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WEIGHTED BLOCH SPACES IN C»
KyonG Taik Hann anp K1 SEong CHOI

ABSTRACT. In this paper, weighted Bloch spaces By (g > 0) are
considered on the open unit ball in C". These spaces extend the
notion of Bloch spaces to wider classes of holomorphic funcitons. It
is proved that the functions in a weighted Bloch space admit certain
integral representation. This representation formula is then used to
determine the degree of growth of the functions in the space Bg. It
is also proved that weighted Bloch space is a Banach space for each
weight ¢ > 0, and the little Bloch space Bg,0 associated with By is
a separable subspace of By which is the closure of the polynomials
for each ¢ > 1.

1. Introduction

Let D be the open unit disk in the complex plane C. The Bloch
space of D consists of analytic functions f on D such that

sup{(1 — |2[*)|f"12)|| z € D} < +-c0.

The functions in the Bloch space on the unit disk in the complex plane
are well known and have been studied by many authors [1, 2 ].

In this paper, we will consider Bloch type functions on the open
unit ball B in the complex n-space C". The Bergman metric (on B )
bg: B xC" — R is given by

2=t g
() =

&
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Let f € CY(B) and ¢ € C*. The maximal derivative of f with
respect to the Bergman metric bp is defined by

- B |df(2) - €
Qf(z) B EFB bB(Z,é) » 7€

where

(2), | 9f2)g
)= Z oz &+ oz, &l

The quantity Qf is invariant under the group Aut(B) of holomorphic
automorphisms of B. Namely, Q( fop)= (Q oy for all ¢ € Aut(B).
If f € H(B) where H(B) is the set of holomorphic functions on B,
then the quantity Qf is reduced to

Vf(z) €l

Qf(z)—zlg)l bi(z,€)

ze B, teC”

where V f(z) = (-gzil, , 5)2]; ) is the holomorphic gradient of f.
A holomorphic function f : B — C is called a Bloch function if

sup Qf(z) < oo

z& B
Bloch functions on bounded homogeneous domains were first studied

by K. T. Hahn[5]. In [8], Timoney showed that the linear space of all
holomorphic functions f : B — C which satisfy

sup(l AR RZIONE

is equivalent to the space B of Bloch functions on B.
The little Bloch space By is the subspace of B consisting of those
functions f: B — C which satisfy:

dm (1 Iz ) 1 V(=) =0

}2"4

In this paper, we introduce the Weighted Bloch Space B,(¢ > 0) on
the open unit ball B in C™ which extend the notion of Bloch space B
to larger classes of holomorphic functions on B.
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For each ¢ > 0, let B, denote the space of holomorphic functions
f: B — C which satisfy:

sup(1= || 2 |2 7 || v£(2) || < oo
zEB

The corresponding little Bloch space B, o is defined by the functions f
in B, such that

m (1] 2 1971 9 £(2) [|= .

Clearly, both B, and B, are increasing function spaces of ¢ > 0. In
particular, By = B and B; g = By.

In §2, we prove certain integral representation sheorems (See Theo-
rem 2 and Theorem 3) for the functions in B, for ¢ > 0. The space B,
is a Banach space with respect to the norm, as defined in §3, for each
g > 0 (See Theorem 4}, and for ¢ > 1, B, can be identified with the
space of holomorphic functions f with the conditions:

sup{(1— || 2 |7 f(2)|| z€ B} < oo

These results are given in §3. In §4, it is shown that the weighted little
Bloch space B, is the closure of the set of polynomials in the norm
topology of B, for each ¢ > 1.

2. Integral representations on the space 3,

Let a € B and let P, be the orthogonal projection of C* onto the
subspace generated by a, which is given by Py = (), and

< z,a > .
Poz=—"""a, if a#0
<a,a>

Let ), = I — P,. Define ¢, on B by

a— P,z — /1~ 1a]*Q,>

Pal2) = 1- <z,a>
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It is easily shown that the mapping ¢, belongs to Aut(B) where

Aut(B) is the group of all biholomorphic mappings of B onto itself,
and satisfies,

(pa(O) = a,apa(a) =0 and (pa(‘Pa(z,)) = z.
Furthermore, for all z,w € B, we have

(1—la])- < zw>)
1-<z,a>)(1- <a,w>)

1-< SOa(Z)’SOa(w) >= (

In particular, for a € B,z € B,

(L-fJal®@ -] =1

- <za>|

1 -l wal2) II* =

[See (7] Theorem 2.2.2].

THEOREM 1. Let yp be a biholomorphic mapping of B onto itself
and a = ¢~ 1(0). The determinant Jry of the real Jacobian matrix of
1 satisfies the following identity:

2 n+l g\ "+l
JW(z)zuzﬁ(z)F:(-—lM'_Q) :<3~M) |

1— < z,a > | 1—|z?

Proof. See [7] Theorem 2.2.6. O

Let v be the Lebesgue measure in C™ normalized by v(B) = 1. Let o
be the rotation invariant surface measure on S normalized by o(S) = 1.
The measure pq is the weighted Lebesgue measure:

dpg = cg(1 -1 2 Hz)qd’/(z)

where ¢ > —1 is fixed, and ¢; is a normalization constant such that
pq(B) = 1.
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THEOREM 2. If f € L, (B) H(B), g¢>0, then

_ (1wl
f@)=e [ Gz o Hwdvtu).
Proof. Since f € H(B), by the mean value theorem,

(1) ﬂmz/jvmw@,0<r<L

By integrating both side of (1) with respect to the measure 2n(1 —
72)3r2"~1dr over [0, 1], we have

2n l/ol /S F(rO)(1 — r2)«1,r2n—1dg(g)dr = f(O)c;}‘l.

Namely,
mz%éﬂwu—mwwwmy

Replace f by f o, and apply Theorem 1, then

flz

‘”,/f 1 ) i (02 N
! : |1—<w,k>2

) 1_”2“2)(1 — ”w@ q (1_xz||2) 41 »
/fu ( [1~—<w,z>|2 ) (\1—<w,z>’2> dv(w)

2\n+g+1 (1 - “ w “2)(1
= CQ(l - ” z “ ) f(w) - < w.z> |2(q+q+1)d7/(w)

ca(l Il = )"+t x

274
) (v ) )
B (1- < w,z >)ntatl(1-- < 2w >)ntatl

dv(w).
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Replace f(w) again by f(w)(1- < w,z >)"*tatt

Fl2)(1 ~ | 2 |yntatt
2\q
= (1 — || = Py /B Fw)y—A el .

(1— < zyw >)ntatl

2\q
flz) = cq/ ( (1= fwl) flw)dv(w).

g(l—<zw >)n+q+1

THEOREM 3. Suppose ¢ >0,z € B, and f € B,. Then

%)a w) -z
f(z) = 1(0) + -2 /13 Sl L WAFIC) dv(w).

n+gq <z.w>(1- < z,u >)nta

Proof. Taking the line integral from 0 to z, we get

1
f(z)*f(O)zfo Vf(tz) - zdt.

Applying Theorem 2 to a holomorphic function v f(w) - z,z € B, and
integrating V f(¢) - z,{ = tz, in t over [0, 1], we get

1
INZGET
0
(1—fw[?Ivf(w)- 2
/ / (1- < ¢, w >)ntet] dv(w)dt,
12y ! 1
:cq/B(l—H w [|) Vf(’w)-z[/D (1~t<z,w>)"+q“dt] dv(w)
= [ (1=l Pros) o
B

1 1 dv(w)
— v(w
(n+q) < zy,w>(1- < zy,w >)"t1  (n+gq) < z,w >

T /B“"’“’” 97 () - - !

< zyw > (1— 2 z,w >)nte
o 1
2
- —— [ (1= Y cz———dv(w).
ntq B( [ [7)*V f(w) z<z,w>u()

dv(w)-
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It can be seen that the second integral vanishes. Indeed, let w = rn(0 <
r < 1,n € S) be the polar form of w € B. Then

/ (1_ ” w Hﬁ)qvf(w) i de(w)
B

<z,w >

(1 —r)9v .
/ / T f 7'77) 2 r)n—ld,r,d,r/
r<zIn>

:2n/0 (1 — r2)2r2r 24, /SM'—zda(n).

<z,n>

By the homogeneous polynomial expansion of a holomorphic func-
tion,

Vf(rn)-z =Y Pu(rn) -z
By (7, proposition 1.4.7 (1) |,
Vf(rn) -z B . T Vf(re) -z
/5 < z,m> do(n)—/do(c)Qﬂ/w < z,0e > df

- [ [ B e,
S )7T - Q,.«, .

k=0

But the inner integrals vanish for all ( € S and all k = 0,1,2,--- by
the periodicity of exponential function. Namely,

S [ P ) s dvtw) = 0

n+gq <z,w >

and, we have

f(z) - f(0) =

2Y4y f(w) - =
C_q/ (A= fw )9 f(w) du(w).

n+q /g <zy,w>(l-<z,w>)"te ]
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3. Some properties of weighted Bloch spaces

Let us define norm on B, as follows;

1 £1l, = 1£(0)] + sup{(1 — | w [|>)7 || vf(w) || | w € B}.

LEmMmA 1. If f € B;,, q>0, then
£ < 1FO+ 1 Fllg Q=11 2 15179
Proof.
1
f(z) = £(0) = / V(L) - 2dt.
JO
1
lﬂﬂ—f@ﬂé/|ﬁdu@munm
0
I vfez) || (1= | ¢ H2)"d
< /0 '

(1= 2z )9
1 1
< f llg 4 A=z
1
U e = .

THEOREM 4. For each q > 0, B, is a Banach space with norm |||

Proof. Let (f,) be a Cauchy sequence in B,. By Lemma 1,

|(fo = Fr)(2) = (F = Fa)(O)] < M| fo = fm (1= ]| 2 |*)7°

It follows that the sequence (f,,) is a Cauchy sequence in the topology
of uniform convergence on compact sets. Thus thers exists holomorphic
function f : B — C such that f,, — f uniformly on compact subsets
of B asn— .

Since f,, — f uniformly on compact subsets of B as n — oo, it
follows that Vf,(z) — Vf(z) uniformly on compact subsets of B as
n — 00.
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Thus, for each n, as m — oo

=12 15 9 = Fd(2) = A= 12 157 ] 9~ (=) ]

for each z € B . Therefore, for all n > N

(L[ 215 9(fu = F)(2) e

Namelyﬁ ” f’n - f Hq —\S €

THEOREM 5. For z € B, c is real, t > —1, define

" 1—| w|?)t
](',t(z) - /H |1_ ( ’ ”'rH)»1+c+tdl/( v), z€B

< zyuw > |

we have
(1) I.+(z) is bounded in B if ¢ < 0;
(i) Jo.(2) ~ —log(1 = || = |*) as || = | — 1"
(i) Lep(z) ~ (1= z |y “as|z]][— 1" if ¢ > 0.

Proof. See [7 Proposition 1.4.10]. (]

THEOREM 6. Suppose q > 1. Then f is in B, if and only if
(1= 2z |*) "1 f(2)} is bounded on B.
Proof. First assume that f is m B,. By Theo-em 3,

(1= w )79 f w) - 2
Sw > (1= < z,w >)nta

7(2) = F(0) + / .

d .
m_—_ps v(w)

It follows that

f@ - s < Sy, [ - = | —dv(w).

< zyw > {|1- - zyw >

The factor | < z,w > | in the denominator does not change the growth
rate of the integral for z near the boundary. Thus Theorem 5 implies
that there is a constant ' > 0 such that

S = FOI<Cfa—f=")" " zeB
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This shows that (1 — || z [|*)9~1f() is bounded on B.

Conversely, if (1 — || z ||*)9~|f(z)| < M for some constant M > 0,
then

_,w2—1
r@ = [ I swan)

1— < z,w >)mHe

by Theorem 2.
Differentiating under the integral sign, we obtain

vi(z)
— ntq-1(_my(1 — 2yq-1
e, [ rdlosnu oy | w ),
B (1— < z,w >)2(n+q)
1
Vi) 1€ cn+qg M dv(w).
197 IS eqlnt M [ o dvw)
By Theorem 5 , there exists a constant C > 0 such that
2y
| vf(2) [ CMQ— || 2[]")77
for all z € B. This clearly shows that f is in B,. O

4. Little Bloch space

LEMMA 2. f, € Byo,f € By and || fn — f ||q— 0 if and only if
(1) fu(z) — f(z) as n — oo, locally uniformly in B.
(2) (1= 2 |29 || Vfn(2) |— 0 as |z| — 1, uniforraly in n.

Proof. Applying Lemma 1 to f, — f, we get

(o= DN S 1= DO I =1 o =50

Since || fn — f llg= 0,8up), <, | fu(2) — f(2)| < e

Thus, fn(2) — f(2) as n — o0, locally uniformly in B which proves
(1).

Since || fr. — f |lq— 0, there exists n,(€) such that f m,n > n,(€), then

“ fn_fm Hqg €. Since (1_ H z ||2)q H v(fn “fnu)(z) ” S H fn‘fno ||Qa
A=z 1DV a2 1< A= 12 1 1 Vn (20 |+ | fro = fa,

lz| <.

q
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S A= 2 1®)71| V o (2) || —€.

Since f,, € By, we deduce that, for some p < {,
A= 2IP) Vfal(2) [ < 2¢ (n>mng o< 2] < 1),

Thus
(A=l z 1) Vfal2) |- 0

as |z| — 1, uniformly in n.
Conversely, by (2), fn € Bgo. Furthermore, vj,(z) — vf(z) (n —
oo) for each z € B by (1). Together with (2), this shows that

A=z 1H0 v I=0 (2] = 1),

Therefore, f € B, .
By (2), we can choose ¢ < 1 shch that

A= 217  Vfulz) = Vf(2) | < € (n=1,2,,0< |z <1).

We use (1) to estimate this difference for |2| < ¢ end large n and deduce
that

[ fn=Flq—0 (n— o0) 0

LEMMA 3. f € By if and only if || f(z) — f(2¢) ||;— 0
as ¢ — 1,|¢| < 1.

Proof. 'We have already proved that f,, € By, || fn— f lg— 0(n —
o) implies f € Byo. Thus B, g is closed. If f € B,, then f(z() € B,
for every ¢ € B. Since By is closed and || f(z)— f(2¢) |[q— 0, f € B, 0.
Conversely, let f € B, and (, -+ 1 (n — o0), |G, < 1. It is clear that
the functions f((nz) = fn(2) in B, satisfy
(1) fa(z) — f(z) as n — o0, locally uniformly ir: B.

(2) A~ || 2 |1®)? | Vfu(z) ||— 0 as |z| — 1, uniformly in n.
By Lemma 2, | f(2) — f(2¢) |~ 0 as ¢ — 1,[¢| < 1. 0

THEOREM 7. Forq > 1, B, is the closure of the set of polynomials
in the norm topology of B, o. In particular, B, o is a separable Banach
space by itself.
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Proof. Since every polynomial belongs to By o and By is closed, it
follows that the closure of the polynomials is contained in By g.
If we choose {, =1 — 1, then f,(z) = f((n2) is analytic in || z || < 1.
Hence we can find a polynomial P, (z) such that

76n) =~ Pale)l < - for [[zll< 1.

Since || f ||q< 2sup,cp|f(2)| for ¢ > 1 by the Schwarz-Pick lemma,
P < 2 0 .
I f- an_”f““fn“q*’;—’ (r. — o0). 0

COROLLARY 8. Suppose ¢ > 1. fis in B, g if ard if only if
(A=l z )% f(z) » 0 as |zl — 1.

Proof. 1t is clear from Theorem 6. O
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