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KUMMER CONGRUENCE 
FOR q-BERNOULLI NUMBERS

Jin-Woo Son and Min-Soo Kim

0. Introduction

Let Zp, Qp, and Cp denote the ring of p-adic rational integers, the 
field of p-adic rational numbers and the completion of the algebraic 
closure of Qp, which may be regarded as the p-adic analogue of the 
complex numbers respectively.

Let vp be the normalized exponential valuation of Cp with \p\p = 
广1牛(卩)—p-1 When one talks of g-extension, q is variously considered 
as an indeterminate, q E Cp. If q = 1 + t G Cp, we normally assume 
\t\p < We shall further suppose that %(t) > so that qx — 
exp(x logp q) for \x\p < 1 where logp is p-adic Iwasawa logarithm [5].

Let d be a fixed positive integer and let X = lim(Z/dp7VZ), where «—N
나蛇 map from Z/dpMZ to Z/dpNZ for Af > TV is a reduction mod 
dpN. Let a + dpN，Lp =^{xEX\x = a (mod dpN)}. Without the loss 
of generality, we may always take to choose a, so that 0 < a < dpN — 1. 
Also,

Zp = [)(* + 网卩) (disjoint union),
0<x<p

a + dpNZp = [丿【(a + bdpN) + dpN+1Zp\ (disjoint union).
0<6<p
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In this paper we will give a new relation betw은en Bernoulli num- 
bers and Amjn satisfying Euler summation formula. In section 1 we 
will treat the application of p-adic Haar measure + PN^p)=
^t-,0 < x < p" in section 2 we will investigate some congruences of 
Bernoulli numbers. In section 3 we will construct a new formula of the 
p-adic q-L-function for g-Bemoulli numbers which is slightly different 
from Carlitz ^-Bernoulli numbers.

1. p-adic distribution

The usual Bernoulli numbers are defined by

臨京土，
n=u

which can be written symbolically as eBt =三上［interpreted to mean 
of which Bk must be replaced by Be This relation can also be written 
e(B4-i)t — eBt =们 or if We equate powers of t,

反)= 1, (B + l)fc-Bfc = { ¥二；
io, if A： > 1.

The Bernoulli polynomials are defined by

text 
e4 — 1

oo 化
=】岛伺两=eB同. 

fc=0

We can easily find the following relation:

Bk(x)=匚(：)BlXk~\ Bfc(0) = Bk. (1-1)

The above Bernoulli polynomials are closely related to the p-adic dis
tributions.
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Definition 1.1 [5]. A p-adic distribution 甘 on X is a Qp-linear 
vector spare homomorphism from Qp-vector space of locally constant 
functions on. X to Qp. If / : X —> is locally constant, instead of 
writing 卩，(f) for the value of 卩，at /, we usually write f //x.

We now give simple examples of p-adic distributions.
(1) The Haar distribution Define

f^Haar

This extends to the unique distribution (up to a constant mul
tiple) on since

+ bpN + = 리 病宥 = Z77
b=0 b=0 卩 F

=卩‘Haar(0，+ P 亿

(2) The Dirac distribution concentrated at q € Zp (a is fixed). 
Define

1, if & £ Uy
0, otherwise,

where (7 is a compact open subset of Zp
(3) The Mazur distribution ^Mazur- Define

*(U)：=

Mazur
1
2

(4) The fc-th Bernoulli distribution. Define

NB,k(a + pNZp) :=，pNd、)Bk

This extends to a distribution on Zp.
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By （1.1）, the first few Bfc（x） give us the following distribu
tions:

MB,O（a +，，지龙卩） = = /J, Haar y

+ 但“肉卩）=~ 2 =丄Wazur, 

序,2（a + pNgp） = pN （負市—诊 + ?）， 

/如,33 +1广％） =p2N （晶 一 + :诊），

A slightly different Carlitz g-Bernoulli numbers 炕;（q） and 
g-Bernoulli polynomials /3a： （x; q） are defined by

:,=*（q）t and -f1 = *（"）*.
qez — 1 暗—1

For any positive integer m and fc > 0, we can find

廉（c；q） = mfc-1 q% （兰브; 产） .
1=0 ' m ）

（5） The fc-th g-Bernoulli distribution （see [4]）. Define

心有*%）：=伽N）卜頌"滸"n）

This uniquely extends to a dstribution on Zp.
（6） The fc-th poly-Bernoulli distribution （see [7]）. Define

史）（，너"Z） ：= 諸느듸时財）海） （詞.

This uniquely extends to a dstribution on
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Now, let fiQ be denoted by

fl0(X+pNZp) ：= fl Haar(X + pNZp) = 0<X < pN.

Then 卩心 uniquely extends to the distribution on Zp.

Let (^(ZpjCp) and J7D(ZP)CP) denote the space of all continuous 
functions and the space of all uniformly differentiable functions on Zp 
with values in Cp respectively.

For f € (7D(Zp, CP), we have an integral Iq(/) with respect to the 
so called invariant measure

W) ■f(z)叩 0(£)

PN-1

Jim V /(^Mo^+p^Zp)
N—>8 *-

x=0

史％ E 0* 

x=0 ”

Lemma 1.2. For f € UD(ZP^CP), we have

io（/i）=W）+r（o）

where f±(x) = f(x + 1).
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Proof.

五(c)

1 p'-1 
=把%成 £/(x+1) 

"x=Q
mNI p

=见％/£亦)
" X = 1

1 f pj
= J뜨。成이 E 六时+对)- 六°)

* [ x=0

=w)+r(o).

Remark. If / g UD(Zp,Cp) and n > 1, then

n—1
Wn) = Zo(/) + £r(fc)-

k—0

Lemma 1.3 (Witt's formula). For n e Z>0, we have

Bn= o門如(z),
JzP

where +pNZp)=点.

Proof.
Then

In Lemma 1.2, we take /(x) = etx € C/Z)(Zp)Cp),t C Zp.

e£I0(e^)-I0(etx)=t

and
/。（貞）=土=殴=庄卻.

n=0
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On the other hand,

Io(etx) = / e 的〃o(z)

= 1소爲 5)
Jz疽;”如0(时必

匕匕 n!n=0

=歹衅小.
乙％ nln=0

By comparing the coefficients of both sides, we have

Bn = I(s(xn) = / xndno(x).

The following proposition is proved in [4]. We give another proof 
here, however, which depends only upon Lemma 1.2 and Lemma 1.3.

Let (焰 be the cyclic group consisting of all pn-th roots of unity in 
Cp for all n > 0 and Tp be the direct limit of Cp^ with respect to the 
natural homomorphisms, hence Tp is the union of all Cp^ with discrete 
topology. By Lemma 1.2, if /(x) = qxext € UD(ZP, Cp), then

3 知g lnq + t 
痢e)=展匸亍

For q E Tp, we have

(qe* -以o(qW比)=t.

Hence for q G Tp,

以矿済)=莎二亍

Therefore we obtain the following;
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Proposition 1.4. We have the Witt3s formula

/3n(q) = [ q知产叩0(z) for qeTp, nN 0, 
Jzp

where 0n(g) is defined by 导土五=*⑴匕

In section 3 we consider the properties of the ^-Bernoulli numbers 
/3n(q) defined above, and using the measure 卩心시曲 we will investigate 
Kummer congruence and construct the p-adic g-L-function for the q- 
Bernoulli numbers.

2・ Congurence of Bernoulli numbers

In this section using the Haar measure in section 1, we construct the 
congruence of Bernoulli numbers on p-adic number field, and the con
gruence formula (see Proposition 2.2) contains the von Staudt-Clausen 
theorem for z = 1. We also treat the congruence of the usual Bernoulli 
numbers for the type of generalized Euler formula.

Let Zp be the group of p-adic units, and let 14-pZp is the subgroup 
of Zp consisting of all elements of the form 1 +pa, a E Zp. Let Cp be 
the cyclic group of order p — 1 consisting of (p— l)-th roots of xmity in 
Qp. Each x in 写 can be uniquely written in the form

X — 3(C)< X >

where 3(c) and <x> denote the projections of rr on and 1 +pZp 
respectively.

We see easily that if p > 2, then

3(w) = lim xpn and < x >p-1= 1 +pqx, 如 C
n—»<x)
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Proposition 2.1. For any x e 尊

3(£)= X(1 + pqx) .

In particular,

言* ifp — If m, 
ifp — l|m,

where * denotes to take sum over all integers prime to p in given ranges.

Proof. Since xpn = z(l -+pn~ [we have

cj(x)pTl-1 = xpn~1(l + pqx)P^~p .

Hence = x(l +]%)，느.

Put pBpT = —1 +pap with a rational number ap which becomes a 
p-adic integer by the von Staudt-Clausen theorem.

Proposition 2.2. JFbr any odd prime p >5 and i > 1 we have

-®i(p-i)三 1----- F 认으p ~ 1) (mod p).

Proof. From Lemma 1.3 and with n = i(p — 1), we obtain

pN

(1 - 那，-»】)%_])= J프慕% g LM，T)

=[x^p~~l^dfiQ(x)r

By the von Staudt-Clausen theorem, pBT(p_2)G Zp, and clearly

%p-i)三 / 시)职)(对 (mod p).
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Now, we define the Fermat quotient qx by xp~r 
integer z € Z； ： that is, (x,p) = 1. Then we have

丁"，—】)三 1 + ipqx (mod p).

=1 +pqx for any

Hence by using the above congruence, we have

I x^p~^diiQ(x) = / 如o(⑦)+ 祯 / (mod p)
您 丿玲 Jz*

1 r xp-1 _ 1
=1------ F ip I ------------d/io(^) (mod p)

P Jz 額 P

三 1 —丄 +2 [ xp-1d^o(x) — i I 如心(£) (mod p)
P Jzi 丘*
1 1 \

三J-----十％ 彗—1 拓--- 1 (nrectp)
P P )

=1 — - + i 1 — + - - 1 ) (mod p)
P P J

=1 — —i H— — 11 (mod p)
P P J

三]——F i(Qfp 一 1) (mod p). 
P

The Euler-Ma시aurin summation formula involving the Bernoulli 
number Bm and the Euler formula involving the Bernoulli number Bm 
(see Corollary 2.4 and Lemma 2.5) are well known. Now we consider 
them.

Lemma 2.3 [1]. For any rational integer m, n > 1

(m + 1)S"S) = (n + B)m+1 — Bm+1,

where S"n) = 1* + 2* T------ F (n — 고)*.
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COROLLARY 2.4. For any rational integer m,n> 1 and Bq = 1

(rn + l)Sm(n)=支^跖舟+^ 
k=0 ' 丿

Lemma 2.5 [1]. For any rational integer m > 4

771 — 2 z \
2 = 一(m+ l)Bm.

Lemma 2.6 (von Staudt-Clausen) [8]. Let n be even and pos
itive. Then

Bn +- C %, 
匕一丿 v 

(p-i)h
where the sum is over those primes p such that p — 1 divides n (in 
particular, 2 and 3 appear in the denominator of Bernoulli numbers).
Consequently, pBn is p-integral for all n and all p.

Definition 2.7. For > 1 we define the sum

&n,n =兌(J (—

The effective of Am)n is the form of generalized Euler formula (see 
Lemma 2.5) in the p-adic cases. Here we easily see that AmiTl = 
4n_i,m+i・ In particular, since Am+p_i)p = Ap_iim+p with odd m 
modulo odd prime p > 5, we obtain congruence for Bernoulli num
bers which can be regarded as a refinement of the ordinary Kummer's 
congruence.

Here the aim of us is to investigate several types of the usual con
gruences of Bernoulli numbers not using the concept of distribution or 
measure but using the generalized Euler formula. The congruences ob
tained in this way are the generalization of the well known congruences 
of Bernoulli numbers.
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By the definition 2.7 we obtain

4m+p—l,p = —Bm-^pBp-i + - ( —l)P-r-Sl(p_1)Br

p

k=2
Bm+p—i+kBp—虹 (2.1)

where m = (p — 1) + r — 1, 2 < r < p — 1 and i =
Here [■] means the greatest integer function.

+ 2.

Lemma 2.8. For 0 < k < p we have

(Z) 三 T저-%+ W払顼 (mod/),

where Lk—i = 1 + * + •…+ 沽亍

Proof. It suffices to prove that

1 /p\ _ 1 p(p — l)(p — 2) • • • (p — fc + 1) 
p\k J p kl

_ (—(1 — P)(2 — p) ■ • • (fc —1—p)
k (k-1)!

甲 云 (壬으)

k-1 \
1一£；司(mod?2)

(T)J

/_i \fc—1
—-—(1 -pLfc-i) (mod p2).

Hence we obtain

：、)=(-l)fc-1 + (-l)fc岂%—(mod p3).
rC / K rC
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By using Lemma 2.8 and (2.1) we have

三—Bm+pBpT + 一 pLr-lBz^p_^-^-

~~ «岛너叩-1+卩

+5 (：) (T)저■Bm+p-i+kBp-A； (mod 0). 

k^p~~r

(2-2)

Next we transform the last term in (2.2). We know that if n = m 0
(mod p — 1), then

兰뜨 = 殳끄 (mod p) (Kummer^ congruence). 
m n

Also we have m + p—1 + k^m + k (mod p 一 1). Hence, we obtain

Bm+p_i+fc = Bm+fc - 으버글: (mod p).
m + k

In this congruence, the last term of (2.2) implies that

1 成(Z)(T)%Bm+I+知Bpi 
k=2卩 ' 丿

k^p—r

一 方(：)(—l)P~rBrBp_r_|_rn

+ Bp 一「Bm+1 — - -Bm+p — (_-l)P-1-Bl-Sm.+p-l

E - 으쁘 Bp_k (mod p)
也 p m+k

k^p~~r

三 ,p + ~ (男) Bp-r+niBr + Bm+고Bp—1 H ?

+ £就)斜対I (mod”

k^p—r

(2-3)
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For a positive integer r > 2 we define the sum

』(r)==厂玖 冲)=V Bk BP~^+r-k
-2-z k r_fc and Cp 2_> ~k p-l + r-k' 

k=2 fc=r+2 了
Then we obtain the following.

Proposition 2.9. We have the congruences

三— -(-Bm+2p-l — 2Bm+p + Bm+1)

— — Bm+고) + (% — 1)；흐 — 厶⑴ — (mod p),

where ap = (1 +pBp_i)/p.

Proof. By (2.2) and (2.3) we have
B b

An+jHp三 —+ ■&(pT)---------汕—I 且(賀―1) ~

-+ 方 0 尸

+ Bm+lBp—l + 日戶”너一卩

+ £ "(T)저羿伊I (mod?). 

k^p—r

We note that Bp_i = — * + ap implies the followings;
(i) -Bm+pBp-1 = 一Bm+p (-j + 아｝) = 으끄모 — QpBm+p.

(ii) Bm+1Bp_i = Bm+1 (느 + %) = —으브 + apBm+1.

(iii) Since (?丁) = (~l)r (mod p),

1fp\R R , R Br
5 W "JDd)务 + ^(p-i)V
以 b

一一~(-1)r^G-i)(P-i) + (mod p)
Bf b

--+ 且(p-1)3= (mod p).
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It follows that

島一 r

Br- r 

_ 

--

D I D Bf上％—1)3 一 1)

(1 _ j + 死 Qp T)_ (% _ 1)) + 牛(1_； + g _ 1) 

(mod p)
B

三(cp - 1)— (mod p),
r

since 三 1 — ' + 今(。牛 一 1) (mod p). Thus, we obtain

]fp\ B B
+ %p_L)3；三(ap - 1)-^7 (mod p).

(iv)將)=MA)=占(*约)三甲兰(mod p).
By (iv), we easily see that

=厂 1 /pA Bm+k R _ (~l)P-fc Bm+k R 〈 시、、
丄 試5丿 E 耳＞i = —二2 m荐Bi(m°d0) 
fc=2 x z fc=2 虹k^p-r k^p—r

=-y 旦或5 (mod p) 
스h p — k m + k

柘4—广

三-X(r) - C" (mod 但).

By using (i), (ii), (iii) and (iv), we obtain 나le congruence

，4・m+p—Lp = /4m,p —日(Bm+2p—1 — 2J3m^p +

~ %(Bm+p — -Bm+i) + (a* — I)；— — — C$)(mod p).

By the Kummer's congruence, since m + 2p — 1 = m+p (mod p— 1) 
and m + p = m + l (mod p — 1),

皂羿二，三兰끄土끄三冬브 (mod p), 
m + 2p — 1 m+p m + 1 v
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and so we have

^%“紆 + 端三0 (mod” (2.4)

We note m 
congruence

=(p-i) [a] + r — 1 implies that by the Kummer's

Bm+1 _ Bf 
m + 1 r

(mod p).

By using this congruence, we see

詰吟5

and
D

Bm^p — Bm+i H---- -三 0 (mod p). (2.5)r

We can now prove the following, which corresponds to congruence for
the generalized Euler formula.

Theorem 2.10. Jbr any even r with 2<r<p—1 we have

a — 4 丄 2 (Bm，+p Bm+i)
&어*—功 = + - 侦航宥 - 云二冃丿

+ (2ap — 1)——厶⑺—(*)(mod p).

Proof. By using (2.4) and (2.5), we see that

Bm+2P~i =(2 气廿 ——(m + 20 — 1) (mod p)
\ m+p m+1 J

三 2Bm+p — Bm+i — 2—끄끄 H------三苧 (mod p).m + p m + 1
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And — Bm+〔三一牛(mod p). Hence, using Proposition 2.9 and 
the above results

4m+p—= 4m,p — 5(Bm，+2p—l — 2-Bm-|_p + Bm+1) -。宇(Bm+p

- Bm+1) + 0 一 1)吳一於)一 c!" (mod p) 
T 丫

三 &n,p - -(2Bm+p - Bm+1 - 2% + 竺꺼m - 2Bm+p
p m+p m+1 "

+ 品中) — Olp (- 产) +(Olp — 1)쯔 — 小” —

(mod p)

三 M + j(鶴-制)+(2『1) 쯔

_ Z ⑺—(mod p).

(2.6)

We put m~(p~ 1)(/ — 2) + r — 1 and j = i — 2 > 0, r is even with 
2 < r < p — 1. By Proposition 22 and Lemma 2.8, we obtain

^r-l+j(p-l),p = (J尸+(j+l)(p-i) — T

+ ((2 顶 + 1 —r)ap — j +

+ (mod p).
k—2 k^：r

Indeed, by the Definition 2.7, we have

4・T+j(卩—L),P = 一一 i)+[BpT + -(-l)PBr-l+j(p-l)+p 
r

+ —T^r-l+j(p-l)+p-rBr

+ £ ~ (—l)fc-Sr-l+j(p-l)+fc-Bp-fc-

k^-p—r
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Now, we see that
(i) Since = 习+至d ―冬再七山-：!)and r+j(p-

1) = r (mod p — 1), we obtain

巴罕二*三 브 (mod?), 
r + j(p — 1) r

so that
Br

岳= ~(r - j) (mod p)

and

—Br+j(p_i)Bp-i = - 저~■半 ----~ap(r ~ J) (mod p).

(ii) By Lemma 2.8, (-l)P-rl(P)三 i(l - Lr-ip) (mod p2), and

(_i)p-4
p

1 ~ — + (J + l)(ttp — 1) + 玲一i) — (mod p).

Therefore

(p-i)G+i)

（一1）卩

IB B
三-------H——+ 1) — J + Lr-i) (mod p).p r r

By the above results (i), (ii) and Definition 2.7, we can find that 

^r-l+j(p-l),p =，驾］)+ ~aP(0 ~r)~ jBr+(p_i)G+i)
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Br+(p-i)(j+i) - + 牛)

^r+(p-l)(j+l) - Br+j(p_i) + 3二)

1- - _
_ p

D
+ ~(O*(J — 了) + 시*(顶 + 1) — 顶 + Lr-i)

P2 ] /^\
+ E ~ C J (—(mod p) 

k±p—T
1=——

一 p

+ ~ (。卩(2项一尸 + 1) — J + Lr—i)

+ £ -(北)(T)I；B必—i+j(p_i)+pi (mod p). 
fc=2 오 ''、丿 
k^r

Here we obtain the required congruence (2 6)
Also the last term of the above formula implies that

话 (：) (T)。저风3—1七血-1)+1：

fc^r
P-2

=,
k=2k^r

心1
三 E 知B『+(p_i)(j+i)_k (mod p).

k=2k^r
Therefore we get

52 E(T)a'(-1)1 风&+(p_i)(j+i)i (mod p)

&•一l+j(p—l),p = 一 j (Br+(j+i)(p-i) - Br+j(p_i) + 3二)

+ ((2顶 + 1 - r)ap -j + Lr-1) 뜨

P—2 Bk
+ £：-fB「T：+(j+i)(p_i)(mod p).

k=2 K 
k^r
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By using the congruence, we easily obtain the following lemma.

Lemma 2.11. For any even r with 2<r<p — 1 we have

£ 쁘Bi+(j+g)三 二尸如 + 으二尸理)(mod p).. 
k=2 
屮

Proof. We consider first the case that

—-BfcBp_fc+Tn_i =+— Bp_fc+rn-i 
fc—2 A:=m+2k=2 柘£m

= %地_冬二너』史
句 k p-l + m-ky P '

+ 乙—JJp-i+m-k
左=m+2

m—2 rj m—2 o r>
= ▽ 으 B 坠■브뜨土—上 k m~k k m-k

k=2 k=2

丄 S By ,,.
+ 2丿-寿Bp_i+m_k (mod p)

R=m+2

三 끄日乏厶伽)+ 끄二C%m)(mod P). 
厶 厶

By using this congruence with m — j(p — 1) + r, we can find

B* ”—2 b*
2 ■7r-6r-fcH-(j+l)(p-l) = £ —Bp-fc+jp-j+r-1
k=2 k=2 K
k^r fc0r

三二尸亦)+二尸哲(mod a). 
厶 厶

This completes the proof of our assertion.

By using Definition 2.7 and Lemma 2.11 we have the following the
orem.
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Theorem 2.12. For any j > 0, any even r with 2 < r < p — 1 we 
have

A-l+j(p-l),p 三(Br+(j + l)(p-l) - Br+j(p_i) + 牛) 

D

+ ((2j + 1 - r)ap -j + Lr-i)~

+ 으二4二土⑺ + =&二丄弯 (mod p). 
厶 厶

Remark. The above Theorem 2.12 is a similar to [M, Lemma 3 
and 4] under the assumption 4 < r < p — 3.

The next step is to transform the numbers Ap_i)r4-p-i. By Definition
2.7, we have

T--------—
r + p — 1

_ 1 (T + p— 1X
Pm — r+p-lE r 

• 1

r+p-l /r
+ r + p-l \ k )BP-l+kBr+p-l-k.

/c —1 ' /
fc/r,p—1

1

The last term leads to

1

k^rtp—l
/ I 1

三------y fr+p-1
r +» — 1 1 \ k K—l ' k^r,p—l

2 fr+p-l\

1
BkBr+p-i~k (mod p)

1

三如・+p_Lr+n

/r + p — 1\ Ba； ( , kE (mod p).
r +p — 1 £二 \ k J k

fc^r,p—1
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By the symmetry of Amtn in Definition 2.7, we see that Amtn = 
An-i,m+i- We also have Ao,r+P-i = &•+》一2,1 = —Br+p_i.

On the other hand, we have

1 + 1\ Bfc
r + p-1 J I k 斥耳+IT

A:/：r,p—1

r + p— 1
1

(2.7)

+ 1 ry^1 (r + p - 1A
r + p-1 乙(k 丿无-M+pTt

l fc=r+l ' 7
k#p-k

We note that (퍼艾」) 三 (「：) (mod p) for 1 < fc < p, so that

] 

r +p — l

Br+p-k-i (mod p).

By using the Kummer's congruence, since *+尸一1 —人；三 r—k (mod p—
1)，

B 꺼十—1—k: _ B—Jc
p + r — 1 — k r ~ k (mod p).

That is,
B"시c 
r — k

Bp+m = Br-k — (mod p).

Thus for r > 4 and is even, we have

1 导 Zr + P — „
#商신＜ k 丿/小宀

三捉⑺+ 1」,1岳（mod皿

where B（「）= £拦 （。움怜.

(2.8)



Kummer congruence for q-Bernoulh numbers 195

Next we observe the following congruence. Let m be odd with m >
5. Then we have

姦㈡労E 느(m心). 
3—1

Hence

表(十)쓰捋豈三爵5 即5
J 一 1

We can deduce from (2.8) that

m—j皿+卫土八j J

三 쯔느河(m+1)+ 丄竺普岛中 一 끙(mod p) (29) 
m 2 mm + 1 m 2

드 財(m+1) * 二腔 育“中 (mod p).
Z mm + 1

Now we consider the last trems of (2.7) and put m = r — 1, then, we 
have

1 y /m + p\ 
皿+七冬八分丿

J#p-1
1

m-j

52 ，프普Bp_i (put j =m + l)
m + p 仁； \m + l J m +1

三土 £ (；了)落"即顼 ，

= — (C 风一벞兰흘 (mod p) (put k = p — I、)
m \k J m + p — k

fc^4m4-l

(2.10)
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三三免

1 岛너」* 丄 
mm + 1 m匕丿 fc=i 

风苔苧크（modp）

읶勞크 （mW”

Setting 顶= m + l一 知 we obtain the following equation

m

£
k=l

km + l — k

끄*、£常） 쓰島宀
(2.11)

Hence, (2.11) goes to

m
1

上九 —:----rm + 1 — k

m 2 m 스—
5=1

Bj

1 m + 2 _ z ,.
三----- —Bm+1 (mod p).mm + 1

By using the above results and (2.11), we have

]'

m + pY J=7n4-2
J#P-1

豎（如斜…

1 Bm+i lm + 2 -------—r---------- —r-Bm+i (mod p) mm + 1 mm + 1

三-- Bm+i (mod p),m

(2-12)
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m + p

and thus from (2.9) and (2.12)

理(顶丿顶Et

j 卢n+1,0-1

三 H--------扌=%中 —丄岛너」(mod p)
2 mm + 1 m

=萨伽+1)-|---- 7，' 环+1 (mod p).

gFrom these formulas we obtain the following theorem.

Theorem 2.13. For even r >4 we have

l,r4-p—1

三一4(「顷一*卄辺1
尸서*一 1 \ r ) f

1 Zr + p —1\ c 宀+ 厲?_1( p-1 )B2(p-i)Br-Br+p^

- -二으- (Hj BrBp_! - 护) _ (mod p). 
r + p — 1\ r) 2 r — 1r

3. Another g-Bernoulli numbers

If q = 1+t E Cp, we normally assume \t\p < j广志.We shall further 
suppose that vp(i) > 洁〔so that qx = exp(x logp q) for \x\p < 1, where 
logp is p-adic Iwasawa logarithm.

In. [4], the g-Bernoulli numbers and g-Bernouili polynomials are de
fined by

—=部*小 and 一客丄=郭与小.
qel — 1 qez — 1

This relation can also be written 舛(乃色)+1)* — *(小=t, or if we equate 
powers of i,

八 / 、 ( 1, if n — 1,
— L q(0 + i)n - = s n 1t 0, if n > 1,
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with the usual convention of replacing by fin. We can easily find 
the following relation:

但(写g) = £ 但(0；Q)=队. (3.1)
2=0 \ /

Remark. If g 구41, then for n > 1

色쁘卞牛

where /fn-iC?-1) means the (n — l)-th Euler numbers. If q = 1, then

月n(q) = Bn,

where Bn is the usual Bernoulli number.

Let q E Cp with |1 — q\p < p~p^ and d be a fixed positive integer 
and let p be a fixed odd prime number. We set

X =£프%/如N 乙
N

X*= U a + dpZp, (3.2)
0<a<dp
(<2)=고

a + dpNZp = {xeX\x = a (mod dpN}}.

where 0 < a < dpN.

Lemma 3.1 [4]. (1) For any rational integer m>l and A: > 0,

傀(8；q) = 7渺t £(港 (끄'; 矿") .
1=0 '

(2) Let q G Cp. For any positive integer N^k and d, let 甘風左：=叩,曲 
be deGned by

+ dpNZp) = (dpN)k~lqa(3k ([으%;Q血”) •
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Then 峪* extends uniquely to distribution on X.

The first few q) give us the following distributions:

所,o(。+ dp^Zp) = qQ n、
叩

峪 + dpNZp) = qadpN dpN qdpN _ 1

and so on.
Let a E X*, a 供 1 and k > 1, For compact-open U U X、［丄好我 is 

defined by
卩g*q(U、) ：= ［서3：k；q(U) — OL *照丿冲(시丁). (3.3)

If a € X*, we denote {a}n 나禮 rational integers between 0 and dpN 一 1 
which are congruent to a mod dpN.

Proposition 3.2, |丄如丄q(U)|p < 1 for all compact-open U c X.

Proof. Applying (3.3) with A: = 1, we obtain

where ［•］ means the greatest integer function. Notice that qa — 1) 
+ a ［券］)G % since ~ E Zp and ［濶니 G Z. On the other hand, 
since every compact-open Z7 is a finite disjoint union of intervals a + 
dpNZp, we may conclude that |四,项(。)|卩 < max + dpNZp)\p
< 1.

We will give a relation between 海商用 and
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Theorem 3.3. Let be the least common denominator of the 
coefficients of /丸；(z; q). Then

d"%k,q(、a + dpN1p)三 dkk(^~x(f +， (mod pN)

=dfcfcafc-1/ia,i；g(a + dpNlZ.p) (mod pN), 

where both sides of this congruence lie in Zp.

Proof. By using (3.3) we obtain

d來卩+ dp Zp)
=dk(收£；q(a + dpNZp) - a~kfj./3>k.q(a(a + dpNZp')))

*F3k ； qdp^ -疽伽呻-十所(塲妲;"产 =dk

= dkqa(dpN)k-1

Equation (3.1) gives

dk 卩y시耳 q(Q + 血卩내 Zp)

=噸伽”唐(:加妒)(赤广

二g(：)y)(警 n

fc-lx
-dkqa(dpN)k-i

/((费)、(费广))同酒

="(赤-"(磊-"(C时 T +•••)

-*疽一1一『* -1 - (k - l)(aa)k~2dpN +・j))

= dkqa —L (骅— k(cg)J
\ dpz

aa 
dpN
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—— oTk(ad)k~1jj (mod pN) 
三 시盘iqa 企 一 1) + ! 誅 ) (mod pN).

I 1 由灰아— fc / f 
Ju Ju

This completes the proof of ou호 assertion.

It is not hard to show that any open subset which is compact is a 
finite union of compact-open sets of the form a + dpNZp.

Definition 3.4 [6]. An Cp-valued measure 产 on X is a finitely 
additive bounded map from the set of compact-open U C X to Cp.

Corollary 3.5. 卩心叫 is a measure for all k = 1,2, - ■ • and. any 
a € X*,a + 1.

Proof. We must show that 卩시罚q(Q + dpNZp) is bounded. But by 
Theorem 3.3, we have

lMa,fc；q(a + dpNXp)\p =卜*—F fcafc~1/zaji;g(a + dpNZp)

(for some x EZ)

< max

< max

p

< oo,

since dk is fixed.

Corollary 3.6. Let f ： X X be the function /(x) = k 
is a fixed positive integer. Then for all compact-open U U X%
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Proof. It follows from Theorem 3.3.

Let x be a primitive Dirichlet character with conductor d、where d 
is a positive integer. Define

d-l
徧,X0)= G；qd) . (3.4)

a=0

We express the q-Bernoulli numbers as an integral over X, by using 
the distribution 伽次(对.

Proposition 3.7.
⑴ kx(、硏 하= 6k,x(q、"
(2) JpxX(z)d伽,k(찌 =x(p)伊T炕：,x(qP).
⑶ fx X(z)dfi^k(ax) = Y (£)庞x(q).
(4) fpX X(z)由钏(皿)=x (功伊t位 xW)

Proof. It follows immediately from (3.4) and Lemma 3.1.

^From the definition of 卩g% in (3.3),

/ x(c) 血如,%(끼Jx*
=/ x(t)如饱")-cL x(z)叩

J X* Jx*

Now, using Proposition 3.7,

/ x(硏 d瞄&:、) = x(£)如"(硏-
Jx* Jx Jpx (3.5)

=炕：,&)- X(0)广'&,x(砂)

and

Jx* X(c)d"(az) = x (!)炕：,x(q) - X (寻)广'位,x(qp). (3.6)
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By the above results (3.5) and (3.6), we can find that

X(z) dga,k;q(£)

( /i\\ 37)
=(1 一 a~kx (云))(庞洪0) — X(P)护T侏*(砂)).

Finally, we define
x

<⑦〉：=一厂个 用)

where 3 is the first kind Teichmiiller character < x n7产三 1 (mod pn).
Put Xk — X^~k- By Corollary 3.6, we have

I u产= / Xk(荷為由
Jx* Jx*

=I Xi(z) V x >* 1 k d卩g,i；q(£)
Jx*

If ki 三 加 (mod pN),then

(l-af X灼 G))(位i,x」q)-膈伽*1%冲(砂))

=/ (z)由如而;冬(时
j x*

=/ X1(0) < X >kl~X kl d心;q(X)
Jx*

三 / X1(时 < X >fc2-1 加血5；q(⑦)(mod pN)
Jx*

= / X%2 3) 히知】C2,q (⑦)
Jx*

= (1 一 C「저以2 G)) (庞2,g(q) — 心2(0)0제凡2,*& (砂))・

Therefore, we obtain the following theorems.
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Theorem 3.8 (Kummer Congruence for the ^-Bernoulli 
NUMBERS). If ki 三 加 (mod 伊\ then for any a G + 1,.

(1 — a(占))(炕a’x&i (q)-膈 3)产 0P))

三(1 一 a*欢2 (§))(庞2次2(q) 一 Xk2(p)pk2~1^k2,xk2(qp)) (mod pN).

Theorem 3.9 (p-ADic q-L-function). For a e X*,a 尹 1, the 
p-adic q-L-function

Lp；q(s, x) = 7 [ V N〉s Xl(z)(l — s)血如S €
5-1 Jx*

interpolates the values
(1 - «-fcXfc (!))(傀,涂)-X*)、)广戏,xJ矿)) 

when. $=二]—k.
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