the upper and lower fluid are: 1.0, —

1.0; p2 — L5, cr= 12 The grids are 128 x 128 and 

the time increment is 0.001. In numerical simulation of 
seismogram, the Ricker wavelet is frequently used as a 
standard source. For a point source, the commonly used 
source is of the shifted zero phase type given by

f(t) = C0SKf„(t - Zo) e「爵&一" (12) 

where is the cut-off frequency and Zo is time delay. 

In this study, we set = 50 Hz and Zo = 0.06 s.

In Fig. 2, we plot the pressure as a function of time 

at a fixed point at * = 0,125, z = 0.25, while the source 

position is x0 — 0, z0 — 0.125. The comparison of num

erical and analytic response in Fig. 2 shows excellent 

2>0*祭+弔+旳*-" ）=吉普（10）

泌+ (11)

where and are sound speeds of the upper and 

lower fluid. The boundary conditions at the surface 

z— 0 are continu社y of pressure and normal component 

of the velocity

Pl = Z>2 .

丄如=丄业 
Pi dz p2 dz r

where and p2 are density of the upper and lower

fluid. The detailed procedures of obtaining solutions of

O Num-----Analytic
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Figure 2. Pressure vs. time at the point x = 0.125, 2= 0.25.
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agreement. In Fig. 3, we plot the snapshot of the pres

sure at t— 0.3. In the upper fluid ( n〉0 ), there are two 

ripples (see Fig. 2 for the cross-section of ripple). The 

outer ripple corresponds to the direct wave from the 

source, while inner ripple of r이atively smaller amplitude 

is the reflected wave at the interface 0. In the lower 

fluid, there shows one ripple representin응 transmitted wave. 

Note that the direct wave looks like a circular arc, 
whereas reflected wave does not, since the reflection co

efficients depends on the incident angle.

Example 2 : Fluid/Solid

The second example is the fluid/solid configuration, of 

which analytic solution has been obtained by de Hoop 

and van der Hijden [9,10]. In numerical simulation, we 

may lake the fluid as the special case of the elastic 

medium. When we set “ = 0 in Eqs. (7)-(9), the stresses 

(丁心 and c become negative pressure, whereas shear 

stress vanishes

=屮쓰 + 霓 )=3

Eqs. (5) and (6) may be represented as

忠=F

where v is the velocity vector.

We apply the source in the elastic medium at %。= 0 

and z0 = — 0.125. In Fig. 4, we plot the pressure for a

Fig니「e 4. Pressure when £=0,4 and source function is /(i) —

fixed time t=0.4 along the line 0 < 2< 0.3 at x~ 

0.125. The density and sound speed of the fluid are 

Px — 1.0, c = °，7, while the density and sound speed 

of the P and S wave of the elastic solid are p2 — 1.5, 

02=1.5,月2=0.8. The grids are 256x256 and the time 

increment is 0.0005. The source function is /(f) = H(f), 

where //(f) denotes the Heaviside step function. The 

comparison in Fig. 4 shows good agreement except the 

singular points corresponding to the arrival of P and S 

waves.

Exam미e 3 : Solid/Solid

For the next example, we consider the case of two 

different elastic media in contact. Although Ben-Menahem 
and Vered [11] investigated the response of a solid/solid 

configuration, their concerns were mainly shear dislocat
ions for noiisymmetric sources, and didn't give the solution 
in a clear and explicit way. Therefore, in the present paper 
we derive the analytic solutions by using the Cagniard-de 

Hoop method in the same manner as in the previous ex
amples.

We assume that the point source is applied to the 

upper medium. After combining Eqs. (5)-(9), the horizontal 

and vertical displacements ux and of the upper 

medium are governed by

+ S(先)<S(2~2o)/x(0,

(13)
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+ $（2— 2（））九。）,

where ax and & are sound speeds of P and S waves 

in the upper medium defined as

a? =(1 + 2 以 i)/°i, % =

and fx, fz are time dependent source functions (z( > 0)- 

In the lower medium, the displacements are govern飼 by 

the same equations except that there are no source terms 

and <?], 81 are replaced by 82 defined as

= (/〔2 + 2#2)/Q2' %= 卩시 92,

After applying the Laplace transform to the time and 

Fourier transform to x coordinate in Eqs. (13) and (14), 

we find that the transformed displacements and 

of the upper medium satisfy

成 毛=

dz 阪 (i5)

-S(z~Zq)Fx(s),

沽£爭一(^成+豹形・+厅怎"虑)峪 =

血 血 (16)
-5(z-z0)Fz(5),

where & s are the Fourier and Laplace transform vari

ables and 玲,Fz are the Laplace transforms of fx (t) 

and Now we change the Fourier transform para

meter as $=sq, which is necessary for applying the 

Cagniard-de Hoop method in inverting Laplace transform.
The solutions of Eqs. (15) and (16) consi아 of the part

icular and complementary solutions. We can obtain the 

particular solutions after applying the Fourier transform 

to z coordinate in Eqs. (15) and (16) as if the upper 

medium were extended infinitely as 

心’偌） = （%）偿F心+ （华）以5宀

(17)

where

G尸去（一 F、W： + E）, G广去（旦-十啧）,

矶 =疽 + 1/冰 , s = \l니依 .

When z〉2(), similar forms are obtained.

The complementary solutions consist of two terms re

presenting upgoing P and S waves, e $財 and e 

Hence, the to【시 solutions of the upper medium are

低)=(釦+(幻*" +(沪""㈣

The transformed displacements 或 and of the lower 

medium have only downgoing waves

(斜=(""广+ (19)

where fa and 为 are defined as

7a = V財宥7打!'， 70 = V成+1/盛.

The four unknowns A2i and B2 can be 

determined from the boundary conditions. At the interface 

(z = 0), we need continuity of the displacements and 

normal and shear stresses

Ui — U2, Ml =刃2， (20)

战=此, 战=(21)

From the boundary conditions, the unknowns are deter

mined as

爲 Q2)

，％ =G* e “財"+ & (話 e fW", (23)

昌=t°PP Ga e「'財。+ & (24)

+ (25)

where 為 means reflection coefficient for P to P wave, 

and t%p denotes transmission coefficient for S to P wave 

occurring at n = 0 (similar meanings hold for other not

ations). The detailed expressions for reflection and trans

mission coefficients for two semi-infinite elastic planes in 
contact may be found in the book by Brekhovskikh and 

Godin [12]. We may now invert Eqs. (22)-(25) by using 
the Cagniard-de Hoop techniques (see Ref. [8] for details).

In addition, we consider a layered half-plane where an 

elastic semi-infinite medium is covered by an elastic 
layer of uniform thickness and a point source acts in the 

layer as shown in Fig. 5. The earlier works [13] have 

been concentrated on the dispersion curves. The procedures 
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of deriving the analytic solutions are basically the same 
as in the case of two semi-infinite elastic media in 
contact. However, two additional terms arise in Eq. (18) 

in the finite layer, since upper bound at z = H causes 

reflections. As waves are confined in the layer of finite 

thickness, there are numerous reflections and transmis

sions so that the final forms consist of the infinite series. 
We are preparing the analytic solutions in a separate 

paper [14].

Figure 5. Layered elastic half-plane.

vacuum

z=H

k Z

^2.^2.P2

For numerical examples, we consider the following 

material properties:

Upper medium : a\ — 1.0, &= 1.0, px = 1.0

Lower medium : a2 ~ 技，&z = 0.8, p2 = 1.5

The height of the layer is H=02 and source and re

ceiver positions are 知=0, 甫= 0.125, x~ z = 0.0938. 

We assume that time dependence of the source is given 

by

fx = fz = H(t).

In numerical modelin응 for the case of the layer, the 

region (z〉H) over the layer has zero Lame constants to 

simulate the stress-free conditions. The grids are 128 x 
128 and the time increment is 0.001.

In Fig. 6, we compared the numerical results (sym
bols) with an기ytic ones (solid and dotted lines) for two 

cases (H=0.2 and H=o。)，which show good agree

ments. We find that two results for 77=0.2 and H~ co 
are in perfect agreements until the first reflection of the 

P wave at z = H when £ = 0.204.

As the last example, we study a more complicated 
model as shown in Fig. 7. The materi이 properties are:

0 8 - num(H=0 2m) 
analytic(H=0.2m) 
num(H = infinite) 
analytic(Hsinfinite)

0 6-

0 0 0.1 0.2 0.3 0 4 0.5

time

Figure 6. Comparisons of 
thickness of the

horizontal displacements when the 
layer is finite and infinite.

Figure 7. Model for continuously varying surface. The source 
and receiver positions are; xo = 0.5km, zn —0.7km, 

and x — 1.5km, z= 1.45km.

Upper medium : = 2700 m/s, = 1600 m/s,

px — 2200 kg/m，

Lower medium : a-> = 4500 m/s,炀—2500 m/s, 

p2 = 2100 kg/m3

The size of the area is 2.5 km x 1.5 km, and we added 

zero paddings over the region 1.5 km<^<2.5 km for 
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simulating vacuum area over the surface. In this model, 

the length, sound speed and density are nondimension- 

alized with respect to Lx(= 2.5 km), and p2- We 

used 128 x 128 grids so that the grid size is 23.4m. The 

source and receiver positions are; x = 0.5 km, z —0.7 

km for source, and x= 1.5 km, z~ 1.45 km for receiver 
(the receiver position is below the hypothetical building). 

We also used the source function defined in Eq. (12). In 
Fig. 8, we plot the stresses at the receiving point as a 

function of the time, which may be used as input fun
ctions for another applications such as seismic analysis 
of the building. In Fig. 8, the stresses and time are non- 

dimensionalized with respect to p2 and Lx/a2-

---- s s s

Figure 8. Stresses vs. time at the receiver position.

IV. Conclusions

In this paper, we have studied transient acoustic and 
elastic wave propagation in inhomogeneous media by 

using the Fourier method. The Fourier method has advan
tages in memory requirements and computing speed over 
conventional methods such as FDM and FEM, because 

the Fourier method needs less grid points for achieving 

the same accuracy. As numerical examples, we considered 
the fluid/fluid, fluid/solid, and solid/solid configurations, 
where two different semi-infinite media are in contact 

along a plane boundary and analytic solutions are avail

able. In numerical model, we introduced the damping zone 
along the boundary to eliminate the artificially reflecting 
waves at the boundary. In addition, we studied a layered 

half-plane, in which an elastic semi-infinite medium is 
covered by an elastic layer of uniform thickness. The 

layered elastic h이f・plane is one of the basic models in 

seismology, but no exact solution is known. We showed 

how to derive the analytic solutions by using the Cagn- 
iard method. The comparisons of numerical and analytic 
solutions all showed good agreements. Although only 

two-dimensional problems are treated in the present study, 
the Fourier method can readily be applied to the three- 
dimensional wave problems.
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