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CERTAIN CLASS OF FRACTIONAL CALCULUS 
OPERATOR WITH TWO FIXED POINTS

Oh Sang Kwon

Abstract. This paper deals with functions of the form f{z)= 
oo

aiz- 53 o,nzn (ai 그 0, 如 2 0) with (1 -/^)/(zo)Ao +m//(20)= 1 
n=2

(一1 V 知 < 1) We introduce the class 夕S,4§ zq) with 

generalized fractional derivatives. Also we have obtained coefficient 

inequalities, distortion theor아n and radious problem of functions 

belonging to the calss 夕(払 n 7,8、A, B; zq),

1. Introduction

Let A denote the class of functions of the form
00

(1-1) f(z) = z - £ anzn (an a 0)
n=2

which are univalent in unit disk Z) = {z:| 히 Vl}. Recently, Urale- 
gaddi and Somanatha [4] studied the 이ass of functions of the form

oo

(L2) /(z) = atz - 5^ anzn (如〉0,如 2 0)
n=2

with

(1-3) Q二쓰迅쯰 +时，(如 = 1,
Zo

where
-1 < < 1, 0</z< 1.
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A function f(z) is said to be convex of order a, if

(1.4) 쩌} + *号} >« (2 G D ： 0 < a < 1)

We denote by C*(a) the class of convex functions of order a (0 < a < 
1). ~

Let /(z) be analytic function and g(z)be multivalent function satis- 
fying /(。)= 9(0) and f(D) C g(D\ then f(z) is said to be subordinate 
to g(z), and is denoted by f(z) y g(z).

We now recall the following definition of a generalized fractional 
operator introduced by Srivastava et al [3],

Definition 1. For real numbers r/ (?)> 0), 7, and 毎 the generalized 
fractional integral operator I자;笋 of order tj is defined, for a function 
/(z), by '

I阳，％(z)
(1.5) z~v~y fz / c\

fbK 护一项。+3 -財;」9 了(泗'

where f(z) is an analytic function in a simply-connected region of the 
z-plane containing the origin with the order

・f(z) =。(|기) (z —> 0), (e > max{0,7-<?} 一 1),

(L6) 脚,心）=£曾手伝共），

and (p)n being the pochhammer symbol defined by

(z/)n = 虫서5)= / L (n = °)
「(，) l 卩(“ + 1) • • • (p + n — 1) (n E N = (1,2, ••-}),

p호。vided further that the multiplicity of (z — f)하is removed by re­
quiring log(z 一 & to be real when (z — g)〉0.
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Definition 2. For real numbers r/(0 < 77 < 1), 7, and 6, the gener­
alized fractional derivative operator of order 7)is defined, for a 
function f (z), by 
(L7)

_ 1 d
r(i —而 dz

一 旷" (了 _ 77, _毎 1 _ 77； 1 _ 您)씨 ,

where /(z) is an analytic function in a simply-connected region of the 2- 
plane containing the origin, and the myltiplicity of (2—£)一히 is removed 
as Definition 1 above.

Lemma 1 [3]. If 0 < 77 < 1 and k > y — 6 — 2, then

d 8) 卩，邛,6 k _ 「(人:+ l)I、(k —y + S + 2) j
〈丿 ％ -r(fc-7 + i)r(fc-77 + 5 + 2) -

We will define the following definition.

Definition 3. A function /(z) defined by (1-2) and satisfying (1.3) 
is said to be in the class 9(“，，77,7,5, A, B; z°) if

「(2-，y)「(3 - 77 +(5) 1 仅,6 Hz
r(3-7 + <5) J。，' 八피"以1 + 氏

where Q<t)<1, y<2, rj — y — 6<3,—l<B<A<l and

For 77 — 7, y?(/i,77,7/,5,j4, B;zo) has been studied by S. R. Kulkarni 
and U. H. Naik [1]. The main purpose of this paper is to investi­
gate coefficient inequalities, distortion theorem and radious problem of 
functions belonging to the calss 凶奴 4 B; zq)
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2. Coefficient inequalities

Theorem 1. A function f(z) belongs to 9(糸,门,7,6, A, B\ zq) if, and 
only if

(2.1) £ { *-_爵地，7,6, 끼 — [(1 - 闵 + T바*厂11 an < 1,

where
Mn y 6 n}= (3 - 7 + S-邛！
例77,",(2”)“](3_77 + 5)“]

and (v)n is Pochhammer symbol.

Proof. Suppose /(z) belongs to 外 7,6, A, B; zo). Then we have

(2-2) 印）=专叢音心）

where w(z) is analytic in D with w(0) = 0, |w(z)| V 1 and

F(z)/T•지,'笋六 2) 

oo

=ai - £ 的,7,5, n)anzn-1,
n=2

and
Mn y 6 n}= (3 —y + 句”泗
"이/' ')~(2-7)n-l(3-7? + 6)n-l'

Equation (2.2) is equivalent to

(2-3) F(z) - 血 

BF(z) — a\A
=< 1.

Since ；히 < \z\ for any z, we have from (2.3)

2辭=2 询，% 6, 7以3严-1(2 4) Re 1 5=2 '脾，"，______________I ]

1 (厶 - + £鴛地, % 布 끼aQ-l j '
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Choose values of z on the real axis so that F(z) is real, upon cleaning 
the denominator in (2.4) and letting z —> 1 through the real values, we 
get

oo

(2.5) J2(l - B泌3,7,5,n)an < ai(A-B).
n=2

oo

Finally substiuting 血 = 1 + {(1 — 司 + 7아4如吋一1 in (2.5), we get
n=2

(2-1).
Conversely, suppose that (2.1) holds. Consider

|F(z) - 제 시BF(z) - 血厶|

I 8
蜘, 7, 끼5产一11 一一 B)a，i +£ B(f)(①, 7,6, 지如2門一'

I 71=2

8
< 52(1 - 7, S, n)an - a^A - B、)

n=2

< 0, by hypothesis.

8
=IE 

n=2

Hence, by maximum modulus theorem, we get

F(z) - ⑶ 
BF(z) —(i\A

(z JD),

which implies that the호e exist an analytic function w(z) such that 
w(0) = 0 and |w(z)| < 1 and that

F(z) — Qi 
BF(z) — a^A

=w(z)

which in turn implies that f (z) belongs to 功 7, A, B; zq)-
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3. A distortion theorem

Theorem 2. If a function f(z) is in the class (/A,B;zo) 
with 3t)> 7(77 — 6 — 1), then

⑶ (I 히 - 气都二盎一벓의히")』*)1 rm \ 2(3-了 + 力)(1一B) j
E ("쓸咨쓰고帯二뽀의히2)(心).

\ 2(3 — 丁+ 8)(1 — 5) )

(3-2)

Proof. In view of equation (2.5) and the fact that。(仏%缶끼 is 
non-decreasing for n > 2, we have

2(3 - 了+ 6)(1 - B)于
(2一丁)(3—"句「스如

oo

< £ ©S，7,如 n)(l - B)an <ai(A-B),
n=2

which is equivalent to

< ⑶(厶 _ 8)(2 _1)(3 _ 77 + 句
土广-一2(3-7 + W-B) —•

Therefore, we obtain

(3.3)

(3-4)

oo

|六2시 > 也|히 - I끼2 £ 如
n=2

(lai — 8)(2- 지 (3 —，+ ")] 시2- ai (J히 - 2(3 —y + 研] 二E)—시키

and

(3-5)
|/(2시 M 에기+ |끼2 £ 如

n=2

5기"0諸쏙긔寿끏의히 2

\ 2(3 — 7 + 이(1 一 上子)
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Theorem 3. If a function f（z） is in the class ©（尚功明 6, A, B; 29）, 
then

" 国,'泠（이 >쁫;그為 （I히I - 슨音*，） 

and

岡）I昭臥기 玄「（二「£그;3 打 （께 + 슨费11）
for z E Dq, where

Dq = D, 7 < 1 
D~{0}, 1<7<2.

Proof. By using second inequality in （3.1）, we observe that

（3.8）

光碧潟切M泠⑵

OO

> £니끼 一 £。（77,%号心니히”

n=2

> （니끼 一 I기2 （ £：（侦 7, 毎 ngn ）

\n=2 ）
N 血 （团 - ¥三糸기2）'

which is equivalent to （3.6）.
Next

些詳％户g"/⑵

oo

< 血 I 기 + £。（77,%$,7以니기"

n—2

< 血 I기 + |^|2 I £ （认히, 7, a n）如 I
\n=2 /

（同 + 히"J,

which yields （3.7）.
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Corollary 1. Let a function belong to 97(/1,7/, 7,A, B; ^0) 
with 3ti > 7(77 — S — 1). Then f(z) is included in a disk with its center 
at origin and radious r given by

r = a. fi .(A — B)(2 - t)(3 -tj + 6) 
_ V+ 2(3-7 + <5)(1-S)

and 貽：?'f(z) is included in a disk with its center at the origin and 
radious R given by

n = 却关 一 丁 + 6、) ( A - B\
~ r(2-T)]「(3 —77 + 句' V 亍二万J *

4. Radious of convexity

Theorem 4. Let /(z) belong to 9(国 * 如 A, B；约).Then /(z) is 
convex in the disk

(4.1) |z|<r = 电, 7,5,4 = Q二罂흐沪 ) 土 .

The result is sharp for the function given by

(4 2) f(z\ =_______ (1 一 BMW，* 6, n)z 一(厶 一 ________

{(1 一 B)的,一 [(1 一闵+叫d(A—B)" •

Proof. It is sufficient to prove that 

& A, B). A simple calculation gives us

zf”(z) 
亍GY < 1 for \z\ < t(히,1,

•尸(z)

£ n(n - 1)이히I 
n=2 —

«1 - Z m니끼"T 
n=2
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Clearly, |^| < 1 if 

oo oo

(4.3) n(n — l)an|z|n~1 < ai —nan|z|n-1.
n=2 n—2

oo

Using q고 = 1 + 】 [(1 — 〃) + nfAzo ~1 也 (4.3), we are led to 
71=2 

8
(4.4) £ 如{孔勺끼"：L 一 [(1 一 〃) + 7列2种一1} < 1- 

71=2

By Theorem 1, we have

이;; 二흼) 加, % 6, n) — [(1 一.) + ?히니咁 t} < 1-

Hence (4.4) will hold,迁

n으I히”一'一1(1一/£)+7아业厂' < 匚 흼 的]〉» 们 n) — [(1 一小+"]2广
5-⑶

or equivalently

I히"%*財),

which in turn implies the assertion of the theorem.
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