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NONLINEAR SEMIGROUPS AND DIFFERENTIAL 
INCLUSIONS IN PROBABILISTIC NORMED SPACES

S. S. Chang, K. S. Ha, Y. J. Cho, 
B. S. Lee and Y. Q. Chen

Abstract The purpose of this paper is to introduce and study 
the semigroups of nonlinear contractions in probabilistic normed 
spaces and to establish the Crandall-Liggetfs exponential formula 
for some kind of accretive mappings in probabilistic normed spaces 
As applications, we utilize these results to study the Cauchy prob­
lem for a kind of di任erential inclusions with accertive mappings in 
probabilistic normed spaces.

1. Introduction

The concept of accretive mappings is of fundamental importance in 
the theory of set-valued nonlinear operators, differential equations and 
partial di仟e호ential equations in Banach spaces, which was introduced 
independently by F. E. Browder ([3]) and T. Kato ([11]). On 난蛇 other 
hand, many authors have done considerable works on semigroups of 
nonlinear contractions, differential equations and evolution equations 
in Banach spaces and Hilbert spaces ([1], [2], [4], [7], [8], [12], [13]).

Recently, the authors introduced the concept of accretive mappings 
([5]) and some elementary properties of accretive mappings in proba­
bilistic normed spaces have been deduced by K. S. Ha et al. ([이).

The purpose of this paper is to introduce and study the semigroups 
of nonlinear contractions in probabilistic normed spaces and to prove
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that if A is an accretive mapping in probabilistic normed spaces satis­
fying the range condition, .then A generates a semigroup of nonlinear 
contractions. As applications, we shall use these results to study the 
Cauchy problem of solutions for a kind of differential inclusions with 
accretive mappings in probabilistic normed spaces.

For the sake of convenience, we shall recall some definitions and 
notations ([5], [6], [16]).

Throughout this paper, we denote by T> the set of distribution func­
tions defined on R, i.e., / € P if / is nondecreasing left-continuous 
with supteR/(i) = 1 and inft€]R /(t) = 0.

Definition 1.1. A probabilistic normed space (shortly, PTV-space) 
is an ordered pair (E,方)，where E is a real linear space and 天 is a 
mapping from E into T> (we denote 戶(z) by Fx) satisfying the following 
conditions: For all x^y e E,

(PN-1) _FX (t) — l_for all 方〉0 if ancLonly if z = 0;
(PN-2)死(0) = 0;
(PN-3) Fax(t)=死(点)for any a G R, a 0;
(PN-4) If EJ切)=1, Fg(0) = 1, then 死+折切 + 切)=1.

Definition 1.2. A mapping △ : [0,1] x [0,1] — [0,1] is called a 
t-norm if it satisfies the following conditions: For any a, 6, c, d G [0,1], 

(T-l) △(% 1) = a;
(T-2) A(a, b) = A(fe, a);
(T-3) A(c, d) > A (a, b) for c > a and d>b\
(T-4) △(△(qM),c) = A(a,A(6,c)).

A Menger PN-space is a triple (&,，、△), where (E, •戶)is a PN- 
space and A is a t-norm satisfying

(PN-47)死+g(ti+如)> △(玲(切),吗(板))for allx,?/ € Eandti,t2 e 
R+ = [0,+oo).

Definition 1.3 ([5]). Let (E,•天«△) be a Menger PAT-space.
(i) A : D(A) U E —)2^ is called an accretive mapping if

FX — y(t^ N 시 u—o)(£)

for all x, ?/ € D(A), u G Ax, v e Ay and A > 0.
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(ii) A is called a maximal accretive mapping if

死"。（，） 三 死-如+入（*—이））（*）

for all x E D(A), u 6 Ax and A > 0, then yo E DQ4) and 如 e Ayo,
(iii) A is called a m-accretive mapping if A is accretive and I + A is 

surjective.
(iv) A is called a strongly accretive mapping if there exists a fc G (0,1) 

such that
■^(X—/c)(x—?/) (^) 2 -^(A—l)(x—y)4-u—

for all j;,?/ G D(A),u e Ax, v e Ay and A> k.
(v) A is called a dissipative mapping (^maximal dissipative, m-dissi­

pative, respectively) if ~A is accretive (maximal accretive, m-accretive, 
respectively).

2. Semi-inner products in Menger PN-spaces

In this section, we always assume that (E,，七 A) is a Menger PN- 
space.

For any A e (0,1], we define a real nonnegative function P\ : E 
R+ as follows:

月(z) = inf(i : Fx(t) > 1 — A} for all x E E.

From the definition of P\(x), it is easy to prove the following:

Proposition 2.1. Let (E〉J?7, A) be a Menger PN-space with A(t, t)
> t for all t E [0,1]. Then for any X € (0,1)

(i) Px(ax) = for ali a G R and x E E;
GO + y) < Px(x) + Px(y) for all x.y e E;
(iii) (P\(x + ty) 一 P\(x))/t is nondecreasing in t e (0, +oo) and 

W € E;
(iv) (J\(x) — P\(x — ty))/t is nonincreasing in t e (0, +cxo) and 

x,y e E.

It follows from Proposition 2.1 that the following limits exist:

lim (J\(x + ty) 一 Px{x)}/t and lim (Pa(^) 一 P加-切))/七t—>0+ £—>0+
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In the sequel, we denote

E，?/]t = Um (Pa(x + ty) - P〉、(t)、)/t 
t—>0+

and
y]\ = lim (Pa(3：) - - ty}}/t.t—>0+

In what follows we give some basic properties of

Lemma 2.2. Let 二△) be a Menger PN-space with △仏 t) > t 
for all t € [0,1]. Then we have the following :

(i) < 区,成；
(ii) < P\(y) 히id [z,ckz岐 = aPx(x) for all a G R;
(iii) I km於 一 [z, 끼% < Px(.y — z)；

3) = 一= -
(v) [ss, ry]^ = r\x,弗f for all r,s > 0;
(vi) [x, ； + 히« Y [x, !/]t + k，히« and[x,y + 기[ > [ar, 讪； + 旧, 材；；
(vii) [x, 领 + 치« N [x, y]^ + [x, 히【히[x, g + 기匚 M [x, y]x + g, 기如
(viii) [x, y + ax]^ = [x,讪扌 + aPx(x) for all a C IR;
(ix) If x(t) : [a, 6] —> E is differentiable in t E (a, 6) and W)(t)=

then

D“S(t) = lim (Pa(x(£ + A)) - PA(x(t)))//i = [c(t),:/(圳书 
n—*-0+

DS(t) = lim (PA(a：(t)) 一 P\{x(t - h)、)、)Jh = n—>0+

(x) [x^y]^ is upper semi-continuous and [x^y]^ is lower semi-conti­
nuous.

Proof. Properties (i)-(v) follow easily and so the details are omitted 
here.

(vi) Since

(33 + t(y + z)) - Px(xy)/t
< ={丄3血 + 花/) 一 Pa(x)] + [PA(x + 2tz) 一 月(a시}, 

厶I，

we have
g,g +히;: < 区刼« + 区, 회扌.
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Similarly, we can prove that 切为 + 히[ N 恤, + 氐 기1.
(vii) Since

k,y]\ = [z,g + z —히扌 v 区浦 + 끼« + 切,一2技, 

from (iv), it follows that [rr, —기扌 = 一比 z]^ and so we have 

[x,y + z]^ > [z,研扌 + [x,z]^.

(viii) By (vi) and (vii), we have

g, y + ax] + < \x,切扌 + [z, &歧=[x, y]^ + aPx(x) 

and
+ q끼;: > [x,y]^ + [x,ax]^ = [x, y]^ +aP)、(z), 

e科悠士ively- Th^rftfore. we have

g, y + a이；: = [z, 切扌 + aPx(x).

Similarly, we can prove that [rr, y + = [x,y]^ + aP\(x).
(ix) Since

|r)5(t) - [x(t),x\t)]+\
= I / 팡+(R3(t + ")) - 映湛)))/凡 

九一>0十
- lim + hx'(t)) - 3(z(t)))/이

h,—>0+
=| lim ：(R(z(t + /i))-*x(c(t)+ 做'(t)))| 

/i—>0+ fl

< lim + h.) - x(t) - hx'(t^\
K)+ h

= lim |貝(旳버近二我)- 竺W)|=o, 
at)+ h

(ix) is true.
(x) Letting xn x and yn —> ?/, since

Vn^x V T(-f\(^n + 切?z) ~ -f\(^n)) f。】： all £ > 0,
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we have
__ 丄 1
Um 际,切< -(Px(x+ty) - Pa (a：)).n—>oo t

Letting t —» 0+, it follows that limn-.oofxn, ?/n]J < [x,which means 
that [x, is upper semi-continuous.

Similarly, we can prove that [气祈[is lower semi-continuous. This 
completes the proof.

Next, we define a mapping jx ： E —> 2矿(E* is the dual space of 
E)by

公(z) = {/a g e* : (찌 = 尸入(功, 区,切1 < fx(y) < 修囱扌, y e e}.

Now we 이aim that for any x e E, jx(x) 尹 0. In fact, for any yo E E、 
we define /入(保加)=a[x,啊吱 for all a € R.

(a) If a > 0, then ja(«Z/o)=比。如方；
(b) If q < 0, then

a板, g()K = 니이区,統仗 = 一 g,| 이 go，：

= B，니이的K =
< [x,0!?/o]a-

Therefore, we have 了入(。前) < 切，。的]扌 f°r all « € R. By (v) and (vi) 
of Lemma 2.2, is subadditive in g € E. By using the Hahn- 
Banach Theorem (卩디), there exists a linear functional : E -우 IR 
such that fx(ay0) = fx(ayo) and -[x, 一戒 < /a(?Z)< 区；吱 for all 
y^E, i.e., 〜

< 试y) <

Especially, we have 店)=切闵扌=7%(时・

The continuity of f\ follows from |fx(x)| < < P入(y) imme­
diately. Therefore, we know f\ € J*(工).This completes the proof.

Moreover, we can also prove that j\(x) is convex. Hence, by the 
Banach-Alaoglu Theorem, we have the following :
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Proposition 2.3. R>r each x e E and A e (0,1], J入(⑦)is a 
nonempty convex weak* compact subset of E*.

In view of the above argument and Proposition 2.3, we have the 
following :

Proposition 24 = max{f入(g) : fx e jx(x)} and

杈,= min{力&/) : fx G 么(游}.

Definition 2.1. (i) (%;)« = P\(x) . is called the upper 
semi-inner product with respect to A G (0,1])

(ii) .恤：祈[is called the lower semi-inner product
with respect to A G (0,1].

For some properties of the semi-inner products, refer to [14].

Definition 22 The mapping 性入:E t 2e* defined by

&x(c) = (Fx(x) - fx： f\E 公(z)} for all x G E

is called the duality mapping with respect to A G (0,1],

It follows from Lemma 2.2 that the following corollary holds:

Corollary 2.5. (i) (%g)[ < (#,;)«;
(ii) l(c,g/)S < P&) - P\(y) and 法 < <刃긋(c) for all a G R;
(iii) |(c,g時 一 (s,z)J| < 3(찌 • Px(y — z);
(iv) = (-X, -y)~ = -{-x,y}~;
(v) (sx,ry)^ = s ■ r ■(£,9)扌 for all r,s > 0;
(vi) (z,g+z)扌 < {x,y)^ + (x,z)^ and (z,;+z)I > (z,g)[ + (z,2天；

(vii) (x,y+z)t > (z"/)«+(c,z)I and (c,g+z)I < (x,y)^+(x,z)^;
(viii) (x,y + = (cr)户 + aP^(x) for all a € R;
(ix) If x(t) : [a, &] 一송 E is differentiable in t e (a,&) and = 

匚&淮)),then

入(t) = 2(x(t),xz(i))^ and D~<px(t) = 2(x(t),xz(t))^;

(x) (⑦建/)« is upper semi-continuous and (卫浦)[is lower semi-con- 
tinuous.
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3. Accretive mappings and nonlinear semigroups in PN- 
spaces

In this section, we always assume that (E, J7, A) is a complete 
Menger PTV-space with △(" t) >t for all t G [0,1].

Lemma 3.1. Let A : D(A) C E 2E be a mapping. Then the 
following conclusions are equivalent:

(i) A is accretive;
(ii) P\(x — y) < P\(x ~y + — v)) for all x,y e D(4), u G Ax,

v e Ay and for all € > 0, A € (0,1];
(iii) \x — y,u~ 祈：> 0 for all x.y G D(人)，u € Ax, v E Ay and 

Ae(0,1].

Proof, (i) <=》(ii). If A is accretive, then

> Fx—方)(t)

for all x^y € D(A), u e Ax, v G Ay and e > 0. Besides, for given 
E D(A), u € Ax, v E Ay and e > 0, letting

- 7/ + e(u - v)) = inf(t: 耳)(t) > 1 - 사
= Hill {"3 : Fx—y-{-€(u—v) 〉1 — 사,n—>8

then we have Fx-y(tn) > 1 - A for all n > 1 and so

Px(x -y) = inf{t: Fx-y(t) > 1 一 사 < lim tn,71—>00

which impli^ that the conclusion (ii) is true.
Conversely, suppose that (ii) is true, but the conclusion (i) is not 

true. Then there exist xo,po C D(A), e0 > 0, w0 6 Ax0, vq G Ayo and 
io > 0 such taht

死o—如（姑） v E；。-纨）+타｝（映-软））（*o）・

Therefore, there exists Ao G (0,1] such that 7^o_yo(<o) = 1 - Ao. This 
implies that

貝0(% - yd) = inf{t: -3/0 (i) > 1 - Ao} > M 
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Since -^x0—yo+^oC^o—^o)(^o) >1 —入o and yo+eoC^o^^o)(^o)馆 left 
continuous, there exists &)> 0 such that

死0-#0+&血0—히O)(，0 - 5。) > 1 —，0.

Hence we have

-PxoC^o -yo + €o(«o -如))<t0-80<t0< Px0(xq - y0),

which is a contradiction
(ii) (iii) By Proposition 2.1 (iii) and the definition of [•, it 

is obvious that the conclusions are true. This completes the proof.

Lemma 3.2. Let A : D(4) c E -으 2戶 be an accretive mapping and
Je = (J + &4)T for all 6 > 0, then

(i) Px(JeX — Jey) < Px(x - y) and FjeX-jey{t)> 风一点 、)血曲 
f > 0? A € (0,1], and x,y E R(/ + &4), the range of I + eA;

(ii) P*(J?w — x) < n- P\(J€x — x) for all A G (0,1], an integer n > 0 
and x G R((l + cA)n), and

FJnx_x(t) > FjeX-x(~) for allt>0 and x e R((I + 函)”)； 
n

(iii) If 勺 C R(I + eA) and x3 xq E D(A) A R(1 + eA), then

lim P\(J€Xj —叼)< € - inf P\(w) for all A G (0,1]
j—»oo —' u^Axq

and
lim FJtXj-X} (i) > sup Fu(~) for all t > 0.
J—>8 U^Axq €

Proof, (i) is an immediate consequence of Lemma 3.1 and the ac- 
cretivity of A.

(ii) can be obtained from (i) immediately
Next, we prove (iii). For any given u G Axq. letting w = xq + €*u, 

then we have
xq = (I + eA)~lw = Jew
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and
P\^JeXj 一 — cZeW) + P\^J€W 〜笆，).

Hence it follows that

lim Px(JeXj - Xj) < lim (P\(xj 一 切)+ P\{xq 一 :勺))J—>OO J—+oo
< lim P\(xj — w)

项一+8

< lim (Fx(叼一x0) + Px(x0 - w))J—>oo
< R (-印)=辺血).

Therefore, by the arbitrariness of n G Axq, we have

hm P\(JeXj —勺)< € - inf Px(u).
J—*8 U^Axq

On the other hand, since

Fj^xj—xj (^) 2 A(J*jcXj_jcW(i — ^)iFj€w~xj(2

2 스死：L” - 3)> 殆0-勺(3)) 
厶 厶

and
刊七一瑚 一 ?) > A(^_xo(^), Feu(t — 7)))

厶 Lt
for all 77 < i, we have

(t) > △(殆끼,死。-勺(?)) 
厶

and so
也뜨功勺f(t) 2 凡(느으).

J—>8 £

Since Fu{f) is left-continuous, letting 77 — 0+, we have

lim 电勺—勺(£) >
j—+00 €
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which implies that

(i) > sup FuC).
j—+co u^Axq €

This completes the proof.

We are now in a position to consider 나le Cauchy problem of the 
following deferential inclusion with an accretive mapping A:

(E3.1)
uf(t) e —Au(t\ t > 0, 
u(0) ~ uq E D(A).

Definition 3.1. A function u(-) e C(R+,£?) is called a strong so­
lution of (E3.1) if it satisfies the following conditions :

(i) 盘盼=标；
(ii) There exists y E E such that

Fu(t)-u(s)(k) > F(tj用(k) for all fc > 0 and f, s G R+

(In this case, we also say u(・) to be Lipschitz continuous);
(iii) The derivative uf(t) of u(-) exists and satisfies

uf(t) G —Au(t) for almost all t G (0, +oo).

Thus, we have the following:

Theorem 3.3. Let (E, J7, △) be a complete Menger PN-space with 
A(t, t) > t for all t e [0,1] and A : D(A) U E -송 2戶 be an accretive 
mapping. 꼬hen (E3.1) has at most one strong solution.

Proof. Let u(-) and ©(•) be two strong solutions of (E3.1) and denote
— v(t)) for all A G (0,1]. Then, by Lemma 2.2 (ix), we 

have
Dp〉、(t) = h(t) - v(t),u'(t) 一(圳]

Therefore, there exist w(t) € Au(t) and z(t) C Av(t) such that

W(£) = —w(t), vf(t) = — z(t) for almost all t € (0, +oo)
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and so we have

LEW) = [u(t) - v(t), (w(t) - z(Z))K
=一["(£) - 0(t),s(Z) - z(圳扌
< 0.

Therefore, we have

R(”(Z) - v(t)) < /\(u(0) 一 v(0)) = 0 for all A € (0,1].

If u(to) — v(to) 0 0 for some to € then there exists ko > 0 such 
that

E“圮)一讽如)(加)v 1.
Letting 乩(圮)一讽圮)Go) = 1 — 入o, 나ien Ao € (0,1] and so

如(球o) - v(to)) = inf{人;:K(to)-v(to)(fc) > 1 - Ao} > fco > 0, 

which contradicts P\o (u(t0) -2(切))=0. This implies that u(i)=宕。) 
for all t € R+. This completes the proof.

Definition 3.2. Let (E、丁、N) be a complete Menger PTV-space 
and C be a closed subset of E. A family of operators, (T(t) : C t E : 
t > 0}, is called a semigroup of nonlinear contractions if it satisfies the 
following conditions :

(i) T(0)x = x for all x E C;
(ii) T(t)T(s) = T(t + s) for all t, s > 0;
(iii) The mapping 11 T(t)x is continuous for any x EC]
(iv) Hr(g_?(顷㈤ > Fx^y(k) for all a;, 1/ e C, f > 0 and A; > 0.

Theorem 3.4. Let A : DQ4) c E be an accretive mapping 
satisfying the following conditions:

(/ + eA)(D(A)) D D(A), the closure of P(A), for all e > 0.

Then for any x € D(A), the following limit exists

T(t)x = lim (Z + &4)니의z for all t > 0, 
€—*0+ —

where [^] is the largest integer which does not exceed Moreover, 
{T(t) ： t > 0} is a semigroup of nonlinear contractions.

In order to prove Theorem 3.4, we need the following:



Nonlinear semigroups and differential inclusions 89

Lemma 3.5. Let A : D(A) U E —沙 be an accretive mapping and 
D(A) C (1 + eA)(D(A)) for all e > 0. Then

Fj?r_j技(t) > sup Fu(t • ((me 一 n/i)2 + me2 + n/z2)_5) 
u^.Ax

for all x E D(A), e, fi > 0 and m, n are nonnegative integers.
Proof. We first prove that for any x E D(A), e, /z > 0 and A G (0,1], 

(3.1) P\{J^x — < ((me — n/z)2 + me2 + n/z2)^ - inf Px(u),

where m, n are nonnegative integers.
For each x G D(A), e, > 0 and A e (0,1], let

Rn,n = - J：物),m,n = 0,1,2, •••.
By (ii) and (iii) of Lemma 3.2, we have

Pm,o < me - inf /\(u), m = 0,1,2,- ■

Po,n < nfj, - inf P〉\(u), n = 0,1,2,- • •. 
uEAx

These mean that (3.1) holds for ” = 0 or m = 0.
Now we suppose that (3.1) holds for a couple of integers (m — l,n), 

(m, n — 1). For x G D(J€) and y e D(JM), setting 6 = ■오》we can 
easily check

T z U € 丫 、 TJd------ x T---------Jex)= Jex,

: y H : J/ig) = J豳,e + M e + fi
Therefore, we have

Pm,Ti
= Px(Jd-J«fr)
=貝(丿带(泠丫厂％ +方丁*)

< 貝(-A 鞏-뇻+—―丿* _ 一『矿虹 - 一
e + /x e + fi e + p, " e + p."

< 左3(丄％ - J^x} + 左户(J?Tx - J'x),
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Pm.n V ； Pm.n—1 T : Pm—l.n 
어€ + 〃

and thus we have

Pmtn
< —-—((me — ")2 + —们屮)+ me2 + n/z2}^ - inf P\M

6 + /Z ueAx
T---- - -- ((me — n/z)2 — 2e(me — n/z) + me2 + n^2}^ . inf Px(u)

e + 卩 ueAx

V (—------------  n/z)2 + — nfi) + me2 + n/i2]
e +卩

H---- - -------- —时)2 — 2e(me — n/z) + me2 + n//2]}i • inf /%(")

=((me 一 nfi)2 + me2 + nfjp}^ • inf P\(w).

Therefore, the conclusion of (3.1) is proved.
Now, suppose that the conclusion of Lemma 3.5 is not true. There 

exist Xq, mo, no, &),网 and > 0 such that

R您。珈-础为(*o) < sup Fu(t0 - {(moeo - nOMo)2 + m0^ + nopl}~i). 
uEAxq

Therefore, there exists uq G Axq such that

马當。旬一丿謂旬(to) < Fuo(to • ((moeo - n0/z0)2 + m(局 + n()屋}T).

Letting Fj^oXQ_j^-oXQ(to) — 1 — Ao, then Ao € (0,1]. It is obvious that 

孩。(丿當°边)—"*xo) = inf{t:马睜瓦一碣旬(£) > 1 — Ao} > to 

and
孩。(心)=inf(t:风。(方)> 1 - Ao}

< <o • {(〃")&)一 冲〃o)혀 + mo^o + no扁}능 .

Hence we have

如(丿辭印-瑞瓦)> {(moco-no戍o)2+mo希+ 九0屋}* • inf Px0(u), 

which contradicts (3.1). This completes the proof.
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Proof of Theorem 3以.For each x G D(A), by Lemma 3.5, we have

F 曲 串(M> sup Fu(k - (([-] •€-[-]• /i)2 + [-] • e2 + [-] • m2)-1 ■ 
J广 w-Jfj, g ueAx £ N e I丄

Since

{伯砰 + 白• e2 + 白.心* < {(€ + “)2 + 缶 + 以}*, 
t LZ t Li/

it follows that

F {•흐] [회 (k) > sup Fu(k - ((€ + 〃)2 + J + q)£}p).
x ueAx

Letting e, /z 0+, we have

lim^ F [X] [흐] (k) = 1 for all k > Q.

This implies that {J^x} is a Cauchy sequence in E. Hence the limit

(3-2) T(t)x = lim 
€—*0+

exists. Since is contractive, for each x 6 D(A) the limit in (3.2) 
still exists and T(t) is contractive on D(4) for all t > 0.

Next, let > 0 and x € D(A). Then, by Lemma 3.5, we have

如顼为闵 Z 戡卢(k • (([；] J B . €)2 + 占. 62 + [|]-旳-*).

Since

([_] • e — [-] • e)2 + [-] - €2 + [-] - e2 < (|i 一 이 + e)2 + (f + 5)• e, 
€ 6 € €

for any u E Ax and 人:〉0 we have

기의 Jf] G) 2 sup 乩(S {(竹一 이 + €)2 + (t + 永} 一2) 
(3 3) g - Jw X uEAx
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and

月(t)r-T(s)z(k)
-里舟F)* - ?))

- "r이딀灼顷舟一炉* - 等), 勺 J(M)))，

where 0 < r］ < k. Since

lim F fii (g) = 1 and lim F (旦］,、(?) = 1, 
€—0+ T(t)x~je€ X 3 e_^o+ jce 0：1厂(5)0： 3

letting € —> 0+, we have

2«
(3「4会 Pixt)x-T(s)Ak)2 冬프 门死 _j 吼e—一耳"

for all 0 < 7/ < A; and 人;〉0. By (3.3) and the left-continuity of 
we have

(3.5) Hm F (ij ［읕］ (k - 學) > Fu((k - 容 • \t - s「」)
Jw트 亿一兀 x <5 o

for all 77 € (0, fc) and u € Ax. By (3.4) and (3.5), we have

^T(t)x-T(s)x(^) M 风(0-- 扌)* 一 S「')

for all T)€ (0, fc) and u G Ax. Letting 77 —> 0+, by the left-continuity of 
Kt(-), we have

k 
玲即-T(gG) N Eu(rt)f。호 all u e Ax.

This shows that T(t)x is a Lipschitz continuous fu표ction in t for any 
x £ D(A). Since T(t) is contractive, T(t)x is a continuous function in 
t for any x E D(A).
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Finally, letting x G D(A) and t, s > 0, then
F 芦으］ 国 ［요］ (k) > sup Fu(k - {(［버一］ - e - (［-］ + ［-］) * /

w X-Jee jce X ueAx € € €
+ ［블으］ •>+(由+ ［泗尸)

> sup Fu(k - ((3e)2 + 2(t + s)e}-5) 
u^Ax

for all fc > 0. Letting e —> 0+)we have
lim F Ir 흐±_으 ! ［흐］ ［으］ (fc) = 1 for all fc > 0,

€3o+ 片 c z-j!c r
which implies that T(t+s)x = 71(t)T(s)x for all t.s >0 and x E D(j4).
Therefore, since T(t) is a contraction, it follows that

T(t + s)x = T(t) - T(s)x for all x € D(A) and t, s > 0<
This completes the proof.

Remark. Theorem 3.4 is a generalization of the Crandall-Liggetfs 
exponential formula for some kind of accretive mappings in Banach 
spaces to probabilistic normed spaces.

Theorem 3.5. Let A E 2E be an accretive mapping satisfying 
the following conditions :

(i) D(A) C R(I + 函)for all e > 0;
(ii) If xn e DQ4), yn E Axn, xn x and yn y as n oo, then 

x 6 D(A) and y E Ax.
Let {70) : i > 0} be the semigroups generated by A as given in 

Theorem 34. If x e D(X) and u(t) = T(t)x is strongly differentiable 
for almost all t > Q, then u(t) is the unique strong solution of the 
Cauchy problem (E3.1):

To prove Theorem 3.5, we need the following:
Lemma 3.6. Let A : Z)(A) C E 2E be an accretive mapping 

satisfying DJ4) C R(I + &4) for all e > 0 and {T(t) : t > 0} be the 
semigroup given in Theorem 3.4. Ifx e D(A)? then for any xo E DQ4), 
yo e Axq, t > 0 and A € (0,1］,

Px(T(t)x - Xq) < Px(x - x0) + / ［r(s)x-XQ,-yQ］^ds.
Jo
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Proof, Let x G D(A), xo £ D(A) and 的 G Axq. For any e > 0 and 
.positive integer TV, we have

厂'(J?x -丿f；) € 一

Since A is accretive, by Lemma 3.1, we have

[Jex -如，'(J土 一 愛一气)+ yo\\
(3.6) e 1

=-\J^X -瓦,一 J^X)-词才 < 0.

By Lemma 2.2 (vi), we have

- 旬, ：(丿& 一 끼 + yo\~

> V?命-旬,3：-丿戸-妇皈+ V*，-以),乡板.

In view of Proposition 2.1 (iv), we have

[J^X - x0, - + g板

(3.7) > - 瓦) 一 Px(J^x-xo-(罗命 一 况I 찌))

+ [丿土-旬,曲][.

By (3.6) and (3.7), we have

(3.8) P〉〈J*e 一 瓦)< Px(J^~lx - xo) + e[J^x - x0, -yo]t-

Adding up the inequalities in (3.8) from AT = 1 to N = n, we have

n
(3.9) Px(心 一 x0) < P\(x 一 如)+ £：田％ -旬,一，(仗・

N그 1

Letting t > 0 and n = [|], 나len (3.9) can be written as follows:

心 /이듸+】)e [의
Px{J\ x 一 xo) < Px(x 一 ％) + J [Je X 一 Xq, 一时加，
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Since |[J乒‘⑦—xo, —yo]tl V 3(的)，letting e —> 0+, by the Lebesgue's 
convergence theorem, it follows from the upper semi-continuity of [•, •]# 
that

Px(T(t)x - x0) < P\(x - x0) + [ K可丿乒Lr 一 旬,一如如s
JO D

<Px{x-x0)+ / \T(s)x -xo,-yo\^ds.
Jo

This completes the proof.

Proof of Theorem 35 For x € D(A), if T(t)x has a derivative 
우7(狀匕=圮 = g at t = 姑 > 0, then, by Lemma 3.6, we have

Px(T(to + h)x - xo) <Px(T(to)x 一 x0)
广

+ / [T(t0 + s)a； - rro, ~yo\\ds 
Jo

for all h > 0. Dividing by h > 0 on both sides and letting h —> 0+, 
from Lemma 2.2 (ix), we have

\T(t0)x - x0,y]^ < [r(t0)x - s0, -yo\t-
It follows from Lemma 2.2 (vii) that

-旬,g +
(3 io) -仔Uo)z —知,讪« + f(to)z -旬,y0]x 

=[T(to)z - 旬,切扌-[T(to)z - x0, ~yo\x 
<0.

By the condition (i), for any e G (O,to)> there exist xe € D(A) and 
ye E Axe such that

+ 티丿€ = 700 — €)X.
Taking xq =农，啊=头=厂'(/(姑—€)x — x€) in (3.10), we have
o > [T(to)z -xe,y + €-1(T(t0 - €灯-

=-xe,y + -€)z - 70o)z) + 厂1([0脳-t€)]^

=厂1月(70))z -农)

+ [70))z -xe,y + 厂1(70)- e)x - 典o)c)]I
> 厂1孩(T(to)c - %) - Px(y + 厂i(T(to - 一 Z(to)z)),
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i.e.,

P\（T（t0）x 一 xe） < P〉、隹y + （T（to 一 e）x 一 T（to）^）） for all A G （0,1].

Therefore, we must have

（3.1고） -&（圮）uG） > 乌+水圮一沪—侬） for all fc > 0

and so xe 一스 T（t（））x as e —> 0+. Since

Fg+y^ （先）

（3.12） = 旦一€-1（尸（圮）z—Z （圮 t） 꾀+厂丄（7（圮）:r—互）（幻

k k
2 스旦-l（貝圮）m比一时끼板）Em圮）工―%）板））3

from （3.11）, （3.12） and limc_+0+ 厂丄（70）灯—70）— Qz） = g, it follows 
that

k
旦+%（k） > ^/-€-i（T（to）x-T（to-€）x）（2）as € -느 0+

and so 头一）—g as £ —> 0+. By the condition （ii）, we have T（to）x E
DQ4） and y G 一丄47值（））工. This completes 나}e proof.

4. An open question

In the end of this paper, we suggest the following open question :

Let （、E〉：F、A） be a complete Menger PAT-space and A : B —> 2F be 
a continuous accretive mapping. Then is A a m-accretive mapping ?

References

[1] V. Barbu, Nonlinear Semigroups and Differential Equations Banach Spaces, 
NoordhofF International Publishing House, 1976.

{2] H. Brezis and A. Pazy, Semigroups of nonhnear contractions on convex sets,
J. Funct. Anal 6 （1970）, 367-383



Nonlinear semigroups and differential inclusions 97

[3] F. E. Browder, Nonhnear mappings of nonexpansive and accretive type m Ba­
nach spaces 73 (1967), Bull. Amer Math. Soc., 875-882

[4] , Nonhnear operators and nonhnear equations of evolution zn Banach 
spaces, Proc. Symp. Pure Math , Vol. 18, Part 2, 1976.

[5] S. S. Chang and Y. Q Chen, On the existence of solution for equations with 
accretive mappings zn probabilzstzc normed spaces, Applied Math. Meeh. 고 1 
(1990), 821-828

[6] S. S. Chang, Y. J. Cho and S. M. Kang, Prob사y血s机c Metric Spaces and Non­
hnear Operator Theory^ Sichuan University Press, P. R. China, 1994

[7] M G Crandall and T Liggett, Generations of semi-groups of nonlinear trans­
formations on general Banach spaces^ Amer. J Math. 93 (1971), 265-298

[8] M. G. Crandall and A Pazy, Semigroups of nonlinear contractions and dissi­
pative sets, J Funct. Anal. 3 (1969), 376-418.

[9] K S Ha, K. Y Shin and Y J Cho, Accretive operators zn probabzlzstic normed 
spaces, Bull. Korean Math. Soc 31(1) (1994), 45-54.

卩.이 T. Kato, Nonhnear semigroups and evolution equations, J Math. Soc Japan 
19 (1967), 505-520

[11] ______ , Accretive operators and nonlinear evolution equations zn Banach spaces,
Proc^_S5anp.JBure_Math., 18 (1970), 138-161

[12] Y. Komura. Nonhnear semzaroups zn Hilbert spaces. J. Math. Soc Japan 19 
(1967), 493-507

[13] V、Lakshmikantham and S Leela, Nonhnear dzffeTential equations in abstract 
spaces, Pergamon Press, 1981

[14] G Lumer, Semi znner product spaces, Trans Amer Math Soc. 고00 (1961), 
29-43.

[15] W. Rudin, Functional Analysts, McGraw-Hill Book Company, 1973.
[1•이 B. Schweizer and A. Sklar, Probabilzstzc Metric Spaces, North-Holland, 1983

Department of Mathematics
Sichuan University
Chengdu, Sichuan 610064
People's Republic of China

Department of Mathematics
Pusan National University
Pusan 609-735, Korea

Department of Mathematics
Gyeongsang National University
Chinju 660-701, Korea

Department of Mathematics



98 S S. Chang, K. S. Ha, Y. J. Cho, B. S. Lee and Y. Q. Chen

Kyungsung University
Pusan 608-736, Korea

Department of Mathematics
Sichuan University
Chengdu, Sichuan 610064
People's Republic of China


