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A STRUCTURE THEOREM FOR
p-HYPONORMAL CONTRACTIONS

M1 YOUNG LEE AND SANG HUN LEE

ABSTRACT. In this paper we prove a structure theorem for p-hyponor-
mal contractions and also give an example of a p-hyponormal operator
which is not *-paranormal.

1. Introduction

Let 3 be a complex separable Hilbert space and let L(H) denote
the algebra of all bounded linear operators on H. For an operator T,
let o(T),0,(T) and 04,(T) denote the spectrum, the point spectrum
and the approximate point spectrum of T, respectively. An operator
T € L(H) is said to be p-hyponormal if (T*T)? > (TT*)? for 0 < p. If
p =1, then T is hyponormal and if p = %, then 7" is semi-hyponormal. It
is well known that a p-hyponormal operator is a g-hyponormal operator
for ¢ < p by Léwner’s Theorem(see [10]). But the converse is not true in
general. Hyponormal operators have been studied by many authors(see
[4], [10] and [12]). D. Xia [13] studied the basic properties of semi-
hyponormal operators, and he also gave an example of semi-hyponormal
but not hyponormal. The p-hyponormal operator was introduced by
A. Aluthge(see [1]). A. Aluthge, M. Cho, H. Huruya, H. Jin, M. Fujii,
C. Himeji, A. Matsumoto, R. Nakamote and H. Watanabe studied some
properties of p-hyponormal operators([1], [5], [6], [8] and [9]). This paper
18 a continuation of these papers. In section 2, we give a structure
theorem for p-hyponormal contractions for § < p <. 1. In section 3, we
give an example of a p-hyponormal operator which is not *-paranormal.
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2. Results

Throughout this paper, 0 < p < 1. The following theorem due to
McCarthy [11] is an operator variant of the Holder Inequality.

HOLDER-MCCARTHY THEOREM. Let A be a positive operator on H.
Then the following inequalities hold:

(1) (ATz,z) < ||z]|>)A~")(Az,z)" forz € H if0 <r < 1.
(2) (A"z,2) > ||z]|*P")(Az,z)" forz € H ifr > 1.

In this section we will discuss some properties of p-hyponormal oper-

ators. For this, we need the following lemma.

LEMMA 1. Let T be a p—hyponormal contraction on H and let

Np ={z € H|(TT*)Pz = z}.
Then

(1) the vectors in N, are fixed under (T*T)P, and
(2) Np is an invariant subspace for T.

PROOF. (1) Note that ||(T*T)%|| < ||T*T||¥ by Holder-McCarthy
Theorem. Let € N,. Then, since T is a p-hyponormal contraction, we
have

(T T)Pe - Iz|?

(T TPz|? — 2(T*T)Pe,z) + (z, )

(T T)P||? — 2(T*T) 22l + (TT*)z, 2)

(T D EPITT)E 2| - 2[(T*T) 3 al|? + [(T*T) 3 ]2

Thus, (T*T)?Pz = z for all z € N,

(2) First, since NV, is the null space of the operator (TT*)? — I, A, is
a subspace of H.

Secondly, we will prove that ||Tz||* = ||(TT*)% Tz||? for all z € N,
using the well known identity on the polar decomposition:

UITrUT =TT
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where T' = U|T| is a polar decomposition of T and r > 0. Indeed

b

(T, Tz) = (T(T*T)Pz, Tx)
= (T*(TT*)’Tz,x)
= ((TT")PTz,Tz),

for all z € Nj,.
Finally, for all x € A, we have

(TT*)’Tz — Tz||* = ||(TT*)Tz|* — 2(TT*)" T, Tx) + || Tz||?
< @THEPINTT™)ET| 2 — ||(TT*) T2
< 0.

Hence, (TT*)?Tz = Tz and Tz € N,. a

We now have a structure theorem for p-hyponormal contractions:
THEOREM 2. If T is a p—hyponormal contraction on H, there exists
a subspace M, of H such that

(1) the vectors in M,, are fixed under TT* and T*T, and
(2) M, is an invariant subspace for T'.

In particular, if My, is nonzero, the restriction T|M,, is unitary.

PROOF. It is sufficient to prove that p = zik for some k € N. Suppose

that p = 3 for some k € N. Put M, := N, in Lemma 1. Then, for
every € My, we have

TT*z = (TT*)P(TT*)? - (TT*)Pz =z

-~

2k times

and
T*Tz = (T"T)P(T*T)P-- - (T*T) z = z.

W
2k times

Furthermore, for every z € M,,, we have

IT2|]* = (T"Tz,2) = (z,2) = |||,
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and

[ Tz|| = ||z]| = [|Tz||.
Hence the restriction of T' to M, is unitary. O
COROLLARY 3. Every p—hyponormal operator T has an approximate
proper value u such that ||T|| = |u|.

PROOF. Without loss of generality, we may assume that ||T]| = 1.
Since (TT*)P is positive and |[(T'T*)?|| = 1, 1 is an approximate proper
value for (T7™)P(see [4]). Since the property of p-hyponormal is pre-
served under *-isomorphism, we may assume, after Berberian-Quigley
extension, that 1 € o,((T7™)")(see (3]). Let M, be as in Theorem 2.
Then M, is a nontrivial invariant subspace, and

T T\M, = _
0 *
Since T'|M,, is unitary, 7| M, has an approximate proper value y such
that |u| = 1. Let {z,} be a sequence of unit vectors in M, such that

(TIMp — pl)zyn|| — 0. Then p € 0,,(T) and ||T|| = 1 = |y since
(T[Mp — pDan|| = (T — pl)zal]- O

COROLLARY 4. The only quasinilpotent p-hyponormal operator is
zero.

PROOF. Since T is p-hyponormal, there exists 4 € o(T) such that
|| = ||T||. For every n € N,

[T = {ul™ = ™) < T < [T

Since T is generalized nilpotent, we have T = 0. O
COROLLARY 5. IfT is p-hyponormal, then

Tl = Wwb{|(Tz, 2)] : ||z|| = 1}.
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3. Example

An operator T' € L(#H) is said to be *-paranormal if || T*z||? < ||T?z||
for every unit vector x in H. An operator T' & L(H) is said to be
paranormal if ||Tz||? < ||T?z|| for every unit vector z in H. It is well
known that every p-hyponormal is paranormal(see [2] and [9]). But the
inclusive relation of the p-hyponormality and the *-paranormality is not
known. In this section, we give an example which is not true for the
relation (*) as follow:

hyponormal — p—hyponormal -— paranormal

N [
* — paranormal

The idea of below example comes from M. Ché and H. Jin(see [6]).
Let ‘H be a 2-dimensional Hilbert space and let K be the direct sum of
countably many copies of H. i. e., z € K means

z=(,z1,[T0]z1, )

with 3" ||z;]|* < oo and z; € H. Let {Pn|n = 0,£1,42,---} be a
sequence of positive operators on H such that the sequence {||P,||} of
norms is bounded. Then the equations

(Px)y := Pz,

define an operator P on K. If U is the shift defined by (Uz),, := z,_1,
then U is an operator on K. Let T' = UP. Then

(I'*Tz), = Pz, (TT'z),=P>_|z,.
EXAMPLE. Let C' and D be 2 x 2 matrices defined by

4 2 5 4
C‘(z 1)’ D‘<4 5/

Then C, D and D — C are positive. Let {P,} be a sequence of positive
2 x 2-matrices defind by
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Then ((T*T)2x), = Pox, and ((TT*):z), = P._1z,. Since D > C,
we have T is semi-hyponormal. Let & = (-- - ,0,@],x1,0, -~-)and z; =
(%1%) Then “5:” = Hxlll =1,

-1 —1
szzszlz(ﬂ 40) vz 2 )
40 41 7 7
and
=1 =2
V2 V2

Thus we have T is not *-paranormal.

References

[1] A. Aluthge, On p-hyponormal operators for 0 < p < 1, Integral Equations
Operator Theory 13 (1990), 307-315.

[2] T. Ando, Operators with a norm condition, Acta Sci. Math(Szeged) 33 (1972),
169-178.

[3] S. K. Berberian, Approzimate proper vectors, Proc. Amer. Math. Soc. 13 (1962),
111-114.

» Introduction to Hilbert spaces, Oxford University Press, 1961.

[5] M. Ché and H. Huruya, p-Hyponormal operators for 0 < p < %, Comm. Math.
33 (1993), 23-29.

[6] M. Cho and H. Jin, On p-hyponormal operators, Nihonkai Math. J. 6 (1995),
201-206.

[7] J. B. Conway, A Course of Functional Analysis, Springer-Verlag, 1985.

[8] M. Fujii, C. Himeji and A. Matsumoto, Theorems of Ando and Saito for p-
hyponormal operators, Math. Japonica 39 (1994), 595-598.

[9] M. Fujii, R. Nakamote and H. Watanabe, The Heinz-Kato-Furuta inequality and
hyponormal operators, Math. Japonica 40 (1994), 469-472.

(10] K. Lowner, Uber monotone matriz functione, Math. 7. 38 (1934), 177-216.

[11] C. A. McCarty, c,, Israel J. Math. 5 (1967), 249-271.

[12] J. G. Stampli, Hyponormal operators, Pacific Math. J. 12 (1962), 1453-1458.




A structure theorem for p-hyponormal contractions 27

(13] D. Xia, On the nonnormal operators-semihyponormal operators, Sci. Sinica 23
(1980), 700-713.

Department of Mathematics
College of Natural Science
Kyungpook National University
Taegu 702-701, Korea



