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NORM ESTIMATE FOR A
CERTAIN MAXIMAL OPERATOR

JONG-IN LEE AND YOON JAE Y00

ABSTRACT. A condition for & certain maximal operator to be of
strong type (p, p) is characterized in terms of Carleson measure.

1. Introduction

Given a function f in R", we define a function M fin
R = {(z,) : z € R",t > 0}

by setting
1 '
Mf(z,t) =sup {Rgul /Q \f(W)]dy : z € Q and sidelength(Q) > t} :

It is well known that this maximal operator M controls Poisson integral
defined by

P(f)(.]?,t) = c‘n/” il-—‘jy_lgt;—t“?)%_ f(y) dy,

for € R™ and ¢ > 0, where C,, is the constant given by

dr
S
i (] 1)_'5'
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Given a positive Borel measure ;i in Rzﬂ

in R” by setting

, we define a function N;L

@
Nila) = vup S5

where the sup is taken over all cubes containing z and for a cube Q

@ = {(x,t) € RZH sz €@ and 0 <t < sidelength(Q)}.

It is well known that

1) [4] For every p with 1 < p < oo, there is a constant C}, such
that for every f and every p

]

[/ ‘ [Mf(r,t)]’”du(:c,t)} < Cp[/ |f(z) PN, (x)da g

2) [1] For every p with 1 < p < 0o, M is bounded from LP(R"dz)
into L”(]RT’1 ,dg) if and only if y satisfies the so-called Carleson
condition;

w@) < C

3) [3] For every p with 1 < p < oo, M is bounded from the
weighted space LP(R™, v(x)dz) into LP(R} ™", 1) if the following
condition is satisfied

u(@)

=t < cv(x) a.e. z.

1€Q IQI

In this paper we generalize these results in terms of spaces of homoge-
neous type.
2. Preliminaries

Before proving the main theorem, some definiticns and facts will be
introduced.



Norm estimate for a certain maximal ¢perator 13

DEFINITION 2.1 [2]. Let X be a topological space. Assume d is

a pseudo-distance on X, Le., d is a nonnegative function defined on

X x X satisfying

i) dr,z) = 0; d(z,y) > 0if x # y;

i) d(z,y) = d(y,z);

iii) d(x,z) < K d(z,y) + d(y, 2)], where K is some fixed constant.
Assume further that

iv) the balls B(x,r) = {y € X  d(z,y) < r} form a basis of open
neighborhoods at x € X and that

v) pis a positive Borel measure on X such that 0 < p(B(z,2r)) <
Ap(B(x,r)) < 0o, where A is some fixed constant.

Then the triple (X,d,u) is called a space of homogeneous type.

NOTE. Properties (iii) and (v} will be referred to as the triangle
inequality and the doubling property, respectively. Note that (v) is
equivalent to the following condition: For every ¢ > 0, there exists a
constant A, < oo such that pu(B(r,er)) < A pu(E(x, ).

DEFINITION 2.4, For f e L} (X,du)and x ¢ X,t > 0 set

g 1 - g 3 g
Mf(x,t) = sup {L(—BA(—%——QT) /B(W) [fldp:z € 3(y,s) and s > t} :

Assume for each x € X, we are given a set Q, C X x 0,00) and let §2
denote the family {Q,}, . .

REMARK. To avoid the technical difficuluties, we assume that
UpwoB (z,7) = X » [0, 00).

DEFINITION 2.5. For {7 < X, 7 = (U,g:Q,)  is called the tent of
(,/7.

DEFINITION 2.6. Given a positive Borel measure v on X x [0, 00),
define R
v(B
Nv(z) -+ sup v(B)
we 13 H(B)

for € X, where the sup is taken over all balls containing z.
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DEFINITION 2.7. Forz € X, r >> 0, and o > 0 define
S(z,r) ={x, € X : Q. (r)N B(z,ar) # ¢}

where

Qe (ry={zeX:(z,r) e}
is the cross section of (1, of height r.
NOTE. We will assume that S(z,r) is measurable for each z and r.

DEFINITION 2.8. An operator 7" defined in LP(du) with values in
the class of measurable functions defined on a measure space (Y,v) is
said to be of weak type (p,q), 1 < p < 00,1 < g < o0, if there is a
constant A(p,q) so that

v({z : |T(f)(2)] > ab) < Alp, q) (“f"ﬁ)

[0

for all a > 0.
Finally we need the following covering lemma:

LEMMA 2.1 [2]. Let E be a bounded subset of X i.e. E is contained
in some ball. Let v(x) be a positive number for each x € E. Then there
is a (finite or infinite) sequence of disjoint balls B(z;y(x;)), z; €E, such
that the balls B(x;,4K~(z;)) cover E, where K is the constant in the
triangle inequality. Furthermore, every z € E is contained in some ball
B(x;,4Kv(x;)) satisfying y(z) < 2v(x;).

3. Results

THEOREM 3.1. Let {(X,d, 1) be a spaces of homogeneous type. As-
sume that
(i) ift <r and (z,t) € Qy, then (z,7r) € £,.
Assume also that
(ii) there is a constant C > 0 so that V(§($,T)) < Cv(B(z,r)) for all
e X andr > 0.



Norm estimate for a certain maximal operator 15

Then M is bounded from LP(X,Nvdy) into LP(X x [0,00),dv) for
1 < p < oo, that is, there is a constant Cp so that

1
) 1

[/ M@0 dv(zt) C[/ @) No(z)du(z)
X x[0,00) ] X

holds for every f € LP(X, Nvdyu,.

P

Proof. The idea of proof is based on Sueiro [5]. First we prove that
the maximal operator M is of weak type (1,1). Fix o > 0. Set

(1) Eo = {(z,t) : Mf(z,t) > a}

and

1
o L sup - d .
(2) E!, {:r €X sup Az ) /B(I!T) | fldp > a}

For each z € E!, let

1 .
'y(r):sup{r>0: m};—ﬁ/‘wrﬂ f] dp > « }

Then for each = € E/, we have v(r) > 0 and

1
N ] |
w(B(z,y(x))) /h(m(m)) Ifl dp > «

If ¥(z) = oo for some x, we can choose a sequence {rn} of positive
numbers such that r,, 1 oo and

Bz, ry)) / e
1Bz ) Sy, T8 =2 avli@rm)

Since
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for any y € B(z,r,), we obtain

‘1/ \fl Nvdu > V(E(a:,r,,)).
B(x,ry)

«

By the monotone convergence theorem,

}/ \fl Nvdu > v(X x (0,001).
X

[&7

So there is nothing to prove and this observation yields that y(z) is
assumed to be everywhere finite. Assume first that E, is bounded. We
can apply lemma 2.1 to the balls B(x,v(z)) to obtain a sequence of
disjoint balls B(z;,v:), 7: = ¥(xi), so that

E(,x C U B($174Kf71)

We want to show that

(3) Eo < |JS(@s 2K (1 + 2K)7).

If (z,t) € E,, then

1
—_—— d
M(B(y77l)) ~/;3(y,r) If‘ wooo

for some B(y,r) such that z € B(y,r) andr > t. Thusy € £}, and r <
4(y). Further, by the last part of lemma 2.1, we have y € B(z;, 4K~;)
for some ¢ such that » < v(y) < 2v;. Then

d(z;,x) < K|diz;,y) + d(y, )]
< K[4K~; + 2]
= 2K (1 + 2K);.

Hence we have z € B(z;,2K(1 + 2K )~;) and
t <yly) <2y < 2K(1 +2K)v:.
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If (z,t) ¢ S(x1,2K(1 + 2K )7;) for any i, then (z,t) € €1, for some
Yo & S(x:,2K (1 + 2K )v;). By the assumption i) of theorem 3.1,

(0, 2K (1~ 2K)y;) € Q.
So we get
r ey (2K(1+ 2K )y, 0 B2, 2K (1 - 2K )y,) # o

and therefore y, € S(x;, 2K (1+2K)~;), which is a contradiction. Thus
(3) holds. Hence we have

V(EL) < (Sl 2K (1 4 2K),))

A Blx;, 2K (1 2K ), .
=C)" HE BE; 23'21 . K;;;;#(B(w 2K (1 +2K)y,))
o U(Bla, 2K (1 2K) )
O Bl 2R (T 3K B )
_ C = v(Bla, 2K(1 < 2K)y,))
" a ; p(B(z;, 2K (1 2K)v:)) /Im m)‘f’dﬂ
oo
< i / f Nvdu.

The second inequality follows from assumption ii) of theorem 3.1, the
third inequality follows from the doubling prop-rty and the last in-
equality follows from the disjointness of the balls B (x7,v:).If E/ is not
bounded, fix a € X and R > 0. let B = {(z,t - Mf(z,t) > a and
y € B/, "N Bla, R) for some y such that z B(g,'r) and r > t}. The
above argument shows that

A
V(B < = / |f| Nvdp.
& fy
Applying lemma 2.1 to the balls - B(z, (@) a2 B n Bla, R)Y and

letting R 1 oo, we obtain the same weak type (btunate as before. This
proves that M is of weak type (1.1).
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It is easy to see that M is of type (co,00). Suppose that Nv(z) #
0 for all z and @ > ||f{|peo(Arvdu). (There is no loss of generality in

doing so for if Nv(z) = 0 for some z, then v(B) = 0 for any ball B
containing z. Thus v(X x [0,00)) = 0, so there is nothing to prove.)
We have f{\f\>(x}NVd'u’ = 0 and consequently u{|f| > @} = 0. Hence

|f(z)] < o almost everywhere and so we have Mf < a. Therefore
M Fll} 004y < o and finally we obtain

”Mf“l/’o(du) < ”fHL""(Nudu)'

It follows from the Marcinkiewicz interpolation theorem [6] that theo-
rem 3.1 holds. The proof is complete. ]

ExAMPLE. Fix a > 0. Define Q, = {(y,t) : d(z. y) < at}. Then Q,
satisfies the hypothesis of Theorem 3.1. In fact,
S(z,7) C B(e, K(1+ a)r)

and (1) is obvious. When X = R"™ (so that X x [0, c0) can be identified
with Rﬁ;“), the set 2, in this examiple is a nontangential cone in RTLI
with vertex x € R™ and aperture a.

REMARK. Let X = R™ and Q, = {(y,t) : |« -- y| < t} be a non-
tangential cone in Rﬁ;ﬂ with vertex z € R™ and aperture 1. When
dp = dx the Lebesgue measure, we have the same result as in 1) cited
in the introduction, because

B(z,7/C) C é(x,r) C B(z,r)
for some constant C' > ()

With Theorem 3.1, we can show results similar 1o 2) and 3) cited in
the introduction.

COROLLARY 1. Definie 2 so that
Q= {(y,t) € X x [0,00) : d(z,y) < t}.
Then M is bounded from LP(X,d;) into L”(X x [0,00),dv), 1 <p<

o0, if and only if there Is a constant C > 0 so that

v(B)

7y

(4) SUp iy S

where the sup is taken over all balls.



Norm estimate for a certain maximal operator 19
Proof. The”if” part follows from Theorem 3.1. Conversely, suppose

that M is bounded from LP(X, du) into LP(X x [0, 00),dv), 1 < p < oo.
Put f =y B(y,r) the characteristic function of Biy,r). Then

/ (Mf(z, )] dv(z,t) < Cu(B(y,r))
X x[0,00)

< Cu(B(y,r)).

(3)

On the other hand, if (z,t) € B(y,r), then d(z,z) > t for any z ¢
B(y,r). In other words, B(z,t) ¢ B(y,r). Hence
p(B(z,t) 0 B(y, )
u(B(z.t))
wi ),
- o dp
w(B(x, ) J 0.y X5,

< Mf(a,t

1=

and so
L= Xpy,nlnt) < Mf(x,t)
for any (x,t) € X x [0,00). Thus

(6) (Bly,r)) < / (M (z,0)]dv(z, t).
X x[0,50)
Combining (5) and (6), we obtair (1). The proof is complete. C

COROLLARY 2. For Q = {Q,} satisfying i) and ii),
1/(§)

Nv(z) = sup
() ve i W(B)

is sufficient for M to be bounded from LP(X, wdp) into LP(X x [0, 00), dv)
for 1 < p < 0.

<aw(z) ae re X

Let ¢ > 0 and a measurable function on (X,d p). Take dv(z,t) =
¢(z)dp(x) © do(t), where § is the unit mass concentrated at the origin
in the ¢ axis. Then Mf(z,0) = M f(z) and Nv'z) = M¢(z), where

1 ]
Mf(z) = sup —— - |fl dpp. From this and Theorem 3.1 we have
zc B N(B) 3

following corollary.
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COROLLARY 3. Let ¢ be an nonnegative measurable function on
(X,d, ). For 1 < p < oo, there is a constant C such that

[ r@rs@iua) < ¢ [ 157 Mo@duta)
JX X

REMARK. The crucial hypothesis in theorem 3.1 is (2). Condition
(1) was included because it makes the statement of the theorem some
what simpler. We now proceed to show that when studying the weak
type property of M, there is no loss of generality in requiring that (1)
be satisfied. Define

Q.. = {(z,t) € X x (0,00) : (,5) € Qy, for some s <t}

and let S(z,r) be defined as in Definition 2.7 but with SNZI( in place of
Q,,. Note that S(z,r) C S(x,r) since Q;, C {1;,. Thus the following
result shows that theorem 3.1 can be strengthened.

THEOREM 3.3. If there is a constant C > 0 so that v(S(z,r)) <
v(B(z,r)) for every (z,r) € X x (0,00), then M is bounded from
LP(X,Nvdp) into LP(X x [0,00),dv) for 1 <p < .

Proof. If the assumption holds then the sets ﬁa , satisfy hypothesis

2) of Theorem 3.1. Since they also satisfy (1), in the proof of Theorem
3.1,
{Mf > a} | S, 2K (1 + 2K 7).
Hence the proof is same as that of Theorem 3.1. D
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