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CERTAIN CLASS OF FRACTIONAL CALCULUS
OPERATOR WITH TWO FIXED POINTS

OH SanG Kwon

ABsTRACT. This paper deals with functions of the form f(2) =
o0

aiz— 22 anz” (a1 > 0, an 2 0) with {1 — ) f(z0)/z0+uf'(z0) =1
n—=

{(—1 < 29 < 1} We introduce the class ¢{u,1n,7,6, A, B, z0) with
generalized fractional derivatives. Also we have obtained coefficient
inequalities, distortion theorem and radious problem of functions
belonging to the calss @(p,1,v, 6, A, B; zg).

1. Introduction

Let A denote the class of functions of the form
(1.1) f@)=2=> anz" (an>0)
n=2

which are univalent in unit disk D = {z : |2{ < 1}. Recently, Urale-
gaddi and Somanatha [4] studied the class of functions of the form

(12) fe)=arz=3 anz" (@ >0, ax>0)
n=2

with

(1) LB | i) = 1,
0

where

~l<zp<l, 0<pu<l.
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A function f(2) is said to be convex of order «, if

(1.4) Re{1+z';:g)}>a (zeD:0<a<l)

We denote by C*(a) the class of convex functions of order a (0 < @ <
1).

Let f(z) be analytic function and g(z)be multivalent function satis-
fying f(0) = g(0) and f(D) C g(D), then f(z) is said to be subordinate
to g(z), and is denoted by f(z) < g(2).

We now recall the following definition of a generalized fractional
operator introduced by Srivastava et al [3].

DEFINITION 1. For real numbers 5 (5 > Q), 7, and §, the generalized
fractional integral operator I ”"7’ of order 7 is defined, for a function

f(2), by
I37°f(2)

(15) s / e lp(,?ﬂ, 5,7,1--) f(6)de,

where f(z) is an analytic function in a simply-connected region of the
z-plane containing the origin with the order

f(z) = O(|2I%), (z — 0), (e > max{0,y - 6} - 1),

(1.6) F(a,b;c;2) = Z (@)n(8)n 2" (z € D),

= (e n!
and (), being the pochhammer symbol defined by

) =I‘(u+n)={ 1, (n=0)
"7 T viv+1)---(v+n-1) (neN={1,2,--}),

provided further that the multiplicity of (z — £)"~! is removed by re-
quiring log(z — £€) to be real when (z — ¢) > 0.
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DEFINITION 2. For real numbers n{0 < 5 < 1}, v, and §, the gener-
alized fractional derivative operator Jg‘g’é of order 7 is defined, for a
function f(z), by
(1.7)

I3 f(2)
. 1 d
T T(1-n)dz

{z”-'r foz(z IR ('y -n,~&1-n1— é) f({)dg} ,

where f(2) is an analytic function in a simply-connected region of the z-
plane containing the origin, and the myltiplicity of (¢ —&)~" is removed
as Definition 1 above.

LemMMmAa 1 [3]. fO0<n<landk>~vy~6—2, then

Tk+ 1)k —v+6+2) _
1.8 JgTiek = k=,
(1.8) 0 X TR N+ Tk —n+6+2)

We will define the following definition.

DEFINITION 3. A function f(z) defined by (1.2) and satisfying (1.3)
is said to be in the class p(u,n,7,86, A, B; %) if

14 Az
1+ B2

F2-NIB—n+8) 1 9mé
NCErE B A

where 0 <n<1,y<2,7—-6<3,vy-6<3, -1<B<A<1and
1< B<0.

For n = v, w(i,m,1n,6, A, B; z5) has been studied by S. R. Kulkarni
and U. H. Naik [1]. The main purpose of this paper is to investi-
gate coefficient inequalities, distortion theorem and radious problem of
functions belonging to the calss (i, 1,4, 6, A, B; 25)
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2. Coefficient inequalities

THEOREM 1. A function f(z) belongs to ¢(u,n,7,6, A, B; 2) if, and
only if

en 3 {GER e sm -0+ e <

n=2

where
B =7+ 8)nan!

(2 - '7)71—1(3 -1+ 6)?1.—1
and (v) is Pochhammer symbol.

¢(m 7, 6,n) =

Proof. Suppose f(z) belongs to oy, n,7,86, A, B; z0). Then we have

1+Aw(z)

(2.2) F&) =017 s

(-1<B<AK])

where w(z) is analytic in D with w(0) =0, |{w(z)] < 1 and

F(Z) P(2 r(';)r(’:: - :S?)+ 5) P 1J'7"7,6f(z)

=ay — Z ¢(’L v, 61 n)a‘uzn_ls
n=2

and
(3 -y + 6)11,.11'),!

(2~ Vn-18~n+8)n1
Equation (2.2) is equivalent to

2.3 l F(z) - a;

é(n,7,6,n) =

BF() —aia| - W@l <L

Since [Re z| < |z| for any z, we have from (2.3)

200—-2 ¢(77, Y, 67 n)anzn_ 1 }
2.4 R n= <L
( ) © { (A - B)a'l + zzo:2 B¢(721 Y, 61 n)a'n.zn_l
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Choose values of z on the real axis so that F'(z) is real, upon cleaning

the denominator in (2.4) and letting z — 1 through the real values, we
get

(2.5) > (1= B)¢(n,7,6,n)an < ay(A - B).

n=2

[e o]
Finally substiuting a; = 14+ 5 [(1 — ) + nglanzy ™" in (2.5), we get
n.—._2
(2.1).
Conversely, suppose that (2.1) holds. Consider

lF(Z) - all — lBF(Z) _ a1A|
| 1 ) !
— I(A — B)al +Z B¢(n, Y, 6, n)anzn—l

n=2

b |
Z ¢(77: 7: 65 n)aﬂz‘n_{

n=2

S Z(l - B)d’("fb% 5)"’)“7& - a'l(A - B)

n=2

< 0, Dby hypothesis.

Hence, by maximum modulus theorem, we get

l Fe)—a | 1 (e,

BF(z) -~ a1 A

which implies that there exist an analytic function w(z) such that
w(0) =0 and |w(z)}{ < 1 and that

F(2) —a

BF) —ad = YW

which in turn implies that f(z) belongs to ¢{, 1,7, 4, B; 2p).
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3. A distortion theorem

THEOREM 2. If a function f(z) is in the class ¢(p, 7,7, A, B; z0)
with 3n > v(n — 6 — 1), then

(A-B)(2-7B-n+56)
aj (]Z} - 2(3 _”7_{_6)(1 _ B) ‘Z'z) S lf(z)l

3.3 (A= B)(2—1)(3~n+9)

<o (1 + U 2C-DE10p0) e

Proof. In view of equation (2.5) and the fact that ¢(n,7v.6,n) is
non-decreasing for n > 2, we have

2(3 — v 4+ 6)(1 — B) =
2-1E-n+0) 2

(3.2) N
< Z ¢(7),% 6»”)(1 - B)an < GI(A - 3)1

n=2

which is equivalent to

S a1(A - B)(2-1)@B—n+6)
(33) T [T

n=2

Therefore, we obtain

(F(2)] > arlz] - [2]? Z an
- - -7
2m(pp- B -7+ 8) (1= B) VP)

and

FEI < aslel +122 3 e
+ (4- B2 )G+
-B)2-71B-n+
<o e+ A5G T k)
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THEOREM 3. If a function f(z) is in the class ¢(g,n,7,6, A, B; zp),
then

. aiT(3 ~ 7+ 8) L, A- Bz .
88) V3250 2 e (o - SR )

and

.y aiT(3 =7+ 6) oy A BZM
B o (IR P

for z € Dy, where

{D, v<1
Do =
D-{0}, 1<y<2.

Proof. By using second inequality in (3.1), we observe that

T2 -3 —n+86)
e LD
Z (1112! - Z¢(n1’736t n)aniz‘n
(3.8) "
Z allzl - 1212 (Z ¢("7, s 51 n)an)
n=2

> ar (I~ $2 ).
which is equivalent to (3.6).

Next
\I‘(z -8 —-n+9)
F83—v+6)

2 JTTCf(2)

< arjz]+ ) ¢(n,7,6,n)anl2l"

n=2

S allzl + |Z|2 (z ¢(177 s 6’ n)an)

n=2

A-B
<ar (Isl+ S5,
which yields (3.7).
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COROLLARY 1. Let a function f(z) belong to o{(u,n,7,8, A, B; z)
with 3 > y(n—& —1). Then f(z) is included in a disk with its center
at origin and radious T given by

g (1 (AFB)(2—7)(3—n+6))
! 2B—y+8(1-B) /J°

and Jg] *f(2) is included in a disk with its center at the origin and
radious R given by

n_ _ @alB—7+9) ( A—B).

— 14 2-2
TC-NIG-7+8)' \ T1°B

4. Radious of convexity

THEOREM 4. Let f(z) belong to ¢{(u,n,7,6, A, B; zp). Then f(z) is
convex in the disk

_ 1 — B)g(n,7,8,7)\ "
(4.1) |z|<f=f(n’7"5’A’B)='l‘§(( ”2()12(21’;) ")) '

The result is sharp for the function given by

(1 — B)‘ﬁ(’% 7157 n’)z - (A — B)zn

42 = .
W2 IO = Bt 6,m) - [0~ )+ (A~ B
Proof. 1t is sufficient to prove that Z}f:;S)‘ < 1 for |2 < r(n,7,

6, A, B). A simple calculation gives us

S 10 — 1)z

< n=2

— 00
a1 — Y, naglzjr!
n=2

zf"(z)
f'(z)




Certain class of fractional calculus operator with two fixed points 115

zf"(z) :
Clearly, <1lif
PTG
(4.3) Z n{n — Dag)z\"" ! <ay — Z nag |zt
n=2 n=2

o
Using ay =1+ ¥ [(1 — p) + nu)z)~" in (4.3), we are led to
n=2

(4.4 3 anfn?le* = {(1 — ) +nulzg 1 < 1.
n=2

By Theorem 1, we have

z { (A B)¢(7?,’Y,5 n) [(1 - IJ') +n#]23_1} < 1.

Hence (4.4) will hold, if

R e LGOS (E

or equivalently

- B
’zlnul < ﬁd)(na Ys 5’ n):

which in turn implies the assertion of the theorem.
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