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KUMMER CONGRUENCE
FOR ¢-BERNOULLI NUMBERS

JIN-W00 SON AND MIN-S00 KIMm

0. Introduction

Let Z,, Qp, and C, denote the ring of p-adic rational integers, the
field of p-adic rational numbers and the completion of the algebraic
closure of @,, which may be regarded as the p-adic analogue of the
complex numbers respectively.

Let v, be the normalized exponential valuation of C, with |pl, =
p~ () = p=! When one talks of g-extension, ¢ is variously considered
as an indeterminate, ¢ € C,. If ¢ = 1 +t € C,, we normally assume
it < p~7-7. We shall further suppose that vp(t) > E%T’ so that g* =
exp(z log,, g) for |z}, < 1 where log, is p-adic Iwasawa logarithm {5].

Let d be a fixed positive integer and let X = @(Z/ dp™N7), where

N

the map from Z/dpMZ to Z/dpVZ for M > N is a reduction mod
dpV. Let a +dpNZ, = {r € X | z = a (mod dp”)}. Without the loss
of generality, we may always take to choose a,so0 that § <a < dp™ —1.
Also,

Z,= |} (@+pZy) (disjoint union),

0<z<p

a+dpVZ,= | [(a+bdp™)+dp"*'Z,]  (disjoint union).
0<b<yp
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In this paper we will give a new relation between Bernoulli num-
bers and A,, , satisfying Euler summation formula. In section 1 we
will treat the application of p-adic Haar measure gyaor(z + v Zp) =
;EV,O <z< pN . In section 2 we will investigate some congruences of
Bernoulli numbers. In section 3 we will construct a new formula of the
p-adic ¢-L-function for ¢-Bernoulli numbers which is slightly different
from Carlitz g-Bernoulli numbers.

1. p-adic distribution

The usual Bernoulli numbers are defined by
o~ " t
Z Buli=a—m
n=0_0 ’

which can be written symbolically as e = L=, interpreted to mean

of which B* must be replaced by By. This relation can also be written
elBNt _ Bt — ¢ or if we equate powers of ,
1, ifk=1,

Bo=1, (BH)k_Bk:{o ifk>1

The Bernoulli polynomials By (z) are defined by

te""t = tk B(z)t
o :kZoBk(x)-é—!=e .

We can easily find the following relation:

k

Bi(z) =Y (':) B.z**,  By(0) = By (1.1)

=0

The above Bernoulli polynomials are closely related to the p-adic dis-
tributions.
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DEFINITION 1.1 {5]. A p-adic distribution p on X is a Qp-linear
vector space homomorphism from Q,-vector space of locally constant
functions on X to Qp. If f : X — Q, is locally constant, instead of
writing p(f) for the value of p at f, we usually write [ fu.

We now give simple examples of p-adic distributions.
(1) The Haar distribution pgaq,. Define
N 1
)U'Haar(a +p Zp) = p—N

This extends to the unique distribution {up to a constant mul-
tiple) on Zy, since

p—1 p—1 :

i 1
> aarla+ b +pN VT < 3 o =
=0 =0

= pHoar(a +pNZp).

(2) The Dirac distribution y, concentrated at o € Z, (« is fixed).
Define
1, ifoel,

0, otherwise,

po(U) 1= {

where U is a compact open subset of Z,
(3) The Mazur distribution gipsezer- Define

a
PN

#Mazur(a + pNZp) =

o)

(4) The k-th Bernoulli distribution. Define

a
up (e +pVZ,) :=pNE-UB, <I7V_> .

This extends to a distribution on Z,,.
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By (1.1), the first few By(z) give us the following distribu-
tions:

1

ﬂ’BO(a_*"p ZP)'_ N = U Haar,

3
[t

0,2
(-5

[

a
#B, 1(G+P Zp) N 5 T HMazur;
P 2
=p

)

ad 3a> 1la
Nz 2N —_ -
pe3la+p Zy) =p (p;;N 2p2N +2pN)

pp2(a+pVZ,) =

(2] |

A slightly different Carlitz ¢g-Bernoulli numbers 8i(q) and
g-Bernoulli polynomials fi(z; q) are defined by

t teTt
— Blq)t — Bz}t
=e and =€ .
qet -1 qet —1

For any positive integer m and k& > 0, we can find

ﬁk(x;q) k lzqzﬁ ($+’l’qm)

=0

(6) The k-th g-Bernoulli distribution (see [4]). Define

a N
paxla+dpNZy) = (dpN )% B (W; 9% ) -

This uniquely extends to a dstribution on Z,,.
(6) The k-th poly-Bernoulli distribution (see [7]). Define

MOt 9°2y) = e (B (7 )

This uniquely extends to a dstribution on Z,.
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Now, let pg be denoted by

1

”0('7: +pNZP) = P"Haar(w +pNZp) = pNx 0 Lz< pN'

‘Then po uniquely extends to the distribution on Z,.

Let C{Z,,C,) and UD(Z,,C,) denote the space of all continuous
functions and the space of all uniformly differentiable functions on Z,
with values in C, respectively.

For f € UD(Z,,C,), we have an integral Ip(f) with respect to the
so called invariant measure ug;

Io(f) = /Z f(@)dpo(z)

pN -1
= m, 3 Sl +"Z,)

LEMMA 1.2. For f € UD(Z,,C,), we have

Io(fi) = Io(f) + F/(0)

where fi{z) = f(z + 1).
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Proof.

p——l

lo(f) = Jim — Z A=)

Nooo pN

p~1
= lim —{ Z f@) + FN) - f(O)}
= Io(f) + £(0).

ReMARK. If f € UD(Z,,C,) and n > 1, then
n—1

Io(fa) = Io(f) + ) f'(K).
k=0

LEMMA 1.3 (WITT’S FORMULA). Forn € Zxq, we have

Bn':/ :I:ndpo(x),

Zp
where po(z + pNZp) = -k

Proof. In Lemma 1.2, we take f(z) = e'* € UD(Z,,C,),t € Z,.
Then

e'In(e"®) — In(e®) =t

and
o0

t B
try __ _. Bt § ' noan
I‘)(e ) = ot 1 = € = 4 ;i*t -
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On the other hand,

Io(e'®) = ] " dyuo(z)
j Z—t duso{x)

Z, n=0
z"dpo(z)

2> szt"

n=0

By comparing the coefficients of both sides, we have

,.
B, = Ty(z™) :'-j z™dpo(z).

P

The following proposition is proved in [4]. We give another proof
here, however, which depends only upon Lemma 1.2 and Lemma 1.3.

Let Cpn be the cyclic group consisting of all p™-th roots of unity in
C, for all n > 0 and T, be the direct limit of Cp» with respect to the
natural homomorphisms, hence T, is the union of all Cp» with discrete
topology. By Lemma 1.2, if f(z) = ¢®¢** € UD(Z,,C,), then

Ing+1t

I ke % 2 4 — )

For g € T, we have

(ge* — 1) Io(g"e™) = t.

Hence for ¢ € T,
4

get — 1’

IO(quxt) —

Therefore we obtain the following;
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PROPOSITION 1.4. We have the Witt’s formula

Br(q) =/ g x"dpp(z) for g€ Ty, n >0,

Z,

where B,(q) is defined by qef_l — Bt

In section 3 we consider the properties of the g-Bernoulli numbers
Brn(gq) defined above, and using the measure piq ;g we will investigate
Kummer congruence and construct the p-adic g-L-function for the ¢-
Bernoulli numbers.

2. Congurence of Bernoulli numbers

In this section using the Haar measure in section 1, we construct the
congruence of Bernoulli numbers on p-adic number field, and the con-
gruence formula (see Proposition 2.2) contains the von Staudt-Clausen
theorem for i = 1. We also treat the congruence of the usual Bernoulli
numbers for the type of generalized Euler formula.

Let Z, be the group of p-adic units, and let 1+ pZ, is the subgroup
of Z; consisting of all elements of the form 1+ pa, a € Z,. Let Cp be
the cyclic group of order p — 1 consisting of (p — 1)-th roots of unity in
Qp- Each z in ZJ can be uniquely written in the form

r=w()<z>
where w(z) and < = > denote the projections of z on Cj and 1 + pZ,
respectively.

We see easily that if p > 2, then

w(z) = lim 2*" and <z>"'=1+4pg, ¢ €Z,

n—o



Kummer congruence for g-Bernoulll numbers 181

PROPOSITION 2.1. For any x € Z)

w(z) = (1 + pqs) 7.

In particular,

™

r -
- m 0‘ If - 1 m,
> 2™ (1 + pgs) T :{ 1 P !
r=1 pn (p - 1)) pr - 1|m1

where * denotes to take sum over all integers prime to p in given ranges.
Proof. Since 2*" = z(1 + pg;)'* +*"7", we have
w(@)?" 1 = P11+ pg,) T
Hence w(z) = z(1 + pg,) T=F.

Put pB,._; = —1 +pay, with a rational number a,, which becomes a
p-adic integer by the von Staudt-Clausen theorem.

PROPOSITION 2.2. For any odd prime p > 5 and i > 1 we have

I
Bip-ny=1- v +i{ap — 1) (mod p).
Proof. From Lemma 1.3 and with n = i(p — 1), we obtain

N
(p—1)— . 1 < * a{p—
=P VB = Jim ) T2
=1

- / 22Dy ().
ZX

P

By the von Staudt-Clausen theorem, pB,(,_1) € Zp, and clearly

B,(p—1) —:—] a:‘(”'*l)d;zo(x) (mod p).
ZX

P
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Now, we define the Fermat quotient g, by zP~! = 1 + pq, for any

X

integer x € Z,

, that is, (z,p) = 1. Then we have
2PV =1 4ipg, (mod p).

Hence by using the above congruence, we have

/zx :cl(p—l)dpo(:c) = /x dpo(z) +ip /;x gzdpo{x) (mod p)

td ZP P

p—1 _
El—%+ip/ z p 1dpo(x) (mod p)

ZP
1
51—~+i/
D z

~51-——:—) +1 (/2,’,‘ 2 dpg(r) -i-}l)- - 1) {roedp)

o ldpo(a) =i | _dia(e) (mod p)

x
P

1 1

=1——+1 (Bp_l —pP 2B, + -~ 1) (mod p)
p p

=1 l-l-i(B +1 1) (med p)

T p P17 p

=1- %} +i(ap — 1) (mod p).

The Euler-Maclaurin summation formula involving the Bernoull
number B,, and the Euler formula involving the Bernoulli number B,,
(see Corollary 2.4 and Lemma 2.5) are well known. Now we consider
them.

LeMMA 2.3 [1). For any rational integer m,n > 1
(m +1)Sm(n) = (n+ B)m+1 — Bmt1,

where Si(n) = 1¥ 425 ... 4+ (n — D)%
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COROLLARY 2.4. For any rational integer m,n > 1 and By =1

(m +1)Sp(n) = f: (m + 1) Binmti—k,

k=0 k

LEMMA 2.5 [1]. For any rational integer m > 4

mf (7;:) BBk = —(m +1)Bp.

k=2

LEMMA 2.6 (VON STAUDT-CLAUSEN) [8]. Let n be even and pos-

itive. Then
B.+ ¥ -ez,
-Din T
where the sum is over those primes p such that p — 1 divides n (in
particular, 2 and 3 appear in the denominator of Bernoulli numbers).
Consequently, pB,, is p-integral for all n and all p.

DEFINITION 2.7. For m,n > 1 we define the sum

1w /n
Am:"‘ = ; Z (k) (_l)kBm-l—an-k

k=1

The effective of A,, , is the form of generalized Euler formula (see
Lemma 2.5) in the p-adic cases. Here we easily see that A, , =
An1,m41- In particular, since Apip_1p = Ap_i myp With odd m
moduloe odd prime p > 5, we obtain congruence for Bernoulli num-
bers which can be regarded as a refinement of the ordinary Kummer’s
congruence.

Here the aim of us is to investigate several types of the usual con-
gruences of Bernoulli numbers not using the concept of distribution or
measure but using the generalized Euler formula. The congruences ob-
tained in this way are the generalization of the well known congruences
of Bernoulli numbers.
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By the definition 2.7 we obtain
l{p p—r
Amip-1p = ~BmipBp1 + p\r (—1)*7" Byp-1)Br

P
1(p k
+ k2_2 ;(k> (~1)*Bmip-14kBp—r,  (2.1)
k#p—r
where m = (p — 1) [;}’_‘7] +r—1,2<r<p-—1landi= [mel] + 2.
Here [-] means the greatest integer function.

LeMMA 2.8, For 0 < k < p we have

P\ _ (g1 o okl 2 3
(2) = oM (0 lacas® (mod 5),
where Ly_y =1+ §+ -+ =5

Proof. It suffices to prove that

_1,(?) _lpp-1)(p-2)---(p—k+1)

p\k P k!
_ DA -p)(2-p)--(k-1-p)
K k—1)!
_ ()1 n—p
-5
-1 k—
= (_1£k (1 - Zl %) (mod p?)
(ot

Hence we obtain

(7) = ot (Lt
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By using Lemma 2.8 and (2.1) we have

B, B.
Amip-1p = —BmpBp_1 + Bt(p—l)T - er—lBt(p—l)T
1
- _Bm —_—
P +p—1+p

(2.2)
+ Z ( )( 1)* Byt p—146Bp_k (mod p).

k#pwr
Next we transform the last term in (2.2). We know thatifn=m # 0
(mod p — 1), then
.Bm Bn P
—-= {mod p) (Kummer’s congruence).
Alsowehave m+p—1+k =m+ k (mod p — 1). Hence, we obtain

o ra R Nars)

the COLgrucndce

Btk
Bpip_1ax= B it s
m4p—14-k m+k m+ k

(mod p).

In this congruence, the last term of (2.2} implies that
p—2

1(p
Z ; (k) (“1)kBm+p—l+kBp—k

1 —7
(Z) ("1)kBp—kBm+k — ;(f) (=1)*"B:Bp_r4m

1 —
+ Bp iBm+1 - E’—ph)'“Bm-l-p - (’"1)p 1Ble-i-p—l

p—2
-2 ;‘,GD( 1)'°B":’z p—k (mod p) (2.3)

_ P Bmy
= Am,p + ; (?’) Bp—r+mBr + Bm-l»—pr-—l + f; o

p—2
1 B
+ p (i) ;n_-:%B”_k (mod p).
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For a positive integer r > 2 we define the sum

r—2
A - B Brox
kr—k

k=2 k=742

(r) — p—1+r k
and C E kp~1+'r—k

Then we obtain the following.

PROPOSITION 2.9. We have the congruences
Am-{-p—l,p = Am,p — ;)(Bm+2p—l - 2Bm-l—p + Bm+l)
B T T
— 0p(Bm4p — Bmy1) + (@p — 1)—1r_£ — A Cf, } (mod p),

where o, = (1 + pBp_1)/p.
Proof. By (2.2) and (2.3) we have
Br B?‘
Avn—i-p—l,pE - Bm-f—po—l + B—z(p—l)“;‘ - p-Lr—-le(p—l) 'T
1 L(p
- 53m+p—l+p + Amp + p (r) B-1)p-1)Br

1
+ Bm+pr—1 + —Bm-f-p

L | B
k m+k
+ E p() +k k¢ (mod p).

kipor
We note that B, = —~1- + op implies the followings;
(@) ~BamapBp-1= ~Bmip (-1 +ap) = E2t2 —a By,
(i) Bm1Bp—1 = Bmi1 (_; +a,,) = 80 4 0B,

(iii) Since (P!} = (-1)" (med p),

1/p B
» (T) Bu-1)p-0Br + Bip-1)—-

r T Br
- ";‘(—1) Bi_1yp-1) Byp-1y—- (mod p)

B, B,
= 5 Bu-1w-1y + Byp-1)— (mod p).

I
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It follows that

B B,
=+ Be-ve-v + By~
B

;i()l—%+i(ap—1)*(ap—1))+%(1—%4-‘5(%—1))
mod p

B,
= (ap — 1)—;_— (mod p),

since By(p_1) =1— % + i{ap, — 1) (mod p). Thus, we obtamn
17p

B, B
;9(7‘) B(z—l)(p—-l)Br + Bl(p_l)T = (ap - 1)7‘— (mod p).

) £ = 320 = e (2L, =405 (mod p).

By (iv}), we easily see that

p—2 p—2 —k
1 (p\ Bryx (‘l)p Btk
- = - B,_ d
2 p(k)m+kBP’° p—F mkork (modp)
k=2 k=2
k#p—r k#p—r
p—2
=— Bpk Bk (mod p)
p—km+k
k=2
k¥p—r

=AM _ Cz(,’”) (mod p).
By using (i), (ii}, (iii) and (iv), we obtain the congruence

1
Am+p—1,p = Am,p - ;(Bm+2p-—1 - 2B1rn+p + Bm.+1)

BT r T
= ap(Bmtp =~ Brm1) + (o ~ 1) - AC) — ¢ (mod p).

By the Kummer’s congruence, since m+2p~1 = m+p (mod p—1)
andm+p=m+1 (modp—1),

Bm+2p—1 — Bm+p — Bm+]
m+2p—1" m+p m+1

(mod p),
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and so we have

Bm-i-?p-l _2Bm+p Bm+l
m+2p—1 m+p m+1

=0 (mod p). (2.4)

We note m = (p — 1) [p’f—l] + r — 1 implies that by the Kummer’s
congruence
Bm-l-l . Br

il {mod p).
By using this congruence, we see
Bm+p Bm+1
= d
m+p m+1 (mod p)
and
B

We can now prove the following, which corresponds to congruence for
the generalized Euler formula.

THEOREM 2.10. For any even r with 2 < r < p — 1 we have

A A =Ams+ —
mtp—-Lp P s \m4p m+1

+ (20, ~ 1) — A® ) (mod p).

Proof. By using (2.4) and (2.5}, we see that

— Bryp Bm+1
Brtop-1 = (2m T mal (m+2p—1) (mod p)

Bm +p + 2Bm+1

=2B,15— -2
+p m+1 m+p m+ 1
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And By yp— By = _%_ (mod p). Hence, using Proposition 2.9 and
the above results

1
Am+p—1,p = Am,p - 3—3(8"”2”"1 —2Bmyp + Bmy) - ap(Bm+p

B r r
= By} + (ap = 1)=5 — A0 = G (mod p)

Bm+p 2Bm+l
+
m+p m+1

1
= -Am,p — ;(QBm.},p — Dpy1 — 2 — 2Bm+p

B B" r r
+ Bmyi) - op (—T}) +{op =) - AD — ¢t

(mod p)
:Am’p+p(m+p m+1)+(2a” l)r

— A — C',(,') (mod p).

Weputm={p~1){(i-2)+r—1and y =:—2>0, ris even with
2 <7 <p-— 1. By Proposition 2.2 and Lemma 2.8, we obtain
1

4 B,
Ariyyp-1)p=—= Br i g+ 1yp-1) — Briso-ny +
p T

HEH1=na =i+ L)
p—2 By
+ z ~k—Br_k+(J+1)(p_1) (mod p).
Kz
Indeed, by the Definition 2.7, we have
Ar_14500-1)p = ~Bro143(p-1)4+18p—1 + %(_1)pBr—1+J(P—1)+p
1

P _
* 5<r) (=1)P7"Br_145(p- 1) +p-+Br

+ (hl)pulBr—l+J(p-l)+p—lBl

p—2
1(p
+ ) ‘( )("1)'°Br—1+3(p—1)+k3p—k-
k#p-r
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Now, we see that
o o Brysin-
(i) Since —Bry;p-1)Bp-1 = —*%u ~apB, ¢ ;p-1)and r+3{p—
1) =7 (mod p — 1), we obtain

Bf+1(p—l) _ B
_—raieml) _ v d
VA

so that
B, .
Br-{-g(p-—-l} = —T—(r - 3) (mod p)
and

B, - r
—ﬁ}f—ll - -}g:ap(r ~3)  (mod p).

(ii) By Lemma 2.8, (—1)P""2(f) = (1 — Lr_1p) (mod p?}, and
aiso Propoesition 2.2 implies

(P
(=1) ;(,,)B(p-mm)

= (1 - % +(F+1)(op - 1)+ Lr_l) ;l: (mod p).

~Brisp-1)Bp-1 =

Therefore
—+1(p
(=1)? z_)( )B(p—l)u+1)3r
1 B,
- e + —(a:,,(] +1) — 7+ Lr_1) (mod p).

By the above results (i), (ii) and Definition 2.7, we can find that

Biyyp-1y | Br . 1
Ar145(p-1)p = _r"i';_ + _r-ap('? -n)- ; rr=1G+D)
1B,

1/(p
»> Z—D(k) (~D*B-11otp-1) 4By (m0d p)
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o B,
=-= (Br+(p—1)(j+1) = Brise-n+ H)
P T
B

+ (g~ ) +ap(f+1) = j + L)

P2
1{p
+ 2 _(k)(_1)kBr~1+J(P—1)“‘“’°Bp‘k (mod p)
k=2 P
kZp—-r
1 B
- ; (Br+(P—1)(J+1) - Bryye-n+ 71:)

B, :
+—— (a2 —r+1) =3+ Lea)

lit

p—2
1/p _
+ Z ;’(k) (—1)1’ kBka_l'*‘J(?—l)-kp—-k (mod p).
k=2
k#r

Here we obtain the required congruence (2 6)
Also the last term of the above formula implies that

p—2 1/p
Z ;? (k) (_l)p-kBkB’“_1+J(P—1)+p—k

k=2
k#r

p—2
1 _ -
Z;(‘l)k H=1)P*Bi B,y (p-1)p+1)-k (mod p)
i
p—2

1
Z };BkBer_l)(ﬁl)—k (mod p).

k=2
k#r
Therefore we get

It

1 B,
Ar—1+3(p—l).p = “5 (Bf+(3+1)(p—1) = Brgyip-1) + T)
) ) B,
+((2+1 =)o =+ 1) ="
p-2 B
&
+ D T Bkt a1y (mod p).

k=2
kF#Tr

191
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By using the congruence, we easily obtain the following lemma.
LEMMA 2.11. For any even r with 2 <t < p — 1 we have

_ZBk _T—j—2A(r) T—J‘“‘lc(r) d
“k—Br—ka(jH)(p—l) =" + 9 (mod p). .

k=2
k#r

Proof. We consider first the case that

p——2 m-—2 Bk 2—2 Bk
Z kBkBp —k+m-~-1— Z “Z' p—kt+m-—1 + Z ‘ic_ p—k+m—1
k= k=2 k=m+42
k;ém
_Z Bo-tm-k (g 1p_1)

& p—14+m-—k

—2 B,
+ Z _kf"Bp—1+m—k

k=m42
m—2 m—2
Bk Bk Bm—k
=N Bep, S
= = kEkm-—k
p_2 B
B
+ Z — Bp-14m-k {mod p)
k=m+2
= -T + —'2'*"- P moda pj.
By using this congruence with m = j{(p — 1) + r, we can find
P2 By Bk
A Bf-k+(3+1)(1>-1) A ——Bp—ktip—34r-1
k=2
ks#r k;ér
— 3‘_*;_“3 A0 4 C%igrgr) (mod p).

This completes the proof of our assertion.

By using Definition 2.7 and Lemma 2.11 we have the following the-
orem.
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THEOREM 2.12. Forany j > 0,anyevenr with2 <r <p—1 we
have

1 B.
AT—1+J(P—1)J’ = '}_, (Bf+(3+1)(p—l) - Br+3(p—1) + ";.")
. . B,
+((2j+1~r)ap —j+ Le—1)—

r—4—2 r—3—1
+-———§——A(’) + ———2-—C,(,) (mod p).

REMARK. The above Theorem 2.12 is a similar to [M, Lemma 3
and 4] under the assumption 4 <r <p—-3.

The next step is to transform the numbers A, r1p—1. By Definition
2.7, we have

1 ¢ o + PO | N\
. ’ £ L
Ap_tir4p-t = —( )Bp~l+rBP-i

_ Byr_11'B
+r+p—1 p—1 ) AHp—1)=r

1 T +p-—1
+ _r N E ( & )Bp—1+kBr+p-—1—k'
The last term leads to

1 ried r+p—1
e Z ( & )Bp~l+kBr+p—1—k:

k=1
k#r,p—1

r+p—1
1 r+p—1 1
Tl ( k > (1 - z) BiBrip-1-k (mod p)

k=1
k#r,p—1

2 r+p-—1
r4+p-—1 T

r+p—1
1 r+p—1\ B
—_— — ke d pl.
I Z ( % )kBr+pk1(m0 p)

k=1
k#FErp-—1

= Apryp-1 — )Ber~1
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By the symmetry of A, , in Definition 2.7, we see that Ay, =

An—1m41- We also have Ag,yp 1 = Aryp-21 = —Biyp1.
On the other hand, we have
r+p—1
1 r+p—1\ B;
iy (57 BBrrae
kv p—1
1 = r+ p— 1\ Bx
Z 7Br+p—k—-1

r+p—1k=l k

1 riet r+p—1\ Bk
4 — —Bryp_k-1.
r+p—1k§+l( k )k rtp—k-l

k#p—1

We note that ("271) = (" ') (mod p) for 1 < k < p, so that

k k

r—1
1 r—1\ B
Z( E )TkBr-}-p—k—l (mod p).

1 X fr+p-1\B
] (g T

=r—l
k=1

By using the Kummer’s congruence, since p+r—1—k =r—k (mod p—

1),
Bp+r—1—k _ B &
p+r—-1-k r—k (mod p).

That is,
Br_
Bptr—1-k = Br_gx — o 2 (mod p).

Thus for r > 4 and is even, we have
r—1
1 (T‘ +p— 1) By
_— Z __Br‘i-p‘-k—-l
T+ p— 1 =1 k k (2.8)
1 1 1
= B4 T* "B, (mod p),

2 r—1 r

(r}) — 572 (r\ Bg Be_x
where B} =5 (k) E r—k°
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Next we observe the following congruence. Let m be odd with m >
5. Then we have

m-!-p B Bm._},}_J _ 1 {m+1)

Hence

T
1 (m-‘rp)gj_ Bmi1-j _ 1 pmi) (mod p).

m i ) im4+i—3 2m

=1

We can deduce from (2.8) that

m+p j j p+m—3

m B mm—}-le+1 m2B (mod p)
1lm+2
..B(m+1) —~—'7B .
2 mm+4 1 ™ (mod p)

Now we consider the last trems of (2.7) and put m = — 1, then we
have
T (m + p) B; B
JO — Pptm—y
m+p 7=m+42 J J
3#p-1

1 L m+p\ B, .
= — ( p) ;71—_%:-8,,4 (put j =m +1)

1 & m+ p\ Bt
= — — B, _ 2.10
=Y (M2t modn) (2.10)

m
1 22 m Biniyp—k
= — P thk=p—1I
m (k)Bkm+p—k(mOdp) (pu p=1)
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k=0
1 Bpy1 . 1 = /m Biny1-k
= — — d
mm+l H(k>3’° T1of @edp)

Setting 7 = m + 1 — k, we obtain the following equation

= m Bm+l—k
By —M——
;(k) *m+l—k

_m +1 m\ B
B(m+1) ( )_JBm .
2 ,Zzl LV

(2.11)

Hence, (2.11) goes to

By using the above results and (2.11), we have

m+p
1 m+p\ B,
m+p > ( ) 7 Brim=s

G2 J J
3#p—1

1 Bpx  1m+2 (2.12)
m d
mm-l-l mm+1B Lk (mo P)

1
= o Dma (mod p),
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and thus from (2.9) and (2.12)

m+p
1 m+p\ B,
& (7))

=t J 3
7FEm+1,p-1
1 1 m+4+2 1
= —glm+1) , =4 _ =
- ZB + mm+1 "t 'mBm+1 (mwod p)
1 1
=-Bmth 4 __ - B d p).
2 + m(m + 1) m+1 (mod p)

(From these formulas we obtain the following theorem.

THEOREM 2.13. For even r > 4 we have

Ap_1rip-1
= ;—_;F%Tl (\T +1: - 1) Bryp 1By

3. Another ¢-Bernoulli numbers

If g = 1+t € Cp, we normally assume |¢[, < p_‘p_i—l. We shall further
suppose that vp(t) > ~1, so that ¢° = exp(zlog, ¢) for |z, < 1, where
log, is p-adic Iwasawa logarithm.

In [4], the ¢-Bernoulli numbers and g-Bernoulli polynomials are de-
fined by

t = Pt and te =
get — 1 get — 1

This relation can also be written ge(P(@+Dt _ B}t — ¢ or if we equate
powers of 2,

1, ifn =1,
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with the usual convention of replacing 8”(g) by .. We can easily find
the following relation:

b =3 (G)8e" B =pr G
=0
REMARK. Ifg#1,thenforn>1
-1
ﬂnrgq) = 13 — Hn*l(q_l)a

where H,_1(g”!) means the (n — 1)-th Euler numbers. If ¢ = 1, then

Bulq) = B
where B,, is the usual Bernoulli number.
Let ¢ € C, with {1 — ¢}, < P"ﬁ and d be a fixed positive integer
and let p be a fixed odd prime number. We set

X =1limZ/dp"Z,
N
X'= |J a+dpz,, (3.2)

0<a <dp
(a.p}=

a—l—deZ,,:{xGXISC a (mod dp™)},
where 0 < a < dp™.

LEMMA 3.1 [4]. (1) For any rational integer m > 1 and k > 0,

Bu(z:q) = mF~ lz‘fﬁk (:L"}"L,qm)

(2) Let g € C,. For any positive integer N,k and d, let pgx 1= pg tq
be defined by

a N
ppk(a +dp™NZy) = (dp™)F! “ﬁk( ,pNﬁq )
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Then pg . extends uniquely to distribution on X.

The first few Bx(x;q) give us the following distributions:

1
N e
ﬂ'ﬁ,()(a +dp ZP) - q dev
. a
ppa(a+dp"Z,) = q (d—pN- = 1> ,

2 dp™
d NZ = %d N a —9 b q
Hﬁ,?(a + dp p) q ap ((de)Q de + qde 1)

and so on.

Let « € X*,a # 1 and k > 1. For compact-open U C X, po,q IS
defined by

takiq(U) := ppig(U) — 0 Fpg kg(aU). (3.3)

If a € X*, we denote {o} x the rational integers between 0 and dp™ —1
which are congruent to & mod dp?.

PROPOSITION 3.2. |pa,1,4(U)|p < 1 for all compact-open U C X.

Proof. Applying (3.3) with k = 1, we obtain
a 1 aa
Ho,1;9(a+ dp" Zp) = ¢° (‘— - 1> o~ <{ v _ 1)

dpN a dpN
a 1 a 1/ aa aa
- ((z-1) +av -2 (G- [57])
A (GOEr-)
a a|dpN])’

where [] means the greatest integer function. Notice that ¢° ((£ —1)
+1 [%‘ﬁ]) € Z,, since + € Z, and [f};%} € Z. On the other hand,
since every compact-open U is a finite disjoint union of intervals a +

dpNZ,, we may conclude that |pa,1 o(U)l, < max|ia 1,q(a + dpNZs),
<1

We will give a relation between pa k,q and g 154
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THEOREM 3.3. Let di be the least common denominator of the
coefficients of Bx(z;q). Then

- 1 1| aa
drpraiq(a + deZ,,) = dipka*1¢° <<; — 1) + = [dp_N]> (mod p™)

= dika™ Mg, 1.4(a + dpVZ,) (mod p?),
where both sides of this congruence lie in Z.
Proof. By using (3.3) we obtain
dkﬂ'a,k;q(a -+ deZp)
= di (g kiq(a + dp"Zp) ~ a * g pg(ala+ dPNZP)))

= dy ((de)k"q“ﬁk (Eg*ﬁ;qde) —a F(dp™N Y g% Bk ({QG}N,qd”N))

dp"
roa vk— a o aa
= drg"(dp™)* " (ﬁk (@—N;qd"N) *Br ({d i,N, ))
Equation (3.1) gives

difia gl + dp™ Zy)

= dig™(dp™)* ™ (Zk: G)ﬁ,(q"”") (LN)M

1=0

-t (g =t (G oo )
k(a’“‘l -« k((aa)k-l — (k — 1)(aa)2dp" [;i%?v] +)))

= qu“<% - a-k((;’;)f k(aa)*~ 1[ da?qD
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- k(ak_l - a_k(aa)k'l)) (mod p™)

1 1] aa
= dpka 1% | | = - — = d p").
a2t (G 1) 5[] o

This completes the proof of our assertion.
It is not hard to show that any open subset which is compact is a
finite union of compact-open sets of the form a + dpZ.

DEFINITION 3.4[6}. An Cp-valued measure p on X is a finitely
additive bounded map from the set of compact-open U C X to C,.

COROLLARY 3.5. piq kiq Is @ measure for all k = 1,2,--- and any
a€ X' a#l.

Proof. We must show that pg .q(a + dp™ Z,) is bounded. But by
Theorem 3.3, we have

N
x —_—
e, k;q{a + dPNZp)Ip e 1-—(%: + ka* lp,a'l;q(a + deZp)

P
( for some = € Z)

xPN k-1 N
< max 2| |ka®™ o 15q(a + dp™ Zp)|p
P
1
< max{ E— 3 ikak_llla,l;q(a + deZP)!P}
kip

< 00,

since dj. is fixed.

COROLLARY 3.6. Let f: X — X be the function f(z) = 2t k
is a fixed positive integer. Then for all compact-open U C X,

/ 1dpa ko(x) = kf [ dpa 1,4(x).
U U
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Proof. 1t follows from Theorem 3.3.

Let x be a primitive Dirichlet character with conductor d, where d
is a positive integer. Define

d—1
Box(@ = Y *x(@)d™ B (5°) (3.4)

a=0 d

We express the g-Bernoulli numbers as an integral over X, by using
the distribution pg k().

PROPOSITION 3.7.

(1) Sy x(z)dpp r(z) = Br.x(q)-

(2) [ x x(@) dug k(z) = x(P)p* " Bie,x (a7)-
(3) [y x{(z)dugrlax) =x (L) Bry(q).

(1) fox x(2) dppr(ox) = x (B) P71 Brx(a).

Proof. 1t follows immediately from (3.4) and Lemma 3.1.

;From the definition of p4 k.4 in (3.3),

| x(@) dutapa(a)
x:
= [ x@dupa(@) - [ x(@)dus(oa),
X* X*
Now, using Proposition 3.7,

[ x@ duss(o) = [ x(@)dupa() - [ x(@)duau@
= Bix(@) = x(P)p* ' Brx(d”)

(3.5)

and

fX. x(x) dpg k(az) = x (i‘) Bex(g) — x (%) 2718 ("), (3.6)
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By the above results (3.5) and (3.6), we can find that

[ X@ dhaa(@)

= (1-a7x(3)) (@ - X Bl (3.7

Finally, we define
T
<T >i= ;(—x—)',
where w is the first kind Teichmiiller character < z >"= 1 (mod p").
Put yx = xw*. By Corollary 3.6, we have

/

[ 3@ dhaate) = [ xulhhet di ()

X+ X

= [ xa@) <o > kdpa (o)
X*

If k; = ko {mod p"), then

(1 — oM x, (é)) (Brey,xx, (@) — Xk 0)P* 7 Bry s, (87))
= [ %000 o pate)

= jx x1(z) <z >F 7 kg dptg 1.4(2)

= /x x1(z) < z > kydpy 1.4(z) (mod pN)

= /;( Xk (2) ditey kg q()

- (1 = 07, { 2)) Bty (0 = X607 B (@)

Therefore, we obtain the following theorems.
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THEOREM 3.8 (KUMMER CONGRUENCE FOR THE ¢-BERNOULLI
NUMBERS). Ifky = ko (mod p"), then for any a € X*,a #1,.

(l —a iy, (é)) (Bryixn, (@) — Xko ()P Bry 3, (@)

= (1 —a F g, (i)) (Brzxny (@) — Xk (PIP™ 7' iy 30, (@) (mod p™).

o

THEOREM 3.9 (p-ADIC ¢-L-FUNCTION). For @ € X*,a # 1, the
p-adic g-L-function

def 1 -
Lpq(s:x = ;—:'_1/}(* <z >7" x1(2)(1 — 8) dpia,1;4(2), 5 € Zp,

interpolates the values

2 (1=070(2)) G a) - 00 B
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