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new inequalities for the
MOMENTS OF GUESSING MAPPING

S. S. Dragomir and J. Van Der Hoek

Abstract. Using some inequalities for real numbers and integrals 
we print out here some new inequalities for the moments of guessing 
mapping which complement the recent results of Ankan [1] and 
Boztas [2].

I. Introduction

J. L. Massey in [4] considered the problem of guessing the value of 
a realization of a random variable X by asking questions of the form: 
"Is X equal to x?n until the answer is "Yes”.

Let G(X) denote the number of guesses required by a particular 
guessing strategy when X = ©

Massey observed that E(G(X)), the average number of guesses, is 
minimized by a guessing strategy that guesses the possible values of X 
in decreasing order of probability.

We begin by giving a formal and generalized statement of the above 
problem by following E. Arikan [1].

Let (X, y) be a pair of random variables with X taking values m 
a finite set X of size % Y taking values in a countable set y. Call a 
faction G(X) of the 호andom variable X a guessing function for X if 
G : AY —){1,... /} is one-to-one. Call a function G(X|Y) a guessing 
function for X given Y if, for any fixed value Y = y, G(X\y) is a 
guessing function for X. G(X\Y) will be thought of as 나le number of 
guesses required to determine X where the value of Y is given.

The following inequalities on the moments of G(X) and G(X\Y) 
were proved by E. Arikow in the recent paper [1].
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Theorem 1.1. For an arbitrary guessing function. G(X) and G(A"|y) 
and any p>0, we have:

- T 1+p
E(G(X)P) > (1 +Inn)-p (찌느万

.MX .

and

E [G(X|Y)P] > (1 + In n)-p £
y^y

- "11+p
E 击
q日 .

where Px,Y^ Px are probability distributions of (X, Y) and X, respec­
tively.

Note that, for p = 1, we get the following estimations on the average 
number of guesses:

忸心 Ex (꾀 ” 2

1 + Inn

and

xexE(G(X|Y)) > 1의 f nL

To simplify the notation further, we assume that the Xi are num­
bered such that Xk is always the fcth gu^s. This yields

n
E(GP) = £K% (P>0).

k=l

In paper [2] Bozta§ proved the following analytic inequality and 
applied it for the moments of guessing mapping:
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Theorem 1.2. The relation

(LI)
r n lr n蜃미 宅Um

where r > 1? holds for any positive integer n, provided that the weights 
Pi,... ,pu are nonnegative real number satisfying the condition:

(L2) 0灯1 < £----- +*') , k = 1.

If we now consider the guessing problem, we note that (1.1) can be 
written as [2]:

_ n ] 1+P

£ *(i+p) > E(G1+p) -E[(G- l)1+p]

for guessing sequences obeying (1.2).
In particular, using the binomial expansion of (G — 1)더* we have 

the following corollary [2]:

Corollary 1.3. jFbr guessing sequences obeying (1-1) and (L2) 
with r = 1 + Tn, the mth guessing moment, m > 1 being an integer, 
satisfies:

「71 1+m
E伊)五七 D" + 击{("丁)gi)

니C=1 J

_ (m ； 1) E ((k) + . . • + (一l)m+l}.

The following inequalities immediately follow from Corollary 1.3:
2

1
+ 2

1 “E(G) < :

and

,j n

Lfc=l 

e（g。）＜ I 桓評』+ ■研에 -
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2. Some new ansdytic inequalities

We shall start with the following simple integral inequality which is 
useful in the sequel:

Lemma 2.1. Let / : [0,T] —> R be an integrable mapping on [0,T] 
with:

(B) m < f(x) < M for all x E [0,T], T > 0.

Then we have the inequality:

(2.1) fT fT
<TP / /(«) du - / upf(u) du < M-^—Tp+1 

Jo Jo p+1

for all p > Q.

Proof. By the condition (B) we get:

m 0中 一 up) < (Tp 一 up) /(n) < M (曾 一

for all u G [0,T] and p > 1.
Integrating this inequality on [0,T], we get:

m i (7中—ttp) du
Jq

<7^( /(u) du - [ upf(u) du<M [ (7中一 up) du,
Jo Jo Jo

As fT 7꺼n
Jo (宀W血=7*=宥=糸7川

and the inequality (2.1) is proved.

Using this result, we can print out the following disc호ete inequality 
which can be applied for the moments of guessing mapping.
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Theorem 2.2. Let 어 c [m, M] for all i = 1)... ,n. Then we have 
the inequality:

m—-—np+1 + K
p +1

(2龙) 「 (一i)꺼_2_ d ,
< nP +.更心 K + M-JnP+i

L P + 1」七 P + 1

where

矿=击

+(T)“

and p 6 > 1.

Proof. Consider the mapping 了 : [0, 찌 — R given by

*1, u G [0,1)
a2] u e [1,2) 

fw ：= <

I an, ue\n- 1, 찌

This mapping is integrable on [0, 찌 and, of course, m < f(x) < M for 
all x G [a, 6].

We have

( f (있)du = 
0

너-] n—1 n

/(«) du = a너t =
t—0 z=]

and

p+1
rn 거」 ｛二^ (i _i_ 1 )p+i — ;p+i

Ip : = np/(u) du = up/(w) du = ----------------------s+i
丿。 ，=o "'

n

=不】[叶一(*-1)叫如 

z=]
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But
ip+l -(i- l)p+1

十T + ••• + (-"] i + (-l)p+2ip-

and thus

Jp = FTT

Now using Lemma 2.1, we deduce:

m—-—/서」 
p+ 1

n 1
-------- 7

—£1 p + 1
p+1

+(-iy中(0厂)史 支，"

< M-^—up+1
~ p + 1

which is equivalent to the desired inequality (2.2).
The following result is well known in the literature as the integral

Griiss5 inequality [5]:

Lemma 2.3. Let h、g : [a,&] —* R be two integrable functions so 
that

mi < g(x) < Mi, m2 < h(x) < M2 for all x G [a,6].

Then we have the estimation:

b 1 rb 1 fb
gfx'jhfx) dx ~ ------- / g(x) dx------  / h(x) dx

b — a Ja b — a Ja(2-3)
V : (Mi — mi) (M2 — m2)
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and the constant § is the best possible one.

The following discrete version of Gruss5 inequality is important by 
its applications for the moments of guessing mapping.

Theorem 2.4. Let (如如 e R (i —赫)be so that

a < az < A, b <bz < B for all i = i^n.

Then we have the inequality:

- n 1 n 1 n -

(2.4) — 缶饥-- .—九 M 万(4 — Q)(B — b).nnn4 
t=i i=i i=i

Proof. We choose in Griiss5 integral inequality

(«i, x e [o, 1)

I a2, X e [1,2) 
g(z)：= <

. an, 亦(71 — 1，찌

and
'bi, x G [0,1)

,,x a： e [1,2)
h\x):= <

{ bn, x e\n- 1, 끼

Then mi = a, Mi = A, m2 = b and M2 = B and

t*n n n /*n
/ g{x)dx — / h(工)血=，[饥 and / g(x)h(x)dx = y^azbj
丿。 i=i 丿。 t=i J。 i=i

and the theorem is proved.

The following lemma contains an integral inequality which is inter­
esting in itself too
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Lemma 2.5. Let 了 ： {%이 一* R be 知 integrable mapping. Then we 
have the inequality:

I [\x - aYf(x) dx - (브二答兰「幽 dx
(2.5) \Ja P + 1 Ja

我二严(M_m) 

where

M := sup f (t) < oo m := inf f(x) > —oo 
xE[a^ $ 티 a,b]

and p > 0.

Proof. Follows by Griiss5 integral inequality for g(x) := (x — a)p and 
：= g 杠 0}.

We can apply this lemma to prove a discrete inequality which is 
important by its applications for the moments of guessing mapping.

Theorem 2.6. Let az G \m.M\ for al/i = 1,...,n. Then we have 
the inequality:

(寸)/-(零)言〜+•••+

(2.6) (_l)p+i(0； 1)支胳 _ (W + (-l)p+1)£az
\ ) 2 = 1 1=1

维宇兰(“-끼

for allp G N, p > 1.

Proof. Let choose in Lemma 2.5, a = 0, b = n, /(x)=(扁+l x £ 
[i,i + 1), i = 0,... ,n — 1. Then we have:

f*Tl 71
/ 了(£)血=£ (虹
J。 2=1
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and

r叩)血*i [")言払-(pr)E I心

…(T1)支m +(一"立但
' 1 / Z=1 z=l -

Using the inequality (2.5) we get:

击")*D乡f+...
+立屹+(*+"시 -军支어

' J 1=1 1=1 . 1=1

nP+!
<—(M-m)

and the inequality (2.6) is obtained.

In paper [이 Dragomir and lonescu have proved between other the 
following counterpart of Jensen's inequality for differentiable mappings 
of a real variable:

THEOREM 2.7. Let / :」【으 R — Rbea convex differentiable 
mapping on the interior of I and pz >0,xzEl with Pn :=
Then we have the following counterpart of Jensen's discrete inequality:

(2-7)

1 71 / 1 n \

- p~ £ 以亍(%) - ( p- £ j
n 1=1 \ n t=l /
] n ] 71 1 n

< -라]"J3)- — £ 財z 万-
f z=l f z그 1 n 1=1

Proof. For the sake of completeness, we shall give here a short proof. 
By the convexity of / in / we have that:

•f(z) - f(y) > 矿(饥 e — y) 
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for all x, y in the interior of I. Choosing rr = * £澄=i Ptxt and y = Xj 
we get:

f （普名即气）-f （勺）＞ f'（Xj） （；一 皿-勺）.

If we multiply by p3 and summing over j to 1 at n we derive:

Pnf P心
n

- 出勺）
J=1

] 72 n n

＞瓦，，g • 扒勺）一 £円勺• f'（、勺）
Z=1 J = 1 J = 1

n

which is obvioiisly equivalent to （2.7）.

Corollary 2.8. Let > 0 （z = I n）. Assume An :=

1 . If p > 1, then we have the inequality:

n - n

-g ~a~^ "f妁

n i=l u t=l

2 . If 0 < p < 1, then we have the inequality:

/ 1 n \P ] n
0- （瓦#어丿 一瓦罕6

n - n n
瓦〉;I，一 土



New inequalities for the moments of guessing mapping 11

3. Some inequalities for moments of guessing mapping

The following estimation result for the p-moment of the guessing 
mappings holds.

Theorem 3.1. Let X be a random variable having the probability 
distribution p — = 1, n. Then we have the inequality:

(3.1) E(G(X)P) —：党庆”二- 
2=1

where

Pm ：= max{pt|i = l,n} and Pm :— min{pi|i = l,n} 

and p > 0.

Proof. We shall apply Theorem 2.4 for az =讦 and = pt(i = l,n) 
to get

~^iPPz~ 

Z=1 1=1 Z = 1

< (nP - P)(PM - Pm)

_ 4

which is equivalent to (3.1).

Corollary 3.2. If we assume that for a given e > 0 and n > 1, 
we have

4s
0 < PM-Pm< 顷,—1)

then
1 n

E(G(X)P) - - £庆
"i=l

< e.
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Remark 3.3. If we put in (3.1) p = 1, we get：

E(G(X)) — 쁳丄 W 匝- Pm).

If we choose in (3.1) p = 2, we get

剧G(X)2)_(끄『辭+_1) 
0 4

and, finally, for p = 3, we obtain

E(G，(X)3) - 咆< 으- 玲).

The following theorem also holds.
Theorem 3.4. With the assumptions of Theorem 3.1, we have the 

inequality:

? : ') E(G(X)P) - (0 ； ') E(G(X)I) + . . .

(3.2) + (-l)p+1(0 : 1)E(G(X)) + (-頒+2 - np+1

V 竺?끄슈Mf)

provided that p € N, p > 1.

Proof. Follows by Theorem 2.6 choosing at = pt and taking into
account that = 1.

Corollary 3.5. If we assume that for a given e > 0 and n > 17 
we have:

o < Pm - Pm < 3 + ：如+1

then
；1)E(G(X)P) - (°負归(G(X)l) +••.

+ (-l)p+1(0 : 1) E(G(X)) + (-l)p+2 - np+1 < e.
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Remark 3.6. If in (3.2) we put p = 1, we get：

九2 -4- 1 九2E(G(X))- 三口 < - Pm)
£ 아

and if we choose p = 2, we get.

E(G(X)2) 一 E(G(X))- ^兰 < -{PM - Pm).

Finally, the following theorem also holds.
Theorem 3.7. With the assumptions of Theorem 3.4, we have the 

inequality
p-~TTnP+1

(3 3) 5-日

+ (-1)P+1 (P : ') E(G(X)) + (-I"珞糸如 

where p £ N and p> 1.

Proof. The argument follows by Theorem 2.2 choosing — pz)and 
taking into account that:

n

y^Pz = 1 and m = Pm, M = Pm-
3=]

We shall omit the details.

Corollary 3.8. With the above assumptions we have:
土 [(0「)*(")+•.•

+ (-l)p+1 (0 : 1) E(G(X)) + (-l)p+2 - 击 . &븧业nPH

< ■므— • 业二 肚 - np+1.
~ p+1 2

Using Corollary 2.8, we can state the following result for the mo­
ments of guessing mapping:
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Theorem 3.9. Let X be a random variable and G(X) an arbitrary 
guessing function. Then

1 . Ifp > 1, then we have the inequality:

0 < E(G(X)P) - [E(G(X))F < pE(G(X)p) 一 E(G(X)P-1).

2 , Ifp G (0,1), then we have the reverse inequality; i.e.,

o < 回G(X))F-秋G(X)P) MP【E(G(X))E(G(X)PT)—E(G(X)P)].

Proof, Follows by Corollary 2.8 choosing = l,n and taking
into account that Pi = 1.
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